Reliability analysis of an aging unit
with a controllablerepair facility activation

Dmitry Efrosinin, Janos Sztrik, Mais Farkhadov and Nat&iepanova

Abstract The paper utilizes the continuous-time Markov chain for eliod) the
processes of the gradual aging with maintenance on a firdteele set of an inter-
mediate failure states. The transitions occur accorditiggdirth-and-death process
and the unit fails completely after visit the last availaktiate. The unit of a multiple
and single use is studied. The switching of the repair tydsi performed by a hys-
teresis control policy with two threshold levels for switatp on/off the repair server.
We provide the expressions for the stationary and nonesiaty performance and
reliability characteristics, solution of optimizationglmiems and sensitivity analysis
of the reliability function.

1 Introduction

The most technical units are continuously in operation aadabject to the gradual
aging, degradation or deterioration. These processegsillead to the reduction
in performance and reliability and hence must be exhaugtaealyzed. Markov
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chains are widely adopted for modeling of aging processt#smaintenance repair.
An excellent review and contribution of the earlier papeas be found in [3], [5],
[8]. The multi-state reliability models were elaboratedtfte aging and degradation
models with gradual failures, see e.g. [2], [6, 7].

The aging process is assumed to be observable or some measamgeter can
be associated with a process, e.g. signal of acoustic emjsseasures of the gravi-
metric analysis and electromagnetic flaw detection. Theéehgsis policy(Ng, Ny)
specifies the switching rule for the repair facility. Thidipp is well known in the
production-inventory problems and can find also applicegtiom maintenance of an
aging unit. Here thresholds stand for the number of the paageng states. The
defined control policy can be used in a corrosion process oiitanith protective
covering, in a damage process due to the fatigue crack grawghwear process of
a tool of machine-tools, in a wear of plane bearing, in a pgea# discharge of an
external load and so on. Two types of mathematical modelsfargerest. In first
case the aging unit is assumed to be of a multiple use when amplete failure
state the unit can be repaired and become so good as a newndhés tase sta-
tionary characteristics are evaluated and the cost fumctiderived as the average
reward per unit of time. In second case the aging unit opetdtehe first visit of
the complete failure state. The expressions for the timedgnt performance and
reliability characteristics are derived in terms of the lagpe transform. The cost
function can be represented in this case as a total averagedéuring a life time.

The accumulation process of the aging states can be tremtmu arival stream
of the customers at the finite-population queueing systeimne@movable server and
increasing arrival rate. The Markov type models are of ggerAlthough the sys-
tem is Markovian one only few papers deal with a removableesemder(Ny, Ny )-
policy in queues with finite population, so in contrast, periance and reliability
analysis of the system with hysteresis policy combined with finite-population
queues is a new task. We derive the useful formula for comgute stationary
probabilities, time dependent state probabilities, ttabpbility density function of
the remaining life time, the reliability function, the metime to failure. Addition-
ally a new reliability metric such as the number of switchafghe repair facility
is introduced as well. A cost model is derived to determireedptimal threshold
policy at the average cost per unit of time for the multiplages case and the total
average cost per life time for the single usage model. Hdmeedsults obtained in
paper differ from those presented in other papers and thelpeadopted for a wide
variety of the Markov models with threshold-based contaligies.

2 Themodel description

Assume that the aging process starts from some initial atedeends in a complete
failure state. Before this process comes to the compldtedastate it goes through
a numberL > 0 of discrete intermediate failure states where the unitaiemca-

pable to work although with a lower efficiency. The internadiaging states will
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be divided into two groups: the states, where the repaititiats deactivated and
the transition to the previous aging state (recoveringpispossible and the states
with operational repair facility, where the transitionsth@ neighboring states take
place in both directions. The switching between the grouwgsis according to the
hysteresis control policy = (N1,Nz), where 0< N; < N; < L < o. The control
principle can be easily explained as follows. The first grofistates includes a
starting state up to the aging st&de— 1, where the transitions will be associated
with a pure birth process. The further aging is accompanyeithé transition to an-
other group of states associated with a birth-and-deatbegso The aging process
can either stay in this group until the unit will be repairguta the statéN; + 1 or
reach the complete failure state, where the unit can be eaieiplrepaired or not.

Let D(t) € {0,1} denote the state of the server at tilped and 1 means that
the server is switched off and on, aNdt) denote the number of customers in the
system at time. The system states at timere described by the continuous-time
Markov chain which will refer to as Markov process,

{X(t) }t=0 = {D(t),N(t) }t=0 1
with a state space
E={x=(0,n);0<n<N—1,(1,n);Ny+1<n<L} 2)

depends on the switching hysteresis policy: (N1, Nz).

3 Stationary probabilities and average reward

According to above descriptiofX(t) }t>o is an irreducible Markov process where

1= (T0,0); T0,1) - - » TEONp—1)> THL Ny +1)5 TELNg +2) - - > TEL L))
is a stationary probability row-vector for the polidy= (N1,N). The system of
balance equations is of the form,
(n+ l))\ "(o,n) =nA 7T(0,n—l), 0<n<N2—-1,n 7é N1, (3)
(N1 +21)A o N,y = N1A Thg Ny 1) + HTT 1N, 1)
(N2 +2D)A + )Ty Ny 1) = HTTL N +2)5
(N+DA+ )Ty =M Ty n 1)+ HMT1neg), Ni+2<n<L—-1n#Ny,
(N2 +21)A + )T N,y = N2A (T{ N —1) + ThoN,—1)) + HTE 1 N+1)5
UGy = (L=1)A Ty 4.
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Since the seE is finite, 1T exists and satisfies the systemi = 0, e = 1. Define
the following cost structure:
c; — the reward per unit of time for each remaining failure siaserver is off,
¢, —the reward per unit of time for each remaining failure siserver is on,
(n+ 1) c3 — fixed costs per switching on of the repair facility at agitegen,
ncy — fixed costs per switching off of the repair facility at agistgten,
cs — the repair costs per unit of time in a complete failure state(1,L).

Now we can formulate optimization problem: Find an optimaliy f* =
(N7,N3) to maximize the average reward per unit of time

g = EEc(x,f)rgf, where

Xe

c(x, f)=c(x)— Z Axy(T)Cxy(f) —immediate cosin statex under policyf,

Np—1 L-1
cx)=c1 Hy (L=n)ly(ony+C2 (L= amy—
n; {x=(0n)} nzgﬂ {x=(1n)}

reward per unit of timevhen the process is in states E,
; Ay (F)Cy(F) = (N1 + 1)CapLix(any 1)) + NZCaA Lix_ (o 1)) + CoLixe (1)) —
X

fixed cosincurred each time when the process jumps frotmy.

Denote by

| I H

= T’T =,
Cn l!:ln ky INy+1 (N1+2))\+u

H

= <k<L-—
Tk (k—|—1))\+[1—k)\Tk,17Nl+27k7L 1, K# Np,
_ H
N, =

(N2 +1)A + 1 — NpA Ty, 1 — UC\ 7
Theorem 1. The average reward per unit of time has the form
Np—1 L-1
g(N1,Np) =1 ZO (L—n)mon +C2 g (L—n)T1 ) 4)
n= n=N;+1
— (N1 +1)cap gy Ny 1) + (N2 — 1)N2CaA Tho n,—1) +CsTT1 1)),
whererg, x € E, satisfy the explicit expressions,

No—1

T = [ uChljl % ﬁ!i

L-1

_ CrI;—l
n:gfrl

PR
|
-
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n

1
m ERACARE Nt <n<Np—1,
1

T
nZO,n) = Xchl—&l
I

1) :Crl?_lmu_), Ni+1<n<L-1

Proof. The statement follows by solving recursively the system alfibce equa-
tions for the stationary state probabilities taking into@mt that for transient states
Tonm =0,0<n<N; - 1.

Our aim is to find the optimal policy* = (N;,N;) such that

g(f") = ming(f), (5)
subject tof = (N1,N2),0< Ny < Np < L.

It is also possible formulate an optimization problem witle &im to find the joint
optimal value( f*, u*). Mathematically it can be described by

g(f*,u*)zrang(f,u) (6)
subjectto 0K Ny < Np <L, 0< pr < Y,

whereuV is predefined upper bound. The functigis nonlinear and quite complex
in order to solve the optimization problem analytically. fiid a discrete optimal
vector f* for the fixed parameters a direct search method can be appledhe
joint values(f*, u*) a method for numerical solution of the cost optimizationipro
lem can be used. It uses the principles of the a quasi-New#dhod, see. e.g. [1].

4 Reliability analysisduring thelifetime

Assume that at timé = O the system starts from initial state= (0,0) and the
complete failure statél,L) will be the absorbing one. Denote Aythe life time

of the system or the time to absorption, ile= inf{t : X(t) = (1,L)}. Here we
analyze the system during the tirle The transient Markov proceé%(t), which
describes the system states at timéas the same state spad€eand almost the
same infinitesimal matriX\ as (1) with one exception that in latter case there is no
transition from(1,L) to (1,L — 1). For the time dependent state probabilities

TQO,n)(t) = P[X(t) = (O,H),t < T]7 0 S n S N2 -1

T () =PX({) = (L,n),t<T],Ng+1<n<L,
referring the state transition rate diagram we can write rddine correspond-
ing Kolmogorov differential equations (KDE)Y (t) = m(t)A with initial condi-

tion 1) (0) = 1,7%(0) = 0,x # (0,0). Applying the Laplace transforms (LT)
Tan)(s) = IS e*Stmdyn) (t)dt,Rds] > 0, we get the system of equations, which can
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be rewritten in matrix form

(s)A(s) = m(0), (7)
whereTi(s) = (70,0)(S),- - on,-1)(S), T1ny+1)(S), - 1) (), A(S) =Sl —A
isa(L+Nz—Njp) x (L+Nz—Njp) matrix, | is the identity matrix of the appropriate

size, m(0) = (1, 0,...,0) — initial probability vector. It can be shown that for the
Markov procesgX(t) }t>o with an absorption the total average reward is equal to

o = 3 ctx 1) [ m(udu= ~
XZE A i (u)du XgEc(x,f)m(O).

Denote by
B(S) = [ Ac(S): PolS) = ——r. PrlS) = ——arr
n *kIZInpk , Po *s_"_/\»pk *S_F(k_'_l)A?
| I H H
Ci(s) = kl:lnTk(S)» N (S) = St(Ni+ DA’ Tn+1(S) = St (Ni+ 22+’
u
™ (S) = - ——
? S+ (N2+1)A + 1 — NoA T, 1(S) — N2ABRZ 1 (S)C2H(9)
u
= <k<L-—
Tk(S) S—l—(k—l—l)A+[,l—k/\Tk,1(S)7Nl+2_k_L 1,k7éN2,
N2ABY2 ()
Vi, (S) N1, N1,
s+ (N2 +1)A + 1t —NoA TN2,1(S) —NoA BN1+1(S)CN1 (s)
kA v 1(5)
= <k<L-
vk(S) s—i—(k—i—l))\+u—k)\rk,1(s)’N2+1_k_L 1
. LA V|_,1(S)
VL(S) a s—LA T|_,1(S) '

Theorem 2. The total average reward during the time T has the form

Np—1 L-1

9(N1,N2) = €1 Z}(L—n)f?o,n)(o)JrCz g 1('——n)TNRLn)(O) (8)
— n=N7+

n
— (C3U 71Ny 11)(0) 4 CaN2A T, -1y (0)), Where
ﬁ{otn) (S) = 88(3)7 0<N<N;— 17
Mo, (S) = Bo(S) + Ty (S)BRy+1 () 1 ny+2)(8), Ne SN <Np — 1,

LN, '
an)(S) = Zj CNH (g up, 4i(5), Np+1<n<Np— 1,
i=
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L—n -
Man(S) = EOCR“’ (SVni(s), Np<n<L
i=

is a solution of the system of KDEs in terms of the LT.

Proof. The statement follows by solving recursively the system BES in terms
of the LT.

Denote by

Tyx — time spent irx € E starting fromy,

Ty = Y xee Tyx— time to absorption frory (residual life time).

For the initial distributioryt(0) overE, define aratio of meandglistribution by

0

> T5(0)E[Tyy Y J 5(0)pyx(t)dt
_ yeE _ YyEEOQ
FOEM s [0y o)t

wherepy(t) is a transition probability from stateto statexin timet of the absorb-
ing Markov chain{X(t) }t>o.

Remark 1The reward functiomy(N1,N>) can be evaluated with respect to the ratio
of means distributiompq ,, depending orr(0),

o ﬁ(d,n)(o)
Pan = =1 N L-1 )
> Ton(0)+ 1n)(0)
n=0 n=N;+1

In this case the optimal policgNi,N) can differ from that which minimizes the
total reward.

5 Reliability function and evaluation methods

The system reliability function is defined by
R(t)=P[T >t]=1-1mq,)(t),t >0. 9)
If R(s) = J5" e S'R(t)dt, Rés| > 0, then it follows

R(S) = < Fau) () (10)

Method 1 - Direct solution of the KDE.
The LT 77, 1 (s) can be calculated from the system of KDE,

My (S) = ViL(9).
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The inversion of the Laplace transform completes the etialua
Method 2 - Solution of the system of KDE using Cramer’srule.
The LT 771(s) can be evaluated also by solving the system

mi(s)(sl —A) = m(0),
m(0) = (1,0,...,0)

using the Cramer’s rule

" AL Nz Ny ()]

o) (s) = VT)T’ where
|A(s)| — the determinant of the matriX(s),
[AL+Nn,—nN, (S)] — the determinant obtained by replacing thet+ N, — Ny )th raw of
A(s) by the initial vectorrt(0).

Theorem 3. The determinants\_n,—n, (S)| and|A(s)| are of the form
ALnN ()] = (=D)AL AN 12N, 1(9)] (11)

Ny N

A(S)] =S_|_|(S+i)\)[ m l(SJrii\)\ANHz,L(S)I (12)
= 1+

No! (A p)N—MNa
+ %MNZH,L(S)Q , Where

N;!
| |_I—k+1J . by
2 MDO+ii—2

|Ak"|(S>| = a|l+ J s

J:l [ r; i0seens ir16%(2,I—k+1)1r!)ak‘HJ_Zak‘HJ_J

2,...,n n>2r=1,
sm={ B . :

{(i1,..,ir) sij €{2,...,n}ij—ij_1>2}, n>4.2<r<|]],

a = (s+IA+pu), by =—IA, A (s) —tridiagonal matrix with upper, main and lower
diagonals given byby, ..., b_1), (a,...,a), (—U,...,—H).

Proof. The result can be easily obtained using the definition of titkagonal
matrix and its propertieA (s)| = & -1(S)| + b—1H| Ak -2(5) . [Akk-1(5)| =
1,|Ack—2(s)| = 0. Solving this difference equation as proposed in [4], wetlge
explicit expression for the determinadi (s)|.

Theorem 4. The reliability function Rt) satisfies the relation

I m
Rit) =~ 5 Ae 3+ Y e Rl [BcogImls it (13)
k=1 k=1

Ck — BcRels 1.4

sin(lm t)[,t >0, where
|m[S|+k] ( [SH—I(] ):|
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_ SAn-n O
A=A o= .
(54 S0) AL NNy (—50))| 1<n<|

AT NI

BnSin+Ch=

(s+ (S+n+S|+n)s+5+nsl+n)|/\L+N2—N1(_5+n)‘ l<n<m,
IA(s)| S=—Sn

$i=nA,1<Nn<Np,$=nA+ U, No+2<n<L and other eigenvalues are the
solutions ofA(s)| = 0.

Proof. The determinani/ (s)| can be factorized,
| m _ _
A(s)|=s |_| (s+%) I_l (S + Sk + S 4k)S+ S kS k)
k=1 k=1

wheresp =0ands;, s, ..., 5 are the possiblereal distinct eigenvaluess 1 1,5+1),(S+2,5+2),- - -
(S+m, S+m) are thempairs of distinct conjugate complex eigenvalues obtaineah f

A(s)| = 1A —sI| =0
Due to the partial fraction expansion,

| m
. B
() = A +z 5 ki+ck S
’ G St (& P+ Sk S+k)S+ kS 1k

The constantsy, 0 < k <, are the real numbers, which by equating the coefficients
can be obtained in form (14). Note th&f = lim¢_... 771 )(t) = 1. Together with (9)
the inverse LT implies the explicit relation (13).

Method 3 - The remaining lifetime.
Denote by
Ta,n) = TIX(0) = (d,n) — the remaining life time givefd,n) € E,
ru(t) = ERELEAU] _ probability density function,
Fx(S) = [y € >'rx(t)dt — LT of the density functiomy(t).

The LT R(s) can be evaluated by

~ 1

RS =< {1 —Fog) (s)} . (15)

Note thatfgy)(s) = 22 771, 1)(s). It follows then that

F00)(S) =LAT 1L 1)(9).

The conditional LTrx(s) can be evaluated directly as well. Define
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“Bmiﬂ(s)

| _ _
Bn(s) = kl:lnpk(s)a Px(s) = sTin
|
| . . (Nl+2)A
Cn(s) - kl:ln Tk(S), TN1+1(S) - S+ (N1+2)A +“a VN1+1(S)
(k+1)A
= Ni+2<k<L—-1k#N,—1
WS = R I DA T g g T 2sksloLkAN -
w(s) = HVc1(S) N +2<k<N>—2,

s+ (kDA +p— UTia(s)
_ NoA+ v, 2(9)
S+NoA + p — UTn,-—2(9)

™N,-1(9)

Theorem 5. The LTSy(s), x € E, are obtained by

Flon(s) = Bwil(S)Chgl(S), 0<Nn<N -1,
sznfl

Fan(s) = Ck,;l(s) Zﬁ C2+i71(5) Vnti(S), N1 +1<n<N; -2,
=

Fam (9 =ChH(s),Np—1<n<L—1

Proof. Due to the Markov propertg(t) = z#x/\xye*"xt *ry(t), hence

Pe(s) = y;xsixﬁx fy(s), x€ E\{(L,L)},

F(l,L)(S) =1
Recursively solving the last system we get the statement.

Coroallary 1. The mean time to failure (MTTF) is obtained as

BT = [ RO = ImRE) = — 5 571 (9

| Ak m Ck
= _ + — .
kgl Sk kZl S +kS+k

Theorem 6. The mean time to failure (MTTF) is obtained as

s=0

1N g LNl
E[T] = X.Z\T + Zﬁ CH;*' YUnp i, Where
i= i=

[
Ny +2)A u
cl = Tk, T :7( ,V =
n= e Nt = R T M 2A v

5 EN1+1 - VN1+1

TSt (N +2A+

(16)
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(k+1)A KVi-1

Tk = (k-f—l))\-i-ll—ll'[kfl’v'(: (k-f—l))\-‘ru—Hkal’NlJrZSkS L—2 k+# Ny,
&= (k+1)A”ikﬁl—urk1’ Ni+1<k<Np—1, (18)
T = (N2 +1)A U, — Hén,—1
2 (Ne+ DA+ — (-1 + WNp—1) T 7 (No+ DA + i — i (TNp—1+ UNp—1)
U q— 1+pv o .
LA+ H—pT—2

Proof. ry = E[Ty] can be calculated by

DY 208, (19)

which follows by differentiating the expressions fg(s) in points= 0.

Now we derive the distribution of the number of switches eftépair facility during
the life time. Denote by

K — the number of switches (loops) of the repair facility lgftto absorption time
TY

Wd,n) (K) = P[K = Kk[X(0) = (d,n)] — the probability density function (PDF),
Pan)(2) = Y1 ZWan (K), |2 < 1 —the generating function (GF).

The study of this descriptor complements the reliabilitglgisis providing a type of
a discrete counterpart of the lengthTof

Theorem 7. The GF{k(2), x € E, satisfies the system féy(s) for s= 0, but the
service rateu in numerator ofvn, 1(s) is replaced by g.

_Zq;l 2),0<n<Np—1, (20)
Np—n—1

wu,n)(z):ch;l(z) )3 Ch Y (DVnsi(2), e +1<n<Np -2,

Pan)(2) = CiY2,Np—1<n<L-1, where

No—1 |
Co(2) = |_| Tl<n-2) |_| (2 1{i=n, -2} (21)
k=n k=i+1
T M (Z) _ L
(k—|— 1A UV 1(2)
Te= Vi(z) = Ny +2<k<Np—2
‘ &+DA+u7um4’k() K+ DA+ p—pre g rresk=l—s

N2A + Uvn,2(2)
NoA + 1 — ptn,2(2)°

(k+1)A

N <k<L-1
KT DA +p—pTa() -

«(2) =

Tszl(Z) =

Proof. Due to the Markov property
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A NoA
Uk(K) = )\*X:Wy(k) Lix(0Np—1)} + /\LXLIJ(LNZ)(I(_ 11— (0Np-1))»

X
y#(LNp)

or in terms of the generating function
A ZNbA
W)= 3 )szll’y(z) Lt (ONp—2)} T A Dany) (D Llpxeonp-1)y-  (22)

I
YALN)

Recursively solving the last system leads to the requiredlte

The distributionyy(k) is then determined by differentiation of the GF,

k
Wk = = ()

z=0

Theorem 8. The mean number of switchBfK] of the repair facility can be calcu-
lated by

E[K] =1+ C,Z‘;“’lvNﬁi, where (23)
i=
|
I (N1 +2)A u
= Tk, T == _"" = 24
Cn an T N 2A M T (N 2)A @4)
(k+ 1) s
k= , W = ,N1+2<k<L-—1 Kk=# Ny,
KT KT A -ty < (kDA +p—pr ey ¢ 7 N2
Tn, = (N2 +1)A e — UVn,—1
2 (Ng+ DA+ = UTNpy-1—VUnp-1 2 (Na+ 1A+ — UTNy-1— UNp—1

Proof. The conditional moments of the number of switches are catedlby
_ d
b= 52|

ObviouslyE[K] = g ). The last value can be obtained from the system

Axy 72 NoA
Y= T);ywyl{ﬁé(o,szl)} + Tx(w(l’N2> + 1) 1{X:(0,N271)}

yZX
y#(LNp)

obtained by differentiating of (22) overat pointz= 1.
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6 Sensitivity analysis

Here we perform a sensitivity analysis for changes in thiabdity function R(t)
together with changes of specific values of system paraseday. failure intensity
A and repair intensitieg. We differentiate the expression (13) and get

IR(t) 707R1,L)(t) oR(t) 7‘97?1»0(0
or ar ou ou
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All examples are calculated for the optimal hysteresisgydINz, N2), which maxi-
mizes the total average rewagdluring the life time. For the inversion of the LPs a
numerical method is used. Further welfix= 10, ¢c; =0.5,¢c; = 0.1, c3 = ¢4 = 1.5,
and consider two cases:

1. Ais varied from 05 to 25 with a lag 05 andu = 2.5,

E[T] = {6.01;314;222; 164,142},
(Nl7 NZ) - {(7v 9)' (53 6)' (1ﬂ4)' (2ﬂ 3)' (Oﬂ 2)}

2. pis varied from 05 to 25 with lag @5 andA = 0.5,

E[T] = {5.88;597;592;610;601},
(N1,N2) = {(3,9);(7,8):(8,9);(7,8);(7.9)}.

Figures illustrate the functioR(t) with derivatives as well as the the discrete distri-
bution function¥ (k) = ¥, @(i). Itis observed that the reliability function is more
sensitive to parameter changing in case 1, otherwise the sensitivity almost van-
ishes. Interesting observations have been made also fatishébution function
W(k) of the number of switchek.
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