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Abstract The aim of the present paper is to investigate a finite-sourceM/M/1 retrial queuing
system with collision of the customers where the server is subjects to random breakdowns
and repairs depending on whether it is idle or busy. An asymptotic method is applied under
the condition that the number of sources tends to infinity while the primary request generation
rate, retrial rate tend to zero and service rate, failure rates, repair rate are fixed. It is proved that
in steady state the limiting distribution of the centered and normalized number of customers
in the system (orbit and service) follows a normal law with given parameters. The novelty
of this investigation is the introduction of failure and repair of the service. Approximations
of prelimiting distribution by asymptotic one are obtained and several illustrative examples
show the accuracy and range of applicability of the proposed method.

Keywords Finite-source queueing system · Retrial queue · Collision · Server breakdowns
and repairs · Asymptotic analysis · Limiting distribution · Approximation of distributions ·
Accuracy and area of applicability of approximations

1 Introduction

Retrial queues have been widely used to model many problems arising in telephone switch-
ing systems, telecommunication networks, computer networks and computer systems, call
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centers, wireless communication systems, etc. For a systematic account of the fundamental
methods and the latest results, furthermore an accessible classified bibliography on this topic
the interested reader is referred to, for example Arivudainambi and Godhandaraman (2015),
Artalejo and Gómez-Corral (2008), Gómez-Corral and Phung-Duc (2016) and Kim and Kim
(2016), and references therein.

In many practical situations it is important to take into account the fact that the rate
of generation of new primary calls decreases as the number of customers in the system
increases. This can be done with the help of finite-source, or quasi-random input models.
Retrial queueswith quasi-random input are recent interest inmodelingmagnetic diskmemory
systems, cellular mobile networks, computer networks, and local-area networks with non-
persistent CSMA/CD protocols, with star topology, with random access protocols, and with
multiple-access protocols, see for example Bae et al. (2008), Dragieva (2016) and Kumar
et al. (2016).

Since in practice some components of the systems are subject to random breakdowns
it is of basic importance to study reliability of retrial queues with server breakdowns and
repairs because of limited ability of repairs and heavy influence of the breakdowns on the
performance measures of the system. Finite-source retrial queues with an unreliable server
havebeen investigated in several recent papers, see for example,Almási et al. (2005),Dragieva
(2014), Gharbi and Dutheillet (2011), Ikhlef et al. (2016), Roszik (2004), Wang et al. (2010),
Wang et al. (2011) and Zhang and Wang (2013).

In many situations involving data transmission from diverse sources there can be conflict
for a limited number of channels or other facilities.Uncoordinated attempts by several sources
to use a single server facility can result in collisions leading to the loss of the transmission
and hence the need for retransmission. An important problem concerns the development
of workable procedures for alleviating the conflict and corresponding message delay. For
instance, in the unslotted Carrier Sense Multiple Access with Collision Detection (CSMA–
CD) protocols for a fiber optic bus network with a finite number of stations, each of which
has an infinite storage buffer, the collisions occur during the transmission of arbitrary length
packets because no slot synchronization is needed. Also, because of the unidirectional trans-
mission property of an optical fiber, a solution always has the preference of accessing the
channel to its downstream stations. Thus we treat this network as a retrial queueing system
with collisions. Recent results on retrial queues with collisions can be found in, for example
Ali and Wei (2015), Balsamo et al. (2013), Choi et al. (1992), Gómez-Corral (2010), Kim
(2010), Kumar et al. (2010), Kumar et al. (2010) and Peng et al. (2014).

The aim of the present paper is to investigate such systems which has the above mention
properties, that is finite-source, retrial, collision, and non-reliability of the server. The present
model is a generalization of the systems treated in Kvach and Nazarov (2015), Nazarov et al.
(2014), Nazarov and Sudyko (2010) and Nazarov and Moiseeva (2006).

The rest of the paper is organized as follows. In Sections 2 and 3 the full description
of the model is given by the help of the corresponding two-dimensional Markov chain
and the corresponding Kolmogorov equations are derived in steady state. Sections 4 and
5 are devoted to the first and second order asymptotics. In Sect. 6 an algorithmic approach
is proposed to get the prelimiting distribution of the number of customers in the system.
Section 7 deals with several numerical examples and comparisons showing the advantage
of the asymptotic methods, and some comments are made. Finally, the paper ends with a
Conclusion.
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Fig. 1 Finite-source M/M/1
retrial queueing system with
collision of the customers and an
unreliable server

2 Model description and notations

Let us consider (Fig. 1) a retrial queuing system of type M/M/1//N with collision of the
customers and an unreliable server. The number of sources is N and each of them can generate
a primary request with rate λ/N . A source cannot generate a new call until the end of the
successful service of this customer. If a primary customer finds the server idle, he enters
into service immediately, in which the required service time is assumed to be exponentially
distributedwith parameterμ. Otherwise, if the server is busy, an arriving (primary or repeated)
customer involves into collision with the customer under service and they bothmoves into the
orbit. The retrial time of requests are exponentially distribution with rate σ/N . We assume
that the server is unreliable, that is the lifetime is supposed to be exponentially distributed
with failure rate γ0 if the server is idle and with rate γ1 if it is busy. When the server breaks
down, it is immediately sent for repair and the recovery time is assumed to be exponentially
distributed with rate γ2. We deal with the case when the server is down all sources continue
generation of customers and send it to the server, similarly customers may retry from the
orbit to the server but all arriving customers immediately go into the orbit. Furthermore, in
this unreliable model we suppose the interrupted request goes to the orbit immediately and
its next service is independent of the interrupted one. All random variables involved in the
model construction are assumed to be independent of each other.

Let i(t) be the number of customers in the system at time t , that is, the total number of
customers in the orbit and in service. Similarly, let k(t) be the server state at time t , that is

k(t) =
⎧
⎨

⎩

0, if the server is idle,
1, if the server is busy,
2, if the server is down (under repair).

The aim of the present paper is to find the limiting probability distribution of the number
of customers in the system {i(t)} in steady state under the conditions of N → ∞. Hence we
can give an approximation of the prelimiting probability distribution for finite values of N
by the help of the asymptotic distribution. Then the accuracy of this approximation for finite
values of N are illustrated for different input parameters.

3 Kolmogorov equations for the probability distribution

Let us denote by P{k(t) = k, i(t) = i} = Pk(i, t) the joint probability that at time t there are
i customers in the system and the server is in state k. Under the above assumption the process
{k(t), i(t)} is a 2-dimensional Markov-process with state space {0, 1, 2} × {0, 1, . . . , N }.
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Assume that system is operating in steady state, then for the stationary probability distri-
bution Pk(i) it is not difficult to write the following system of Kolmogorov equations

−
[

λ + (σ − λ)
i

N
+ γ0

]

P0(i) +
(

1 − i − 1

N

)

λP1(i − 1) + i − 1

N
σ P1(i)

+ μP1(i + 1) + γ2P2(i) = 0 ,

−
[

λ + (σ − λ)
i

N
+ γ1 + μ − σ

N

]

P1(i) +
(

1 − i − 1

N

)

λP0(i − 1)

+ i

N
σ P0(i) = 0 ,

−
[(

1 − i

N

)

λ + γ2

]

P2(i) +
(

1 − i − 1

N

)

λP2(i − 1)

+ γ0P0(i) + γ1P1(i) = 0. (1)

Denoting the partial characteristic function by

Hk(u) =
N∑

i=0

e jui Pk(i) , (2)

where j = √−1 is the imaginary unit, the system (1) can be rewritten as

− (λ + γ0) H0(u) +
[
λe ju + μe− ju − σ

N

]
H1(u) + γ2H2(u)

+ j
(σ − λ)

N
H

′
0(u) + j

(λe ju − σ)

N
H

′
1(u) = 0 ,

λe ju H0(u) −
(
λ + μ + γ1 − σ

N

)
H1(u)

+ j

(
λe ju − σ

)

N
H

′
0(u) + j

(σ − λ)

N
H

′
1(u) = 0 ,

γ0H0(u) + γ1H1(u) +
[
λ

(
e ju − 1

)
− γ2

]
H2(u)

+ j
λ

N

(
e ju − 1

)
H

′
2(u) = 0 . (3)

Summarizing the equations of the system (3) we obtain

λH0(u) +
[
λ − μe− ju

]
H1(u) + λH2(u)

+ j
λ

N

[
H

′
0(u) + H

′
1(u) + H

′
2(u)

]
= 0 . (4)

The solution of the system (3–4) for finite values N causes difficulties, namely the authors
do not know any method for solving systems of linear differential equations with variable
coefficients. In addition, to the best knowledge of the authors such systems do not have an
analytical solution therefore we will find solution under the condition of unlimited growing
number of sources, that is N → ∞.
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4 Asymptotic of the first order

Theorem 1 Let i(∞) be the number of customers in the system in steady state, then

lim
N→∞ Eexp

{

jw
i(∞)

N

}

= exp { jwκ1} , (5)

where value of parameter κ1 is the positive solution of the equation

(1 − κ1) λ − μR1(κ1) = 0, (6)

where the stationary distributions of probabilities Rk(κ1) of the service state k are obtained
as follows

R0(κ1) =
{

γ0 + γ2

γ2
+ γ1 + γ2

γ2
· a (κ1)

a (κ1) + γ1 + μ

}−1

,

R1(κ1) = a (κ1)

a (κ1) + γ1 + μ
· R0(κ1),

R2(κ1) = 1

γ2

[
γ0R0(κ1) + γ1R1(κ1)

]
,

(7)

here a (κ1) is
a (κ1) = (1 − κ1) λ + σκ1. (8)

Proof Denoting
1

N
= ε , in systems (3–4) let us execute the following substitutions

u = εw, Hk(u) = Fk(w, ε) , (9)

then we can transform systems (3–4) to the form

− (λ + γ0) F0(w, ε) +
[
λe jεw + μe− jεw − εσ

]
F1(w, ε) + γ2F2(w, ε)

+ j (σ − λ)
∂F0(w, ε)

∂w
+ j

(
λe jεw − σ

) ∂F1(w, ε)

∂w
= 0 ,

λe jεwF0(w, ε) − (λ + μ + γ1 − εσ ) F1(w, ε)

+ j
(
λe jεw − σ

) ∂F0(w, ε)

∂w
+ j (σ − λ)

∂F1(w, ε)

∂w
= 0 ,

γ0F0(w, ε) + γ1F1(w, ε) +
[
λ

(
e jεw − 1

)
− γ2

]
F2(w, ε)

+ jλ
(
e jεw − 1

) ∂F2(w, ε)

∂w
= 0 ,

λF0(w, ε) +
[
λ − μe− jεw

]
F1(w, ε) + λF2(w, ε)

+ jλ
∂

∂w
[F0(w, ε) + F1(w, ε) + F2(w, ε)] = 0 .

(10)

Taking the limiting transition under conditions ε → 0 and denoting lim
ε→0

Fk(w, ε) =
Fk(w), system (10) can be rewritten as
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− (λ + γ0) F0(w)

+ (λ + μ) F1(w) + γ2F2(w)

+ j (σ − λ) F
′
0(w) + j (λ − σ) F

′
1(w) = 0 ,

λF0(w) − (λ + μ + γ1) F1(w) + j (λ − σ) F
′
0(w) + j (σ − λ) F

′
1(w) = 0 ,

γ0F0(w) + γ1F1(w) − γ2F2(w) = 0 ,

λF0(w) + (λ − μ) F1(w) + λF2(w) + jλ
d

dw
[F0(w) + F1(w) + F2(w)] = 0. (11)

From previous experience we want to find the solution of system (11) in the following
product-form

Fk(w) = Rk�(w),

where Rk is the limiting probability distributions of the server state k under conditions
N → ∞ and �(w) is the limiting characteristic function of the stationary distribution of the
normalized number of customers in the system. Substituting into (11) we obtain

− (λ + γ0) R0

+ (λ + μ) R1 + γ2R2 + j (σ − λ) (R0 − R1)
�

′
(w)

�(w)
= 0 ,

λR0 − (λ + μ + γ1) R1 + j (σ − λ) (R1 − R0)
�

′
(w)

�(w)
= 0 ,

γ0R0 + γ1R1 − γ2R2 = 0 ,

λR0 + (λ − μ) R1 + λR2 + jλ (R0 + R1 + R2)
�

′
(w)

�(w)
= 0 , (12)

from which it follows that the function has the form

�(w) = exp ( jwκ1), (13)

coinciding with equality (5). This statement is actually the law of large numbers and κ1 is
the expectation of the normalized number of customers in the system or in other words it is
the steady state probability that a customer is in the system.
The next step is to find κ1. Knowing the probabilistic meaning of κ1 it is natural to introduce
the following notation a (κ1) = (1 − κ1) λ + σκ1 which in probabilistic sense is the mean
offered arrival rate to the server. Then system (12) can be rewritten as

− [
a (κ1) + γ0

]
R0(κ1)

+ [a(κ1) + μ] R1(κ1) + γ2R2(κ1) = 0 ,

a(κ1)R0(κ1) − [
a(κ1) + μ + γ1

]
R1(κ1) = 0 ,

γ0R0(κ1) + γ1R1(κ1) − γ2R2(κ1) = 0 ,

(1 − κ1) λ − μR1(κ1) = 0. (14)

It is easy to see that they are the balance equations. The first three equations of this system
are compatible, one equation is a consequence of the other two. Therefore, the solution (7)
can be found using two equations of three and then applying the normalization condition the
solution can be obtained.
The value of parameter κ1 is defined as the solution of the fourth equation of system (14) and
this equation coincides with (6), which has a natural interpretation, namely the mean arrival
rate to the systems is equal to the mean departure rate from the system.
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Keeping in mind the notation
1

N
= ε, replacement (9) and equations (13), the main equal-

ity (5) of the theorem is obtained.
The theorem is proved. ��

This theorem is called the first order asymptotics for the closed retrial queuing systems.

Corollary 1 The prelimiting value of the average number of customers in this closed retrial
queuing system can be approximated by expression

E {i(∞)} ≈ Nκ1, (15)

obviously follows from the Eq. (5).

If for the simplified notation a(κ1) and probabilities Rk(κ1) are denoted by a and Rk , respec-
tively, then (6–8) can be rewritten as

μR1 = (1 − κ1) λ ,

R0 =
{

γ0 + γ2

γ2
+ γ1 + γ2

γ2
· a

a + γ1 + μ

}−1

,

R1 = R0
a

a + γ1 + μ
,

R2 = 1

γ2

[
γ0R0 + γ1R1

]
, (16)

where
a = (1 − κ1) λ + σκ1.

5 Asymptotic of the second order

To get a better approximation of the prelimiting distribution of customers in the system for
a finite N we need the following theorem concerning to the variance.

Theorem 2 Under the conditions of Theorem 1 we have

lim
N→∞ Eexp

{

jw
i(∞) − κ1N√

N

}

= exp

{
( jw)2

2
κ2

}

, (17)

where the value of parameter κ2 is defined by expression

κ2 = γ2μ(R1 − b1) + (1 − κ1)λ {(γ1 + γ2) b1 + (1 − κ1) λR2}
(λ + μb2) γ2 − (1 − κ1) λ (γ1 + γ2) b2

, (18)

where

b1 = (1 − κ1) λ

a + γ1 + μ
R0, b2 = (σ − λ)(R0 − R1)

a + γ1 + μ
. (19)

Proof Introducing the following replacement

Hk(u) = H (2)
k (u)e juNκ1 , (20)
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in the systems (3–4) for function H (2)
k we obtain the system of equations in the form

− [
λ + γ0 + (σ − λ) κ1

]
H (2)
0 (u)

+
[
λe ju + μe− ju +

(
σ − λe ju

)
κ1 − σ

N

]
H (2)
1 (u) + γ2H

(2)
2 (u)

+ j
(σ − λ)

N
H (2)

′
0 (u) + j

(
λe ju − σ

)

N
H (2)

′
1 (u) = 0 ,

[
λe ju +

(
σ − λe ju

)
κ1

]
H (2)
0 (u)

−
[
λ + μ + γ1 + (σ − λ) κ1 − σ

N

]
H (2)
1 (u)

+ j

(
λe ju − σ

)

N
H (2)

′
0 (u) + j

(σ − λ)

N
H (2)

′
1 (u) = 0 ,

γ0H
(2)
0 (u) + γ1H

(2)
1 (u) +

[
λ (1 − κ1)

(
e ju − 1

)
− γ2

]
H (2)
2 (u)

+ j
λ

N

(
e ju − 1

)
H (2)

′
2 (u) = 0 ,

λ (1 − κ1)
[
H (2)
0 (u) + H (2)

1 (u) + H (2)
2 (u)

]
− μe− ju H (2)

1 (u)

+ j
λ

N

d

du

[
H (2)
0 (u) + H (2)

1 (u) + H (2)
2 (u)

]
= 0 . (21)

Let us introduce the following replacements

1

N
= ε2 , u = εw , H (2)

k (u) = F (2)
k (w, ε) . (22)

Note that in the asymptotic of the second order the same designation of F (2)
k (w, ε) is

applied, as in the first asymptotic, but as it will be shown below these functions keeping an
identical look, differ with the defining multiplicand.

Carrying out replacements (22) in the system (21), we obtain the following system of
equations

− [
λ + γ0 + (σ − λ) κ1

]
F (2)
0 (w, ε) + γ2F

(2)
2 (w, ε)

+
[
λe jεw + e− jεw +

(
σ − λe jεw

)
κ1 − ε2σ

]
F (2)
1 (w, ε)

+ε j (σ − λ)
∂F (2)

0 (w, ε)

∂w
+ ε j

(
λe jεw − σ

) ∂F (2)
1 (w, ε)

∂w
= 0 ,

[
λe jεw +

(
σ − λe jεw

)
κ1

]
F (2)
0 (w, ε)

− [
λ + μ + γ1 + (σ − λ) κ1 − ε2σ

]
F (2)
1 (w, ε)

+ε j
(
λe jεw − σ

) ∂F (2)
0 (w, ε)

∂w
+ ε j (σ − λ)

∂F (2)
1 (w, ε)

∂w
= 0 ,

γ0F
(2)
0 (w, ε) + γ1F

(2)
1 w, ε) +

[
λ (1 − κ1)

(
e jεw − 1

)
− γ2

]
F (2)
2 w, ε)

+ε jλ
(
e jεw − 1

) ∂F (2)
2 (w, ε)

∂w
= 0 ,
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λ (1 − κ1)
[
F (2)
0 (w, ε) + F (2)

1 (w, ε) + F (2)
2 (w, ε)

]
− μe− jεwF (2)

1 (w, ε)

+ε jλ
∂

∂w

[
F (2)
0 (w, ε) + F (2)

1 (w, ε) + F (2)
2 (w, ε)

]
= 0 . (23)

The solution of this system can be written in the form of decomposition

F (2)
k (w, ε) = �2(w) {Rk + jεw fk} + o(ε2) ,

then after substituting them into (23), we obtain

− (a + γ0) [R0 + jεw f0] + jεw (a + μ) f1 + γ2 {R2 + jεw f2}
+ {λ (1 + jεw) + μ (1 − jεw) + [σ − λ (1 + jεw)] κ1} R1

+ε j (σ − λ) (R0 − R1)
�

′
2(w)

�2(w)
= o(ε2) ,

{λ (1 + jεw) + [σ − λ (1 + jεw)] κ1} R0 − (a + γ1 + μ) {R1 + jεw f1}

+ jεwa f0 + ε j (σ − λ) (R1 − R0)
�

′
2(w)

�2(w)
= o(ε2) ,

γ0 {R0 + jεw f0} + γ1 {R1 + jεw f1} + { jεwλ (1 − κ1) − γ2} R2

− jεwγ2 f2 = o(ε2) ,

λ (1 − κ1) {1 + jεw ( f0 + f1 + f2)} − μ (1 − jεw) R1 − jεwμ f1

+ε jλ
�

′
2(w)

�2(w)
= o(ε2) .

Equating here coefficients at identical degrees ε, relatively fk ,wewill receive the following
system of equations

− (a + γ0) f0 + (a + μ) f1 + γ2 f2 = [μ − (1 − κ1) λ] R1

− (σ − λ) (R0 − R1)
�

′
2(w)

w �2(w)
,

a f0 − (a + γ1 + μ) f1 = − (1 − κ1) λR0 − (σ − λ) (R1 − R0)
�

′
2(w)

w �2(w)
,

γ0 f0 + γ1 f1 − γ2 f2 = − (1 − κ1) λR2 ,

λ (1 − κ1) [ f0 + f1 + f2] − μ f1 = −μR1 − λ
�

′
2(w)

w �2(w)
.

(24)

Hence function �2(w) can be written as

�2(w) = exp

{
( jw)2

2
κ2

}

,

coinciding with (17).
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Therefore the expression
�

′
2(w)

w �2(w)
is constant and has the form

�
′
2(w)

w�2(w)
= −κ2 (25)

which should be determined. Owing to (25), (24) results a heterogeneous system of linear
equations with respect to fk and can be rewritten as

− (a + γ0) f0 + (a + μ) f1 + γ2 f2 = [μ − (1 − κ1) λ] R1

+ (σ − λ) (R0 − R1) κ2 ,

a f0 − (a + γ1 + μ) f1 = − (1 − κ1) λR0 + (σ − λ) (R1 − R0) κ2 ,

γ0 f0 + γ1 f1 − γ2 f2 = − (1 − κ1) λR2 ,

λ (1 − κ1) [ f0 + f1 + f2] − μ f1 = −μR1 + λκ2 .

(26)

The first three equations from (26) constitute a heterogeneous system of linear equations
with system determinant equal to zero. But as the ranks of the matrix of the homogeneous
system and of the augmented matrix are the same, then the system has a general solution of
the form

fk = CRk + ϕk , (27)

where ϕk is a particular solution, determined by some additional conditions.
Substituting the general solution (27) into the fourth equation of system (26), we get

(1 − κ1) λ [C + ϕ0 + ϕ1 + ϕ2] − μ [CR1 + ϕ1] = −μR1 + λκ2. (28)

Owing to the first equality from (16), equality (28) can be rewritten in the form

(1 − κ1) λ [ϕ0 + ϕ1 + ϕ2] − μϕ1 = −μR1 + λκ2 . (29)

The received equality defines the value of the parameter κ2, which naturally doesn’t depend
on the values of the arbitrary constantC and it is the same for any particular solutions, defined
by some additional conditions. For convenience we will choose such additional condition in
the form of ϕ0 = 0, then equality (29) can be written as

(1 − κ1) λ [ϕ1 + ϕ2] − μϕ1 = −μR1 + λκ2 . (30)

Let us rewrite system of three equations for the particular solution ϕk in the form of system
of two equations, excepting the first of them

− (a + γ1 + μ) ϕ1 = − (1 − κ1) λR0 + (σ − λ) (R1 − R0) κ2 ,

γ1ϕ1 − γ2ϕ2 = − (1 − κ1) λR2 .

From this system we obtain

ϕ1 = (1 − κ1)λ

a + γ1 + μ
R0 + (σ − λ)(R0 − R1)

a + γ1 + μ
κ2 ,

ϕ2 = γ1

γ2
ϕ1 + (1 − κ1)λ

γ2
R2 .

(31)
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Designating

b1 = (1 − κ1)λ

a + γ1 + μ
R0 , b2 = (σ − λ)(R0 − R1)

a + γ1 + μ
, (32)

that coincides with (19), equality (31) can be rewritten in the form

ϕ1 = b1 + κ2b2 ,

ϕ2 = γ1

γ2
(b1 + κ2b2) + (1 − κ1)λ

γ2
R2 .

(33)

Substituting these expressions into (30), we receive the equation concerning to the unknown
κ2

(1 − κ1) λ

{

b1 + κ2b2 + γ1

γ2
(b1 + κ2b2) + (1 − κ1)λ

γ2
R2

}

−μ (b1 + κ2b2) = −μR1 + λκ2 ,

from which we find the value of the parameter κ2 as

κ2 = γ2μ(R1 − b1) + (1 − κ1)λ {(γ1 + γ2) b1 + (1 − κ1) λR2}
(λ + μb2) γ2 − (1 − κ1) λ (γ1 + γ2) b2

,

coinciding with (18).
The theorem is proved. ��

From the proved theorem it follows that if N → ∞ the limiting distribution for the centered
and normalized number of customers in the system has a Gaussian distribution with variance
κ2, defined by the expression (18).

Consequently, the mean and variance of the number of customers in the system can be
approximated by Nκ1 and Nκ2, respectively.

Approximation of a discrete distribution by a continuous Gaussian distribution can be
executed in various ways. We will use the following form.

Let us denote by G(x) the distribution function of the Gaussian distribution with mean
Nκ1 and variance Nκ2.

Furthermore, let us denote by PN (i) the asymptotic discrete distribution obtained by the
help of Gaussian approximation, that is

PN (i) = {G(i + 0.5) − G(i − 0.5)} [G(N + 0.5) − G(−0.5)]−1 , i = 0, N (34)

which is called the Gaussian approximation of the discrete distribution P(i).
Distribution (34) can be considered as an approximation of the prelimiting discrete dis-

tribution by the help of the limiting Gaussian distribution.
Let us determine the accuracy (error) of the approximation of a distribution by means of

the Kolmogorov’s distance Δ which for distribution functions F1(x) and F2(x) is defined as

Δ = max−∞<x<∞ |F1(x) − F2(x)| .

If the exact distribution of probabilities P(n) for the number of customers in system is
known, then

Δ = max
0≤i≤N

∣
∣
∣
∣
∣

i∑

n=0

(P(n) − PN (n))

∣
∣
∣
∣
∣

.
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Usually, for complex queueing systems the exact distribution P(i) is usually unknown,
so its value we could determine either numerically or by simulation, assuming that these
methods are reliable and effective.

Realizing a large enough number of numerical/simulation experiments, we can see the
accuracy of approximation and the area of its applicability.

However, in the present situation we are able to get the discrete two-dimensional proba-
bility distribution Pk(i) of states {k, i} of the considered retrial queueing system by the help
of an effective numerical algorithm. For the considered retrial queuing system a simulation
program has also been developed and realized, which allows us to build empirical distribution
for the number of customers in system. The simulation approach is out of scope of this paper
and will be discussed later on as a continuation of the present investigations.

6 Algorithmic approach for finding the probability distribution of the
system state (prelimiting distribution for given N)

For the calculation of the two-dimensional probability distribution Pk(i), let us find the
solution of system (1) numerically, first writing its equation in the case i = 0.

− (λ + γ0) P0(0) + μP1(1) + γ2P2(0) = 0 ,

− (λ + γ2) P2(0) + γ0P0(0) = 0 .

1. Put P0(0) = 1.

2. P2(0) = γ0

λ + γ2
P0(0) .

3. P1(1) = 1

μ
{(λ + γ0) P0(0) − γ2P2(0)} .

4. For 1 ≤ i ≤ N − 1 from system (1) let us write

P0(i) =
(

i

N
σ

)−1 {

P1(i)

[

λ + (σ − λ)
i

N
+ γ1 + μ − σ

N

]

−P0(i − 1)

(

1 − i − 1

N

)

λ

}

,

P2(i) =
[(

1 − i

N

)

λ + γ2

]−1 {(

1 − i − 1

N

)

λP2(i − 1) + γ0P0(i) + γ1P1(i)

}

,

P1(i + 1) = 1

μ

{[

λ + (σ − λ)
i

N
+ γ0

]

P0(i) −
(

1 − i − 1

N

)

λP1(i − 1)

− (i − 1)

N
σ P1(i) − γ2P2(i)

}

.
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5. From the system (1) let us write the equation for i = N

− (σ + γ0) P0(N ) + λ

N
P1(N − 1) + σ

N
P1(N ) + γ2P2(N ) = 0 ,

−
(
σ + γ1 + μ − σ

N

)
P1(N ) + λ

N
P0(N − 1) + σ P0(N ) = 0 ,

−γ2P2(N ) + λ

N
P2(N − 1) + γ0P0(N ) + γ1P1(N ) = 0 ,

from which we get value

P0(N ) = σ−1
{[

σ + γ1 + μ − σ

N

]
P1(N ) − λ

N
P0(N − 1)

}

,

P2(N ) = γ −1
2

{
λ

N
P2(N − 1) + γ0P0(N ) + γ1P1(N )

}

.

For the normalizing constant let us calculate the sum

d =
N∑

i=0

{P0(i) + P1(i) + P2(i)} ,

where Pk(i) is the solution of system (1), received by realization of the proposed numerical
algorithm, then d−1Pk(i) gives the values of the two-dimensional distribution of probabilities
Pk(i).
After the two-dimensional distribution Pk(i) having been defined, we can find one-
dimensional marginal distribution of probabilities P(i), the number of i customers in the
system as

P(i) = P0(i) + P1(i) + P2(i).

It should be noted that the initial system can be solved by the traditional method of solving
systems of linear algebraic equations, taking into account the degeneracy of the matrix of the
system, the existence of a set of solutions, and the allocation of a particular solution satisfying
the normalization condition. The dimension of system significantly depends on N and it is
necessary to solve system of 3(N + 1) equations. The recursive algorithm is applicable for
sufficiently large values of N , which is an advantage of the proposed algorithmic approach,
in comparison to the traditional methods.

7 Numerical results and comparative analysis

For retrial queuing system of type M/M/1//N with collision and an unreliable server for-
mulas for numerical calculation of probability distribution of the number of customers in the
system are received and Gaussian approximation of these discrete prelimiting distribution is
offered. Let us determine the accuracy and area of applicability of this approximation.

Realizing the proposed numerical algorithm our aim is to show the effect of λ and σ on
the approximation. Of course we expect that under a given parameter setup the Kolmogorov
distance should decrease as N is increasing. We must emphasize that we cannot expect that
by increasing the other parameters the distance will decrease as it is demonstrated later on.
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Table 1 Kolmogorov distance between P(i) and PN (i) for various values of the parameters N and λ

N = 5 N = 10 N = 20 N = 30 N = 50

λ = 0.5 0.095 0.059 0.032 0.023 0.017

λ = 1.0 0.037 0.023 0.017 0.014 0.011

λ = 2.0 0.078 0.046 0.022 0.014 0.013

The boldface value in table shows that the acceptable error is less than 0.05

Table 2 Kolmogorov distance between P(i) and PN (i) for various values of the parameters N and σ

N = 5 N = 10 N = 20 N = 30 N = 50

σ = 0.2 0.066 0.035 0.018 0.013 0.010

σ = 1.0 0.033 0.018 0.014 0.014 0.008

σ = 5.0 0.037 0.023 0.017 0.014 0.011

The boldface value in table shows that the acceptable error is less than 0.05

Let us consider first the effect of λ with the following parameter setup

μ = 1, σ = 5, γ0 = 0.1, γ1 = 0.2, γ2 = 1.

Applying the approximation (34), we will provide values of Δ in Table 1.
To show the effect of σ Table 2 collects the Kolmogorov distance for the following

parameters
λ = 1, μ = 1, γ0 = 0.1, γ1 = 0.2, γ2 = 1

with various values of the parameters N and σ .
Assuming an acceptable error Δ ≤ 0.05 of the given values in the Tables 1 and 2 we

can conclude that the approximation (34) has large error at N ≤ 10, at 10 < N < 20 the
acceptability of the approximation is doubtful, and at N ≥ 20 the approximation has a quite
acceptable accuracy. Let us notice that for fixed λ and σ the distance is decreasing as N
is increasing, which was expected. However, for fixed N the distance is not a monotone
decreasing function of λ and σ , respectively. We must emphasize that the system is too
complicated to draw any conclusion to the approximation with respect to the parameters of
the involved exponentially distributed random variables. Our expectation is that the distance
should be a decreasing function of N , and we can illustrate the rate of convergence by sample
examples.
Also for visual comparisons the discrete distribution of the number of customers in the system
and the distribution function of the number of customers in the system at various N are
provided. As an example for the graphical illustration of the accuracy of the approximation
of exact (prelimiting) distribution (solid line) by Gaussian distribution (dashed line) with
parameters κ1N and κ2N , the following parameters were chosen

λ = 0.5, μ = 1, σ = 5, γ0 = 0.1, γ1 = 0.2, γ2 = 1.

Comments

– In Fig. 2 we can see (a) the distribution of the number of customers in the system
and (b) the distribution function of the number of customers in the system for N =
5. Figure 2b demonstrates a considerable difference between exact distribution P(i)
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Fig. 2 Case N = 5

Fig. 3 Case N = 15

Fig. 4 Case N = 50

and its Gaussian approximation PN (i). Similar conclusions can be drawn regarding the
distribution function F(i) and its approximation FN (i), shown on Fig. 2b.

– Figure 3 demonstrates the results for N = 15. The differences are visible, but improve-
ment of quality of the approximation with growth of N is obvious (Fig. 3a). For F(i)

123



Ann Oper Res

and FN (i), shown in Fig. 3b, it is also possible to draw a conclusion on doubtfulness of
applicability of the approximation.

– In Fig. 4a the results are displayed for N = 50. The difference is very slight and almost
indistinguishable. It is possible to tell with confidence that the approximation has good
degree of accuracy. Similarly, the distribution function FN (i) with good degree of accu-
racy approximates the exact distribution function F(i) as shown on Fig. 4b.

The visual analysis is fully consistent with the conclusions drawn from Tables 1 and 2 and
confirm the accuracy and the range of applicability of the proposed approximation. Here
we could demonstrate the advantage of the approximation since the limiting distribution
could be calculated very easily. In this case we are lucky because we could determine the
exact distribution, but for complicated systems only sophisticated numerical or simulation
approaches could be used. In those cases the approximation ismore useful since the simulation
needs long time.

8 Conclusion

In this paper, a finite-source retrial queuing system with collision of customers and an unre-
liable server was studied. The research of the system has been conducted by the method of
asymptotic analysis under condition of unlimited growing number of sources. As a result
of the investigation the Gaussian limiting distribution for the number of customers in the
system was obtained in steady state. In addition, an algorithmic approach was introduced for
calculating the prelimiting discrete distribution of the number of customers in the system. An
approximation of the prelimiting discrete distribution by asymptotic Gaussian distribution
was offered and illustrated. Accuracy and range of applicability of the approximations were
shown in several sample examples for various values of the input parameters. The formu-
las received during the analysis are a basis for further research of the system, in particular
for finding the distribution of the sojourn time of a tagged customer in the system and the
distribution of the number of retrials.
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