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a b s t r a c t 

We consider a Markovian queueing system with two unreliable heterogeneous servers and one common 

queue. The servers serve customers without preemption and fail only if they are busy. Customers are al- 

located to one or the other server via a threshold control policy which prescribes using the faster server 

whenever it is free and the slower server only when the number of waiting customers exceeds a spec- 

ified threshold level that depends on the state of the faster server. This paper focuses on the reliability 

analysis of a system with unreliable heterogeneous servers. First, we obtain the stationary state distribu- 

tion using a matrix-geometric solution method. Second, we analyse the lifetimes of the servers and of the 

system. We provide algorithms for calculating the stationary reliability characteristics, reliability functions 

in terms of the Laplace transform and the mean times to the first failure. A new reliability measure is 

introduced in the form of the discrete distribution function of the number of failures during a specified 

life time that is derived from a probability generating function. The effects of various parameters on these 

reliability characteristics are analysed numerically. 

© 2018 Elsevier B.V. All rights reserved. 
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1. Introduction 

To improve modern communication systems in terms of perfor-

mance and reliability, they can be supplied with controllable het-

erogeneous environment. The heterogeneity in such systems may

be easily explained by virtue of the following examples. The data

centers with a cloud computing paradigm containing the execu-

tion servers of many generations as a consequence of continuous

system updates ( Bai, Xi, Zhu, & Huang, 2015 ). Obviously in this sys-

tem the servers can differ in terms of speed, capacity, availability,

power consumption an so on. Another example is a hybrid wire-

less channel working on the basis of Radio Frequency/Free Space

Optic (RF/FSO) technology ( Vishnevskii, Semenova, & Sharov, 2013 ).

The links of this channel have unequal data throughput, availabil-

ity and reliability characteristics. The capacity of RF link is con-

strained by limits to link throughputs on the order of 10 s of Mbps.

On the contrary, the commercial FSO currently provide through-
� The publication was prepared with the support of the “RUDN University Pro- 
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uts of several Gbts but the link availability is limited by adverse

eather conditions like fogs and heavy snowfalls. Therefore, the

ybrid channel combines advantages of both types of links. One

ore example is a single cell of a cellular (3GPP LTE) network with

 Licence Shared Access (LSA) technology, for details see Gudkova

t al. (2015) , which assumes that the band can be used when the

wner does not need it. In this case heterogeneous environment

onsists of the reliable main and unreliable reserve pool of servers

hich is used according to a specified hysteretic control policy. The

roposed examples have motivated us to apply the queueing sys-

em with unreliable heterogeneous servers for modelling the dy-

amic behaviour and analysis the relationships between different

actors influencing on reliability of communication systems with

eterogeneous unreliable environment. 

Analyses of multi-server queueing systems generally as-

ume that the servers are homogeneous. Mitrany and Avi-Itzhak

1967) and Neuts and Lucantoni (1979) studied the M / M / s queue-

ng system with server breakdowns and repairs. Levy and Yechiali

1976) analysed the M / M / s queue with server vacation. A recent

aper by Efrosinin, Samouylov, and Gudkova (2016) reported on

tationary analysis of the busy period for a multi-server Markovian

ueueing system with simultaneous failures of servers. Queues

ith heterogeneous unreliable servers have rarely been addressed

y research. A queueing system with two heterogeneous servers
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nd multiple vacations was studied by Kumar and Madheswari

2005) , who obtained the stationary queue length distribution by

sing a matrix geometric method and provided an analysis of busy

eriod and waiting time. In Kumar, Madheswari, and Venkatakr-

shnan (2007) , the same authors introduced the M / M /2 queueing

ystem with heterogeneous servers subject to catastrophes, and

rovided a transient solution for the system under study. A het-

rogeneous two-server queueing system with balking and server

reakdowns was studied by Yue, Yue, Yu, and Tian (2009) . They

sed a matrix-geometric solution method to obtain some mean

erformance measures. 

In a heterogeneous queueing system with one common queue,

articularly in the case of service without preemption (a customer

an not change the server during a service time) a mechanism that

llocates customers to the servers must be specified. The majority

f heterogeneous systems investigated use heuristic service poli-

ies (e.g. the Fastest Free Server (FFS) or Random Service Selection

RSS) policies). In fact, these policies are not optimal, if, for in-

tance, the mean response time is to be minimized. As previously

hown (see, e.g. the results of B & Jouini, 2016; Efrosinin, 2008;

oole, 1995; Lin & Kumar, 1984; Rykov & Efrosinin, 2009 ), the op-

imal allocation policy for heterogeneous queueing systems is one

f a class of threshold policies where the less effective server is to

e used only if the number of customers in the queue has reached

ome pre-specified threshold level. This result was confirmed for

 queueing system with faster unreliable server and absolutely

eliable slower server in Efrosinin (2013) , Ozkan and Kharoufeh

2014) and for two unreliable heterogeneous servers in a system

ith constant retrial discipline in Efrosinin and Sztrik (2016) . In

he last paper mentioned, it was shown that for a fixed thresh-

ld policy the corresponding Markov process is of the QBD (quasi-

irth-and-death) type with a tri-diagonal block infinitesimal matrix

ith a large number of bounding states. 

While first steps in performance analyses of controllable hetero-

eneous queueing systems with completely reliable servers have

lready been published, application to heterogeneous models also

equires a reliability analysis of such queues when servers are

ubject to failure. Here we use a forward-elimination-backward-

ubstitution method expressed in matrix form in terms of the

aplace–Stiltjes transforms (LST) combined with probability gener-

ting function (PGF) approach to evaluate reliability measures such

s reliability function (i.e., the complementary cumulative distri-

ution function of the lifetime) and mean time to first failure for

ach server separately and for the group of servers under the fixed

hreshold allocation control policy. The reliability functions are ob-

ained in terms of the Laplace transform (LT), and a numerical in-

ersion algorithm is used to obtain the time-dependent functions.

dditionally, we introduce a new discrete reliability metric in the

orm of the distribution of the number of failures during a certain

ifetime. We expect that our results can be generalized to the case

f an arbitrary controllable unreliable queueing model with a QBD

tructure. 

The remainder of paper is organized as follows: In Section 2 ,

e describe the mathematical model and present the stationary

tate distribution using a matrix-geometric solution method. In

ection 3 , we develop a computational analysis of the station-

ry reliability characteristics, the reliability function and the mean

ime to first failure. The number of failures during a certain life

ime is investigated in Section 4 . In Section 5 , numerical examples

re provided to highlight the effect of some parameters on the re-

iability characteristics. 

(0 , 0 ) = { (0 , 0 , d 2 )

(q , 1 ) = 

{ { (q, 1 , 0)
{ (q, 1 , 0)
{ (q, 1 , 1)
Hereafter, the notations e ( n ), e j ( n ), and I n are used respectively

or the column vector consisting of 1’s, the column vector with

 in the j th (beginning from 0th) position and 0 elsewhere, and

n identity matrix of the dimension n . When there is no need to

mphasize the dimensions of these vectors, the suffix is omitted

nd dimensionality is determined by the context. The expressions

 iag(a 1 , . . . , a n ) , d iag + (a 1 , . . . , a n ) , and d iag −(a 1 , . . . , a n ) denote re-

pectively the diagonal matrix, the upper diagonal matrix, and the

ower diagonal matrix with entries a 1 , . . . , a n that can be scalars or

atrices. 

. Mathematical model and stationary distribution 

In this paper, we address a two-server heterogeneous unreliable

ueueing model of the M / M /2 type as illustrated in Fig. 1 (a). 

Customers arrive according to a Poisson process with arrival

ate λ. The service times are exponentially distributed with rates

1 and μ2 , where μ1 ≥μ2 . We assume that the servers fail re-

pectively at exponential rates α1 and α2 . A server can fail only

f it is busy. A failed server is repaired immediately, and the time

equired to repair it is exponentially distributed respectively with

ates β1 and β2 . A customer being served at the moment of fail-

re is left at this server during repair and can be served when the

erver becomes operational again. The mechanism of allocation to

he two servers is based on a threshold policy: Depending on the

tate of the faster server, the slower is used whenever the number

f customers in the queue exceeds a certain threshold level. 

Let Q ( t ) and D (t) = { D 1 (t) , D 2 (t) } denote, respectively, the

umber of customers in the queue and the vector state of servers

t time t , where service process 

 j (t) = 

⎧ ⎨ 

⎩ 

0 , the server j is idle, 

1 , the server j is busy and operational, 

2 , the server j has failed. 

ith transitions as shown in Fig. 1 (b). The threshold policy f =
(q 1 , q 2 ) is defined by two threshold levels 1 ≤ q 2 ≤ q 1 < ∞ . Accord-

ng to this policy, server 1 must be used upon new arrival when-

ver it is free and there are customers in the queue, whereas idle

erver 2 is ready to serve the arriving customers only if server 1

s in state 1 or 2 and the number of customers in the queue has

eached the corresponding threshold value q 1 or q 2 . If server 1 is in

tate 1 or 2 upon service completion at server 2 and the number

f customers in the queue is smaller than q 1 or q 2 , then further

llocation of customers to server 2 is not possible. For the fixed

hreshold policy f the process 

 X (t) } t≥0 = { Q(t) , D (t) } t≥0 (1) 

s a continuous-time Markov chain with a state space given by 

 = { x = (q, d 1 , d 2 ) ; q ∈ N 0 , (d 1 , d 2 ) ∈ E D } , (2) 

here E D is a set of states of servers that is defined as 

 D = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

(d 1 , d 2 ) ;

d j ∈ { 0 , 1 , 2 } , j ∈ { 1 , 2 } , q = 0 , 

d 1 ∈ { 1 , 2 } , d 2 ∈ { 0 , 1 , 2 } , 1 ≤ q ≤ q 2 − 1 , 

d 1 ∈ { 1 , 2 } , d 2 ∈ { 0 , 1 , 2 } , (d 1 , d 2 ) � = (2 , 0) , 
q 2 ≤ q ≤ q 1 − 1 , 

d j ∈ { 1 , 2 } , j ∈ { 1 , 2 } , q ≥ q 1 , 

⎫ ⎪ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎪ ⎭ 

. 

ext we partition E into blocks as follows: 

 { 0 , 1 , 2 }} , 
 2 , 0) , (q, 1 , 1) , (q, 2 , 1) , (q, 1 , 2) , (q, 2 , 2) } , 0 ≤ q ≤ q 2 − 1 , 

 1 , 1) , (q, 2 , 1) , (q, 1 , 2) , (q, 2 , 2) } , q 2 ≤ q ≤ q 1 − 1 , 

 2 , 1) , (q, 1 , 2) , (q, 2 , 2) } , q ≥ q . 
1 
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Fig. 1. Scheme of the queueing system M / M /2 (a) and transitions of the service process D j ( t ) (b). 

in { X ( t )} t ≥ 0 has the block-tridiagonal structure, 

 1 , 5 , . . . )+ 

ide the current block of states for a certain queue length q , 

0 0 0 

0 0 0 

α1 α2 0 

2 + β1 + μ2 ) 0 α2 

0 −(λ + α1 + β2 + μ1 ) α1 

β2 β1 −(λ + β) 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, 

0 0 

α2 0 

 0 α2 

−(λ + α1 + β2 + μ1 ) α1 

β1 −(λ + β) 

⎞ 

⎟ ⎟ ⎠ 

, 

0 

α2 

 μ1 ) α1 

−(λ + β) 

⎞ 

⎟ ⎠ 

. 

s from the block of states with queue length q to the block with queue 

0 

0 

0 

0 

0 

1 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, Q 0 , 5 = λ

⎛ 

⎜ ⎜ ⎝ 

0 0 0 0 

1 0 0 0 

0 1 0 0 

0 0 1 0 

0 0 0 1 

⎞ 

⎟ ⎟ ⎠ 

, 

 β1 + β2 . 

s from the block of states with queue length q to the block with queue 

 

 

 

 

 

 

, Q 2 , 3 = 

⎛ 

⎜ ⎜ ⎝ 

μ1 0 0 α1 0 0 

0 0 μ1 0 0 0 

0 0 0 μ2 0 0 

0 0 0 0 μ1 0 

0 0 0 0 0 0 

⎞ 

⎟ ⎟ ⎠ 

, 
Due to this notation, the infinitesimal generator of the Markov cha

� = [ λxy ] x,y ∈ E = diag(Q 1 , 0 , Q 1 , 1 , . . . , Q 1 , 1 ︸ ︷︷ ︸ 
q 2 −1 

, Q 1 , 2 , Q 1 , 3 , . . . , Q 1 , 3 ︸ ︷︷ ︸ 
q 1 −q 2 −1 

, Q 1 , 4 , Q

+ diag + (Q 0 , 1 , Q 0 , 2 , . . . , Q 0 , 2 ︸ ︷︷ ︸ 
q 2 −1 

, Q 0 , 3 , Q 0 , 4 , . . . , Q 0 , 4 ︸ ︷︷ ︸ 
q 1 −q 2 −1 

, Q 0 , 5 , Q 0 , 6 , . . . )+ 

+ diag −(Q 2 , 1 , Q 2 , 2 , . . . , Q 2 , 2 ︸ ︷︷ ︸ 
q 2 −1 

, Q 2 , 3 , Q 2 , 4 , . . . , Q 2 , 4 ︸ ︷︷ ︸ 
q 1 −q 2 −1 

, Q 2 , 5 , Q 2 , 6 , . . . ) . 

The square matrices Q 1, n , 0 ≤ n ≤ 5, include the transition rates ins

Q 1 , 0 = 

( −λ 0 0 

μ2 −(λ + α2 + μ2 ) α2 

0 β2 −(λ + β2 ) 

) 

, 

Q 1 , 1 = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

−(λ + μ1 + α1 ) α1 0 

β1 −(λ + β1 ) 0 

μ2 0 −(λ + μ + α) 
0 μ2 β1 −(λ + α
0 0 β2 

0 0 0 

Q 1 , 2 = Q 1 , 1 + λe 1 (6) � e ′ 3 (6) , 

Q 1 , 3 = 

⎛ 

⎜ ⎜ ⎝ 

−(λ + μ1 + α1 ) 0 0 

μ2 −(λ + μ + α) α1 

0 β1 −(λ + α2 + β1 + μ2 )
0 β2 0 

0 0 β2 

Q 1 , 4 = Q 1 , 3 + λe 0 (5) � e ′ 1 (5) , 

Q 1 , 5 = 

⎛ 

⎜ ⎝ 

−(λ + μ + α) α1 α2 

β1 −(λ + α2 + β1 + μ2 ) 0 

β2 0 −(λ + α1 + β2 +
0 β2 β1 

The rectangular matrices Q 0, n , 1 ≤ n ≤ 6, include the transition rate

length q + 1 , 

Q 0 , 1 = λ

( 

1 0 0 0 0 0 

0 0 1 0 0 0 

0 0 0 0 1 0 

) 

, Q 0 , 3 = λ

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

1 0 0 0 

0 0 0 0 

0 1 0 0 

0 0 1 0 

0 0 0 1 

0 0 0 0 

Q 0 , 2 = λI 6 , Q 0 , 4 = λI 5 , Q 0 , 6 = λI 4 , μ = μ1 + μ2 , α = α1 + α2 , β =
The rectangular matrices Q 2, n , 1 ≤ n ≤ 6, include the transition rate

length q − 1 , 

Q 2 , 1 = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

μ1 0 0 

0 0 0 

0 μ1 0 

0 0 0 

0 0 μ1 

0 0 0 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

, Q 2 , 2 = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

μ1 0 0 0 0 0 

0 0 0 0 0 0 

0 0 μ1 0 0 0 

0 0 0 0 0 0 

0 0 0 0 μ1 0 

0 0 0 0 0 0 

⎞
⎟⎟⎟⎟⎠
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Q

0 

0 

0 

0 

⎞ 

⎟ ⎠ 

, Q 2 , 6 = 

⎛ 

⎜ ⎝ 

μ 0 0 0 

0 μ2 0 0 

0 0 μ1 0 

0 0 0 0 

⎞ 

⎟ ⎠ 

. 

L ability vector of � which satisfies 

π (3) 

C ng a block-tridiagonal system. The process { X ( t )} t ≥ 0 is in the format of 

a ytic approach to be applied. Based on ( Neuts, 1981 , Theorem 3.1.1), the 

s ly if 

p

w x Q 0 , 6 + Q 1 , 5 + Q 2 , 6 . This vector can be obtained by solving the system 

p lation, we obtain the condition 

ρ (4) 

A ionary regime the arrival rate must be less than the sum of efficient 

s a customer spend on server j before it leaves the system. 

T  computed as follows, 

π (5) 

π

π

w

M (6) 

M

M 1 , 

M

M

T

π (7) 

π

T

R (8) 

P  follow from the properties of the QBD process ( Neuts, 1981 ). If the 

s

π

π

π

π

π

π

π  . 

T  recursive relations, 

π (9) 

π

w  Finally, the vector πq 1 , 1 
is obviously a unique solution of the system of 

E

 2 , 4 = 

⎛ 

⎜ ⎜ ⎝ 

μ1 0 α1 0 0 

0 μ1 0 0 0 

0 0 μ2 0 0 

0 0 0 μ1 0 

0 0 0 0 0 

⎞ 

⎟ ⎟ ⎠ 

, Q 2 , 5 = 

⎛ 

⎜ ⎝ 

0 μ 0 0 

0 0 μ2 0 

0 0 0 μ1 

0 0 0 0 

et us denote by π = ( π0 , 0 , π0 , 1 , π1 , 1 , π2 , 1 , . . . ) the stationary prob

� = 0 , πe = 1 . 

omputation of the stationary state distribution is reduced to solvi

 quasi-birth-and-death (QBD) process, which allows a matrix-anal

tationary probability vector π of the QBD process exists if and on

 Q 0 , 6 e (4) < p Q 2 , 6 e (4) , 

here p = (p 1 , p 2 , p 3 , p 4 ) is the invariant probability of the matri

 (Q 0 , 6 + Q 1 , 5 + Q 2 , 6 ) = 0 and pe (4) = 1 . After some routine manipu

= 

λ∑ 2 
j=1 

β j μ j 

α j + β j 

< 1 . 

ccording to the last condition, to guarantee the existence of stat

ervice rates. Here the value 

(
β j μ j 

α j + β j 

)−1 

represents the mean time 

heorem 1. The vectors of stationary probabilities πq , i , q ≥ 0, can be

0 , 0 = πq 1 , 1 

q 1 ∏ 

j=0 

M q 1 − j , 

q, 1 = πq 1 , 1 

q 1 −q −1 ∏ 

j=0 

M q 1 − j , 0 ≤ q ≤ q 1 − 1 , 

q, 1 = πq 1 , 1 R 

q −q 1 , q ≥ q 1 , 

here the matrices M i , 0 ≤ i ≤ q 1 , are recursively defined 

 0 = −Q 2 , 1 Q 

−1 
1 , 0 , M 1 = −Q 2 , 2 (M 0 Q 0 , 1 + Q 1 , 1 ) 

−1 , 

 q = −Q 2 , 2 (M q −1 Q 0 , 2 + Q 1 , 1 ) 
−1 , 2 ≤ q ≤ q 2 − 1 , 

 q 2 = −Q 2 , 3 (M q 2 −1 Q 0 , 2 + Q 1 , 2 ) 
−1 , M q 2 +1 = −Q 2 , 4 (M q 2 Q 0 , 3 + Q 1 , 3 ) 

−

 q = −Q 2 , 4 (M q −1 Q 0 , 4 + Q 1 , 3 ) 
−1 , q 2 + 2 ≤ q ≤ q 1 − 1 , 

 q 1 = −Q 2 , 5 (M q 1 −1 Q 0 , 4 + Q 1 , 4 ) 
−1 . 

he vector πq 1 , 1 
is a unique solution of the system of equations 

q 1 , 1 

[ q 1 −1 ∑ 

q = −1 

q 1 −q −1 ∏ 

j=0 

M q 1 − j + (I − R ) −1 
] 

e (4) = 1 , 

q 1 , 1 (M q 1 Q 0 , 5 + Q 1 , 5 + RQ 2 , 6 ) = 0 . 

he matrix R is a minimal solution of the matrix quadratic equation, 

 

2 Q 2 , 6 + RQ 1 , 5 + Q 0 , 6 = 0 . 

roof. The last row of (5) and equation R 2 Q 2 , 6 + RQ 1 , 5 + Q 0 , 6 = 0

tability condition holds, then (3) yields the system, 

0 , 0 Q 1 , 0 + π0 , 1 Q 2 , 1 = 0 , 

q −1 , 1 Q 0 , 1 + πq, 1 Q 1 , 1 + πq +1 , 1 Q 2 , 2 = 0 , 2 ≤ q ≤ q 2 − 1 , 

q 2 −1 , 1 Q 0 , 2 + πq 2 , 1 Q 1 , 2 + πq 2 +1 , 1 Q 2 , 3 = 0 , 

q 2 , 1 Q 0 , 3 + πq 2 +1 , 1 Q 1 , 3 + πq 2 +2 , 1 Q 2 , 4 = 0 , 

q −1 , 1 Q 0 , 4 + πq, 1 Q 1 , 3 + πq +1 , 1 Q 2 , 4 = 0 , q 2 + 2 ≤ q ≤ q 1 − 1 , 

q 1 −1 , 1 Q 0 , 4 + πq 1 Q 1 , 4 + πq 1 +1 Q 2 , 5 = 0 , 

q 1 , 1 R 

q −q 1 −1 Q 0 , 5 + πq 1 , 1 R 

q −q 1 Q 1 , 5 + πq 1 , 1 R 

q −q 1 +1 Q 2 , 6 = 0 , q ≥ q 1 + 1

he routine of substitution applied to the previous system leads to

0 , 0 = π0 , 1 M 0 , 

q, 1 = πq +1 , 1 M q +1 , 1 ≤ q ≤ q 1 − 1 , 

here M q is defined by (6) , which implies the first two rows of (5) .
q. (7) , which consists of the normalizing condition and the balance equation for the probability vector πq 1 , 1 
of the boundary states. �
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tem and servers. Let us denote by 

ry availability in the case n , 1 ≤ n ≤ 4, is defined as A n = lim t→∞ 

A n (t) . 

n ≤ 4 , 

 2 k (4) , 

 . 

n be computed by 

l ≤ 2 , 

 2 k (4) , 

st failure of the system (failure of both servers), or of one server (either 

 is the same as the complementary cumulative distribution function of 

lace transform 

˜ R n (s ) = 

∫ ∞ 

0 R (t ) e −st dt , Re [ s ] > 0 . To this end, we let the 

w processes that can be modelled by auxiliary continuous-time absorb- 

here ˆ E 1 = E \ { x = (q, 2 , 2) ; q ∈ N 0 } , ̂  E 2 = E \ { x = (q, d 1 , d 2 ) ; q ∈ N 0 , d 1 = 

 \ { x = (q, d 1 , 2) ; q ∈ N 0 , d 1 ∈ { 0 , 1 , 2 }} . Two approaches can be used to 

 solution of the auxiliary absorbing Markov chain and (ii) an alternative 

 to the absorbing state using the conditional remaining life time dis- 

tion of the Laplace–Stiltjes transforms of the state probabilities of the 

 state and subsequent derivation of generating functions of the corre- 

ll analyse in the paper the discrete counterpart in form of distribution 

d method seems to be more preferable and logically suitable for the 

st method is given only for the function 

˜ R 2 (s ) (see below), while the 

(10) 

(11) 
3. Reliability characteristics of the system and servers 

In this section we consider some reliability quantities of the sys

A 1 (t) = P [ X (t) = (q, d 1 , d 2 ) ; d 1 � = 2 ∨ d 2 � = 2] , 

A 2 (t) = P [ X (t) = (q, d 1 , d 2 ) ; d 1 � = 2 ∧ d 2 � = 2] , 

A 3 (t) = P [ X (t) = (q, d 1 , d 2 ) ; d 1 � = 2] , 

A 4 (t) = P [ X (t) = (q, d 1 , d 2 ) ; d 2 � = 2] , 

the pointwise availabilities of the system and servers. The stationa

Corollary 1. The stationary availability can be computed by 

A n = π0 , 0 x n, 1 + 

q 2 −1 ∑ 

q =0 

πq, 1 x n, 2 + 

q 1 −1 ∑ 

q = q 2 
πq, 1 x n, 3 + πq 1 , 1 (I − R ) −1 x n, 4 , 1 ≤

where A 2 = A 3 + A 4 − A 1 and 

x 1 , 1 = e (3) , x 1 , 2 = 

4 ∑ 

k =0 

e k (6) , x 1 , 3 = 

3 ∑ 

k =0 

e k (5) , x 1 , 4 = 

2 ∑ 

k =0 

e k (4) , 

x 2 , 1 = 

1 ∑ 

k =0 

e k (3) , x 2 , 2 = 

1 ∑ 

k =0 

e 2 k (6) , x 2 , 3 = 

1 ∑ 

k =0 

e k (5) , x 2 , 4 = e 0 (4) , 

x 3 , 1 = e (3) , x 3 , 2 = 

2 ∑ 

k =0 

e 2 k (6) , x 3 , 3 = e 0 + 

1 ∑ 

k =0 

e 2 k +1 (5) , x 3 , 4 = 

1 ∑ 

k =0 

e

x 4 , 1 = 

1 ∑ 

k =0 

e k (3) , x 4 , 2 = 

3 ∑ 

k =0 

e k (6) , x 4 , 3 = 

2 ∑ 

k =0 

e k (5) , x 4 , 4 = 

1 ∑ 

k =0 

e k (4)

Corollary 2. The stationary failure frequency of the server l ∈ {1, 2} ca

B l = αl π0 , 0 y l, 1 + 

q 2 −1 ∑ 

q =0 

πq, 1 y l, 2 + 

q 1 −1 ∑ 

q = q 2 
πq, 1 y l, 3 + πq 1 , 1 (I − R ) −1 y l, 4 , 1 ≤

where 

y 1 , 1 = 0 , y 1 , 2 = 

2 ∑ 

k =0 

e 2 k (6) , y 1 , 3 = e 0 (5) + 

1 ∑ 

k =0 

e 2 k +1 (5) , y 1 , 4 = 

1 ∑ 

k =0 

e

y 2 , 1 = e 1 (3) , y 2 , 2 = 

3 ∑ 

k =2 

e k (6) , y 2 , 3 = 

2 ∑ 

k =1 

e k (5) , y 2 , 4 = 

1 ∑ 

k =0 

e k (4) . 

Let us denote by T n , 1 ≤ n ≤ 4, the respective random times to fir

server 1 or server 2). The corresponding reliability function, which

the lifetime T n , is then defined as 

R n (t) = P [ T n > t] , 1 ≤ n ≤ 4 . 

In this section, we obtain these functions in terms of the Lap

corresponding failure states be absorbing states. We thus obtain ne

ing Markov chains { ̂  X m 

(t) } t≥0 with state spaces ˆ E n , 1 ≤ n ≤ 4 , w

2 ∨ d 2 = 2 } , ̂  E 3 = E \ { x = (q, 2 , d 2 ) ; q ∈ N 0 , d 2 ∈ { 0 , 1 , 2 }} and 

ˆ E 4 = E

obtain the function 

˜ R n (s ) : (i) a classical method based on transient

method which calculates the distribution of the first passage time

tributions. These methods contain two main steps including evalua

absorbing Markov chain or of the remaining life time given initial

sponding transforms. Additionally to the reliability function we wi

of the number of failures during a life time. Therefore, the secon

proposed reliability analysis framework. The description of the fir

second one is implemented for all functions. 

Theorem 2. The Laplace transform of R 2 ( t ) is given by 

˜ R 2 (s ) = 

˜ P 1 , 0 (s, 1) + 

˜ P 1 , 1 (s, 1) + 

˜ P 1 , 2 (s, 1) , 

where 

˜ P 1 , 0 (s, 1) = 

1 + α1 ̃  π(0 , 0 , 0) (s ) − λ ˜ π(q 1 −1 , 1 , 0) (s ) + μ2 ̃
 P 1 , 1 (s, 1) 

s + α1 

, 
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P
 1 , 1 , 1) (s ) 

, 

P

t

π (12) 

(13) 

 

1 

˜ M q 1 − j (s ) , (14) 

t

M (15) 

M ˜ M q −1 (s )) −1 q = 1 , q 1 − 1 , 

M sI 2 + λ ˜ M q 1 −1 (s )) −1 , 

t

Q
0 

 α + μ) 

)
, ˆ Q 1 , 2 = 

(
−(λ + α1 + μ1 ) λ

μ2 −(λ + α + μ) 

)
, 

a

z (16) 

P  , d 2 ∈ { 0 , 1 , 2 } and x = (q, d 1 , 2) , d 1 ∈ { 0 , 1 , 2 } . Using the same notations 

a ov differential equations: 

π (17) 

π
 

(t) + μ2 π(q, 1 , 1) (t) , 0 ≤ q ≤ q 1 − 2 , 

π q 1 −1 , 1 , 1) , 

π

π t) , 

π ) (t) , 1 ≤ q ≤ q 1 − 2 , 

π
 1 −2 , 1 , 1) (t) + μπ(q 1 , 1 , 1) (t) 

w y taking Laplace transforms of these equations, where ˜ πx (s ) = ∫
nctions, 

P  

q 1 −1 ∑ 

q =0 

˜ π(q, 1 , 1) (s ) z i +1 , 

P

f into a set of equations for the double transforms introduced above: 

P
μ2 z ̃  P 1 , 1 (s, z) 

, 

P
π(q 1 −1 , 1 , 1) (s )) + μ ˜ π(q 1 , 1 , 1) (s ) 

1 

, 

P

L y function for the denominator of ˜ P 1 , 2 (s, z) . It is easy to see that 

F

˜ 
 1 , 1 (s, 1) = 

α1 ̃  π(0 , 0 , 1) (s ) + λ( ̃  π(q 1 −1 , 1 , 0) (s ) − ˜ π(q 1 −1 , 1 , 1) (s )) + μ ˜ π(q

s + α + μ2 

˜ 
 1 , 2 (s, 1) = 

λ ˜ π(q 1 −1 , 1 , 1) (s ) − μ ˜ π(q 1 , 1 , 1) (s ) 

s + α
, 

he functions ˜ πx (s ) are of the form, 

˜ (q 1 , 1 , 1) (s ) = 

λz(s ) ̃ L q 1 (s ) e 1 (2) 

μ − λz(s ) ˜ M q 1 (s ) e 1 (2) 
, 

( ̃  π(q 1 −1 , 1 , 0) (s ) , ˜ π(q 1 −1 , 1 , 1) (s )) = ˜ π(q 1 , 1 , 1) (s ) ˜ M q 1 (s ) + ̃

 L q 1 (s ) , 

( ̃  π(0 , 0 , 0) (s ) , ˜ π(0 , 0 , 1) (s )) = ˜ π(q 1 , 1 , 1) (s ) 

q 1 ∏ 

i =0 

˜ M q 1 −i (s ) + 

q 1 ∑ 

i =0 

˜ L q 1 −i (s ) 

q 1 ∏
j= i +

he matrices ˜ M i (s ) and ˜ L i (s ) are evaluated recursively, 

˜ 
 0 (s ) = μ1 ̃

 N 0 (s ) , ̃  L 0 (s ) = e ′ 0 (2) ̃  N 0 (s ) , ˜ N 0 (s ) = −( ̂  Q 1 , 0 − sI 2 ) 
−1 , 

˜ 
 q (s ) = μ1 ̃

 N q (s ) , ̃  L q (s ) = λ˜ L q −1 (s ) ̃  N q (s ) , ˜ N q (s ) = −( ̂  Q 1 , 1 − sI 2 + λ

˜ 
 q 1 (s ) = −μe ′ 1 (2) ̃  N q 1 (s ) , ̃  L q 1 (s ) = −λ˜ L q 1 −1 ̃

 N q 1 (s ) , ˜ N q 1 (s ) = ( ̂  Q 1 , 2 −
he matrices ˆ Q 1 , 0 , ˆ Q 1 , 1 and ˆ Q 1 , 2 are of the form 

ˆ 
 1 , 0 = 

(
−λ 0 

μ2 −(λ + α2 + μ2 ) 

)
, ˆ Q 1 , 1 = 

(
−(λ + α1 + μ1 ) 

μ2 −(λ +
nd the function z ( s ) is defined as 

(s ) = 

s + α + λ + μ

2 λ
−
√ (

s + α + λ + μ

2 λ

)2 

− μ

λ
. 

roof. The absorbing states of the process { ̂  X 2 (t) } are x = (q, 2 , d 2 )

s in the previous section, we obtain the following set of Kolmogor

′ 
(0 , 0 , 0) (t) = −λπ(0 , 0 , 0) (t) + μ1 π(0 , 1 , 0) (t) + μ2 π(0 , 0 , 1) (t) , 

′ 
(q, 1 , 0) (t) = −(α1 + λ + μ1 ) π(q, 1 , 0) + λπ(q −1 , 1 , 0) (t) + μ1 π(q +1 , 1 , 0)

′ 
(q 1 −1 , 1 , 0) (t) = −(α1 + λ + μ1 ) π(q 1 −1 , 1 , 0) + λπ(q 1 −2 , 1 , 0) (t) + μ2 π(

′ 
(0 , 0 , 1) (t) = −(α2 + λ + μ2 ) π(0 , 0 , 1) (t) + μ1 π(0 , 1 , 1) (t) , 

′ 
(0 , 1 , 1) (t) = −(α2 + λ + μ2 ) π(0 , 0 , 1) (t) + λπ(0 , 0 , 1) (t) + μ1 π(0 , 1 , 1) (

′ 
(q, 1 , 1) (t) = −(α + λ + μ) π(q, 1 , 1) (t) + λπ(q −1 , 1 , 1) (t) + μ1 π(q +1 , 1 , 1

′ 
(q 1 −1 , 1 , 1) (t) = −(α + λ + μ) π(q 1 −1 , 1 , 1) (t) + λπ(q 1 −1 , 1 , 0) (t) + λπ(q

ith initial conditions π(0 , 0 , 0) (0) = 1 and πx (0) = 0 , x ∈ 

ˆ E 2 . B
 ∞ 

0 πx (t ) e −st dt , Re [ s ] ≥ 0 , and then using their partial generating fu

˜ 
 1 , 0 (s, z) = ˜ π(0 , 0 , 0) (s ) + 

q 1 −1 ∑ 

q =0 

˜ π(q, 1 , 0) (s ) z i +1 , ˜ P 1 , 1 (s, z) = ˜ π(0 , 0 , 1) (s ) +

˜ 
 1 , 2 (s, z) = 

∞ ∑ 

q = q 1 
˜ π(q, 1 , 1) (s ) z i +1 

or | z | < 1, the system (17) is transformed after some manipulation 

˜ 
 1 , 0 (s, z) = 

z + ˜ π(0 , 0 , 0) (s )(μ1 (z − 1) + α1 z) − λz q 1 +2 ˜ π(q 1 −1 , 1 , 0) (s ) +
−λz 2 + (s + α1 + λ + μ1 ) z − μ1 

˜ 
 1 , 1 (s, z) = 

˜ π(0 , 0 , 0) (s )(z(α1 + μ1 ) − μ1 ) + λ( ̃  π(q 1 −1 , 1 , 0) (s ) − z q 1 +1 

−λz 2 + ( s + α + λ + μ) z − μ

˜ 
 1 , 2 (s, z) = 

z q 1 +1 (λz ̃  π(q 1 −1 , 1 , 1) (s ) − μ ˜ π(q 1 , 1 , 1) (s )) 

−λz 2 + (s + α + λ + μ) z − μ
. 

et us denote by F (s, z) = −λz 2 + (s + α + λ + μ) z − μ the auxiliar

 (s, 0) = −μ < 0 , F (s, 1) = s + α ≥ 0 . 
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and their minimum takes the value in the interval [0,1]. This root we 

e zero at point z = z(s ) : 

(18) 

˜ (q 1 −1 , 1 , 1) (s ) and ˜ π(q 1 , 1 , 1) (s ) , let us denote by 

) , 1 ≤ q ≤ q 1 − 1 . 

 we can use the following relations in matrix form: 

 ) ˜ M 0 (s ) + ̃

 L 0 (s ) . 

 yields 

 λ ˜ M 0 (s )) −1 = 

˜ π1 , 1 (s ) ˜ M 1 (s ) + ̃

 L 1 (s ) . 

tution method leads to the following recursive relations: 

 relation 

s for the remaining boundary states can thus be evaluated as functions 

int z = 1 and substituted into (10) . �

se the second approach based on calculating the LSTs of the probability 

 (19) 

ly, 

(20) 

 , 1 − sI 5 + 

ˆ Q 2 , 1 
˜ M 0 (s )) −1 , 

 2 ≤ q ≤ q 2 − 1 , 

2 e 3 (5)) , 

α2 e 2 (4)) , 

 

 2 (4)) , 

the form 

0 0 

0 0 

α1 α2 

 β1 + λ + μ2 ) 0 

0 −(α1 + β2 + λ + μ1 ) 

⎞ 

⎟ ⎟ ⎠ 

, 
Thus, for any s > 0 the square equation F (s, z) = 0 has two roots 

denote as 

z(s ) = 

s + α + λ + μ

2 λ
−
√ (

s + α + λ + μ

2 λ

)2 

− μ

λ
. 

Since the function 

˜ P 1 , 2 (s, z) is analytical, its numerator must also b

λz(s ) ̃  π(q 1 −1 , 1 , 1) (s ) − μ ˜ π(q 1 , 1 , 1) (s ) = 0 . 

In order to obtain a second equation for the boundary transforms π

˜ π0 , 0 (s ) = ( ̃  π(0 , 0 , 0) (s ) , ˜ π(0 , 0 , 1) (s )) , ˜ πq, 1 (s ) = ( ̃  π(q, 1 , 0) (s ) , ˜ π(q, 1 , 1) (s )

For the system of the Laplace transforms ˜ πx (s ) obtained from (17) ,

˜ π0 , 0 (s ) = −μ1 ̃  π0 , 1 (s )( ̂  Q 1 , 0 − sI 2 ) 
−1 − e ′ 0 (2)( ̂  Q 1 , 0 − sI 2 ) 

−1 = 

˜ π0 , 1 (s

Substituting the last expression into the matrix relation for ˜ π0 , 1 (s )

˜ π0 , 1 (s ) = −μ1 ̃  π1 , 1 (s )( ̂  Q 1 , 1 − sI 2 + λ ˜ M 0 (s )) −1 − λ˜ L 0 (s )( ̂  Q 1 , 1 − sI 2 +
Sequential application of this forward-elimination-backward-substi

˜ πq −1 , 1 (s ) = 

˜ πq, 1 (s ) ˜ M q (s ) + ̃

 L q (s ) , 1 ≤ q ≤ q 1 − 2 , 

˜ πq 1 −1 , 1 (s ) = ˜ π(q 1 , 1 , 1) (s ) ˜ M q 1 (s ) + ̃

 L q 1 (s ) , 

where ˜ M q (s ) and 

˜ L q (s ) can be calculated by (15) . By combining the

˜ π(q 1 −1 , 1 , 1) (s ) = (πq 1 , 1 , 1 (s ) ˜ M q 1 (s ) + ̃

 L q 1 (s )) e 1 (2) 

and (18) , we can express ˜ π(q 1 , 1 , 1) (s ) in the form (12) . The transform

of ˜ π(q 1 −1 , 1 , 1) (s ) . Finally, the double transforms are calculated at po

For evaluating the reliability function, the next four statements u

density function of the remaining life time. 

Theorem 3. The Laplace transform of R 1 ( t ) is given by 

˜ R 1 (s ) = 

1 

s 

[ 

1 − e ′ 0 (3) 

q 1 ∏ 

j=0 

˜ M j (s ) ̃ r q 1 , 1 (s ) − e ′ 0 (3) 

q 1 ∑ 

i =1 

i −1 ∏ 

j=0 

˜ M j (s ) ̃ L i (s ) 

] 

,

where ˜ M i (s ) , 0 ≤ i ≤ q 1 , and ˜ L i (s ) , 1 ≤ i ≤ q 1 , are evaluated recursive

˜ M 0 (s ) = 

˜ N 0 (s ) ̂  Q 0 , 1 , ˜ N 0 (s ) = −( ̂  Q 1 , 0 − sI 3 ) 
−1 , 

˜ M 1 (s ) = λ ˜ N 1 (s ) , ̃  L 1 (s ) = 

˜ N 1 (s )(α1 e 4 (5) + α2 e 3 (5)) , ˜ N 1 (s ) = −( ̂  Q 1

˜ M q (s ) = λ ˜ N q (s ) , ̃  L q (s ) = 

˜ N q (s )( ̂  Q 2 , 2 ̃
 L q −1 (s ) + α1 e 4 (5) + α2 e 3 (5)) ,

˜ N q (s ) = −( ̂  Q 1 , 1 − sI 5 + 

ˆ Q 2 , 2 
˜ M q −1 (s )) −1 , 2 ≤ q ≤ q 2 − 1 , 

˜ M q 2 (s ) = 

˜ N q 2 (s ) ̂  Q 0 , 2 , ̃  L q 2 (s ) = 

˜ N q 2 −1 (s )( ̂  Q 2 , 2 ̃
 L q 2 −1 (s ) + α1 e 4 (5) + α

˜ N q 2 (s ) = −( ̂  Q 1 , 2 − sI 5 + 

ˆ Q 2 , 2 
˜ M q 2 −1 (s )) −1 , 

˜ M q 2 +1 (s ) = λ ˜ N q 2 +1 (s ) , ̃  L q 2 +1 (s ) = 

˜ N q 2 +1 (s )( ̂  Q 2 , 3 ̃
 L q 2 (s ) + α1 e 3 (4) + 

˜ N q 2 +1 (s ) = −( ̂  Q 1 , 3 − sI 4 + 

ˆ Q 2 , 3 
˜ M q 2 (s )) −1 , 

˜ M q (s ) = λ ˜ N q (s ) , ̃  L q (s ) = 

˜ N q (s )( ̂  Q 2 , 4 ̃
 L q −1 (s ) + α1 e 3 (4) + α2 e 2 (4)) ,

˜ N q (s ) = −( ̂  Q 1 , 3 − sI 4 + 

ˆ Q 2 , 4 
˜ M q −1 (s )) −1 , q 2 + 2 ≤ q ≤ q 1 − 1 , 

˜ M q 1 (s ) = 

˜ N q 1 (s ) ̂  Q 0 , 3 , ̃  L q 1 (s ) = 

˜ N q 1 (s )( ̂  Q 2 , 4 ̃
 L q 1 −1 (s ) + α1 e 3 (4) + α2 e

˜ N q 1 (s ) = −( ̂  Q 1 , 4 − sI 4 + 

ˆ Q 2 , 4 
˜ M q 1 −1 (s )) −1 . 

The matrices ˆ Q 1 ,i , 0 ≤ i ≤ 4 , ˆ Q 0 ,i , 1 ≤ i ≤ 3 , and ˆ Q 2 ,i , 1 ≤ i ≤ 4 , are of 

ˆ Q 1 , 0 = 

( −λ 0 0 

μ2 −(α2 + λ + μ2 ) α2 

0 β2 −(β2 + λ) 

) 

, 

ˆ Q 1 , 1 = 

⎛ 

⎜ ⎜ ⎝ 

−(α1 + λ + μ1 ) α1 0 

β1 −(β1 + λ) 0 

μ2 0 −(α + λ + μ) 
0 μ2 β1 −(α2 +
0 0 β2 
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Q

0 0 

 μ) α1 α2 

−(α2 + β1 + λ + μ2 ) 0 

0 −(α1 + β2 + λ + μ1 ) 

⎞ 

⎟ ⎠ 

, 

Q  λ

⎛ 

⎜ ⎜ ⎝ 

1 0 0 0 

0 0 0 0 

0 1 0 0 

0 0 1 0 

0 0 0 1 

⎞ 

⎟ ⎟ ⎠ 

, ˆ Q 0 , 3 = λ

⎛ 

⎜ ⎝ 

0 0 0 

1 0 0 

0 1 0 

0 0 1 

⎞ 

⎟ ⎠ 

, 

Q  

⎛ 

⎜ ⎝ 

μ1 0 0 α1 0 

0 0 μ1 0 0 

0 0 0 μ2 0 

0 0 0 0 μ1 

⎞ 

⎟ ⎠ 

, ˆ Q 2 , 4 = 

⎛ 

⎜ ⎝ 

μ1 0 α1 0 

0 μ1 0 0 

0 0 μ2 0 

0 0 0 μ1 

⎞ 

⎟ ⎠ 

. 

T  solution of the system 

r (21) 

X  z) Z 1 (s, z) + X 4 (z) Z 2 (s, z)] 

∣∣∣
z= z(s ) 

= 0 , (22) 

X  Z 1 (s, z) + X 4 (z) Z 2 (s, z)] 

(23) 

X z)] 

(24) 

w

X (25) 

Y

Z

X

Y

Z

X

a equation 

X 0 . (26) 

P

 { ̂  X 1 (t) } given that the initial state is x ∈ 

ˆ E 1 ; 

DF) of T x ; 

 (LST) of r x ( t ). 

r (27) 

w th q ≥ q 1 . We employ first-step analysis to obtain the system 

 , 1) (s ) + μ˜ r (q −1 , 1 , 1) (s ) = 0 , (28) 

) (s ) + μ2 ̃  r (q −1 , 2 , 1) (s ) = 0 , 

) (s ) + μ1 ̃  r (q −1 , 1 , 2) (s ) = 0 . 

L

P , z) = 

∞ ∑ 

q = q 1 
˜ r (q, 1 , 2) (s ) z q −q 1 , | z| < 1 . (29) 
ˆ 
 1 , 2 = 

ˆ Q 1 , 1 + λe 1 (5) � e ′ 3 (5) , ˆ Q 1 , 3 = 

⎛ 

⎜ ⎝ 

−(α1 + λ + μ1 ) 0 

μ2 −(α + λ +
0 β1 

0 β2 

ˆ 
 1 , 4 = 

ˆ Q 1 , 3 + λe 0 (4) � e ′ 1 (4) , ˆ Q 0 , 1 = λ

( 

1 0 0 0 0 

0 0 1 0 0 

0 0 0 0 1 

) 

, ˆ Q 0 , 2 =

ˆ 
 2 , 1 = 

⎛ 

⎜ ⎜ ⎝ 

μ1 0 0 

0 0 0 

0 μ1 0 

0 0 0 

0 0 μ1 

⎞ 

⎟ ⎟ ⎠ 

, ˆ Q 2 , 2 = 

⎛ 

⎜ ⎜ ⎝ 

μ1 0 0 0 0 

0 0 0 0 0 

0 0 μ1 0 0 

0 0 0 0 0 

0 0 0 0 μ1 

⎞ 

⎟ ⎟ ⎠ 

, ˆ Q 2 , 3 =

he column vector ˜ r q 1 , 1 (s ) = ( ̃ r (q 1 , 1 , 1) (s ) , ̃  r (q 1 , 2 , 1) (s ) , ̃  r (q 1 , 1 , 2) (s )) ′ is a

˜ 
 q 1 −1 , 1 (s ) = 

˜ M q 1 (s ) ̃ r q 1 , 1 (s ) + ̃

 L q 1 (s ) , 

 3 (z) X 4 (z) Y 1 (s, z) + X 3 (z) Z 1 (s, z)[ X 4 (z) + Y 2 (s, z)] + Y 1 (s, z)[ X 2 (s,

 3 (z) X 4 (z) Y 3 (z) + X 1 (s, z) Z 1 (s, z)[ X 4 (z) + Y 2 (s, z)] + Y 3 (z)[ X 2 (s, z)

− X 4 (z) Z 3 (z)[ X 4 (z) + Y 2 (s, z)] 

∣∣∣
z= z(s ) 

= 0 , 

 2 (s, z) Y 1 (s, z) Z 3 (z) + [ X 3 (z) + Z 2 (s, z)][ X 1 (s, z) Y 1 (s, z) − X 3 (z) Y 3 (

+ X 3 (z) Z 3 (z)[ X 4 (z) + Y 2 (s, z)] 

∣∣∣
z= z(s ) 

= 0 , 

here 

 1 (s, z) = (s + α + λ + μ) z − λ − μz 2 , 

 1 (s, z) = (1 − z)[(s + α2 + β1 + λ + μ2 ) z − λ − μ2 z 
2 ] , 

 1 (s, z) = (1 − z)[(s + α1 + β2 + λ + μ1 ) z − λ − μ1 z 
2 ] , 

 2 (s, z) = μz ̃ r (q 1 −1 , 1 , 1) (s ) − λ˜ r (q 1 , 1 , 1) (s ) , 

 2 (s, z) = μ2 z(1 − z) ̃ r (q 1 −1 , 2 , 1) (s ) − λ(1 − z) ̃ r (q 1 , 2 , 1) (s ) , 

 2 (s, z) = μ1 z(1 − z) ̃ r (q 1 −1 , 1 , 2) (s ) − λ(1 − z) ̃ r (q 1 , 1 , 2) (s ) , 

 3 (z) = α1 z, X 4 (z) = α2 z, Y 3 (z) = β1 z(1 − z) , Z 3 (z) = β2 z(1 − z) , 

nd the function z ( s ) is a minimal solution in the interval [0,1] of the 

 1 (s, z) Y 1 (s, z) Z 1 (s, z) − X 3 (z) Y 3 (z) Z 1 (s, z) − X 4 (z) Y 1 (s, z) Z 3 (z) = 

roof. First we introduce some notation: 

T x – the first passage time to the absorbing state of the process

r x (t) = 

1 
dt 

P [ T x ∈ [ x, x + dx )] – the probability density function (P

˜ r x (s ) = 

∫ ∞ 

0 r x (t ) e −st dt , Re [ s ] > 0 – the Laplace–Stiltjes transform

According to the first-step analysis, the LSTs ˜ r x (s ) satisfy 

˜ 
 x (s ) = 

∑ 

y � = x 

λxy 

s + λx 
˜ r y (s ) , x ∈ 

ˆ E 1 , 

here λx = 

∑ 

y � = x λxy . Consider now the states x with a queue leng

− (s + α + λ + μ) ̃ r (q, 1 , 1) (s ) + α1 ̃  r (q, 2 , 1) (s ) + α2 ̃  r (q, 1 , 2) (s ) + λ˜ r (q +1 , 1

− (s + α2 + β1 + λ + μ2 ) ̃ r (q, 2 , 1) (s ) = α2 + β1 ̃  r (q, 1 , 1) (s ) + λ˜ r (q +1 , 2 , 1

− (s + α1 + β2 + λ + μ1 ) ̃ r (q, 1 , 2) (s ) = α1 + β2 ̃  r (q, 1 , 1) (s ) + λ˜ r (q +1 , 1 , 2

et us define the following partial generating functions: 

˜ 
 1 , 1 (s, z) = 

∞ ∑ 

q = q 1 
˜ r (q, 1 , 1) (s ) z q −q 1 , ˜ P 2 , 1 (s, z) = 

∞ ∑ 

q = q 1 
˜ r (q, 2 , 1) (s ) z q −q 1 , ˜ P 1 , 2 (s
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wing equations after some algebraic manipulation: 

 

(s, z)[ X 2 (s, z) Z 1 (s, z) + X 4 (z) Z 2 (s, z)] 

 z) − X 4 (z) Y 1 (s, z) Z 3 (z) 
, (30) 

 

(z)[ X 2 (s, z) Z 1 (s, z) + X 4 (z) Z 2 (s, z)] −
 z) − X 4 (z) Y 1 (s, z) Z 3 (z) 

(31) 

 − X 3 (z) Y 3 (z)]+ 

 Y 1 (s, z) Z 3 (z) 
(32) 

, Y 3 ( z ), Z 3 ( z ) and X 4 ( z ) are defined as in (25) . Consider the denominator 

 

(z) . It is clear that 

 β2 ) + α1 (s + α2 )(2 s + α2 + β) ≥ 0 . 

. Since the functions ˜ P 1 , 1 (s, z) , ˜ P 2 , 1 (s, z) and 

˜ P 2 , 1 (s, z) are analytical, the 

s to the system with three Eqs. (22) –(24) with six unknown boundary 

 obtain another three equations for the specified boundary functions, 

e the following vectors, which comprise the LSTs ˜ r x (s ) : 

(33) 

0 ≤ q ≤ q 2 − 1 , 

q 2 ≤ q ≤ q 1 − 1 , 

q = q 1 . 

) in matrix form and solving this system using the forward-elimination- 

lations, 

(34) 

(20) . Particularly, we obtain the expression 

ctions. Hence, we have the system (21) –(24) of six equations with six 
 

 1 (s ) can be represented as a function of ˜ r (0 , 0 , 0) (s ) as 

(35) 

(36) 

e proof. �

However, a solution may be found by approximating the infinite buffer 

n parameter B . In this case, (19) can be rewritten in the form 

α2 e 1 (3)) , 

)) , q 1 + 2 ≤ q ≤ B − 1 , 

I 3 + 

ˆ Q 2 , 6 
˜ M B −1 (s )) −1 
Multiplying Eq. (28) by z q and summing over q , we obtain the follo

˜ P 1 , 1 (s, z) = 

X 3 (z) X 4 (z) Y 1 (s, z) + X 3 (z) Z 1 (s, z)[ X 4 (z) + Y 2 (s, z)] + Y 1
X 1 (s, z) Y 1 (s, z) Z 1 (s, z) − X 3 (z) Y 3 (z) Z 1 (s,

˜ P 2 , 1 (s, z) = 

X 3 (z) X 4 (z) Y 3 (z) + X 1 (s, z) Z 1 (s, z)[ X 4 (z) + Y 2 (s, z)] + Y 3
X 1 (s, z) Y 1 (s, z) Z 1 (s, z) − X 3 (z) Y 3 (z) Z 1 (s,

−X 4 (z) Z 3 (z)[ X 4 (z) + Y 2 (s, z)] 
, 

˜ P 1 , 2 (s, z) = 

X 2 (s, z) Y 1 (s, z) Z 3 (z) + [ X 3 (z) + Z 2 (s, z)][ X 1 (s, z) Y 1 (s, z)

X 1 (s, z) Y 1 (s, z) Z 1 (s, z) − X 3 (z) Y 3 (z) Z 1 (s, z) − X 4 (z)

+ X 3 (z) Z 3 (z)[ X 4 (z) + Y 2 (s, z)] 
, 

where the involved functions X i ( s , z ), Y i ( s , z ), Z i ( s , z ), 1 ≤ i ≤ 3, X 3 ( z )

F (s, z) = X 1 (s, z) Y 1 (s, z) Z 1 (s, z) − X 3 (z) Y 3 (z) Z 1 (s, z) − X 4 (z) Y 1 (s, z) Z 3

F (s, 0) = −λ3 < 0 , F (s, 1) = α2 
1 (s + α2 ) + s (s + α2 + β1 )(s + α2 +

Thus, F ( s , z ) for any s has at least one root z ( s ) in the interval [0,1]

numerators in (30) –(32) must also be zero at point z ( s ). This lead

functions ˜ r (q, 1 , 1) (s ) , ̃  r (q, 2 , 1) (s ) and ˜ r (q, 1 , 2) (s ) for q ∈ { q 1 − 1 , q 1 } . To

consider the states of { ̂  X 1 (t) } t≥0 below threshold level q 1 and defin

˜ r 0 , 0 (s ) = ( ̃ r (0 , 0 , 0) (s ) , ̃  r (0 , 0 , 1) (s ) , ̃  r (0 , 0 , 2) (s )) ′ , 

˜ r q, 1 (s ) = 

⎧ ⎨ 

⎩ 

( ̃ r (q, 1 , 0) (s ) , ̃  r (q, 2 , 0) (s ) , ̃  r (q, 1 , 1) (s ) , ̃  r (q, 2 , 1) (s ) , ̃  r (q, 1 , 2) (s )) ′ , 
( ̃ r (q, 1 , 0) (s ) , ̃  r (q, 1 , 1) (s ) , ̃  r (q, 2 , 1) (s ) , ̃  r (q, 1 , 2) (s )) ′ , 
( ̃ r (q, 1 , 1) (s ) , ̃  r (q, 2 , 1) (s ) , ̃  r (q, 1 , 2) (s )) ′ , 

Further, we have ˜ r (q, 2 , 2) (s ) = 1 for any q ∈ N 0 . By expressing Eq. (27

backward-substitution method we obtain the following recursive re

˜ r 0 , 0 = 

˜ M 0 (s ) ̃ r 0 , 1 (s ) , 

˜ r q, 1 = 

˜ M q +1 (s ) ̃ r q +1 , 1 (s ) + ̃

 L q +1 (s ) , 0 ≤ q ≤ q 1 − 1 , 

where ˜ M i (s ) , 0 ≤ i ≤ q 1 , and 

˜ L i (s ) , 1 ≤ i ≤ q 1 , can be calculated by 

˜ r q 1 −1 , 1 = 

˜ M q 1 (s ) ̃ r q 1 , 1 (s ) + ̃

 L q 1 (s ) , 

which gives us the missing three equations for the boundary fun

unknowns, which can be solved. Note that the Laplace transform R̃

˜ R 1 (s ) = 

1 

s 

[ 
1 − ˜ r (0 , 0 , 0) (s ) 

] 
. 

Finally, the recursive substitution in (34) gives the relation 

˜ r 0 , 0 (s ) = 

q 1 ∏ 

j=0 

˜ M j (s ) ̃ r (q 1 , 1 , 1) (s ) + 

q 1 ∑ 

i =1 

i −1 ∏ 

j=0 

˜ M j (s ) ̃ L i (s ) , 

which together with ˜ r (0 , 0 , 0) (s ) = e ′ 
0 
(3) ̃ r 0 , 0 (s ) and (35) completes th

Remark 1. Solving the sextic Eq. (26) in symbolic form is difficult. 

model using a finite buffer with a sufficiently large buffer truncatio

˜ R 1 (s ) ≈ 1 

s 

[ 

1 − e ′ 0 (3) 
B +1 ∑ 

i =1 

i −1 ∏ 

j=0 

˜ M j (s ) ̃ L i (s ) 

] 

, 

where 

˜ M q 1 +1 (s ) = λ ˜ N q 1 +1 (s ) , ̃  L q 1 +1 (s ) = 

˜ N q 1 +1 (s )( ̂  Q 2 , 5 ̃
 L q 1 (s ) + α1 e 2 (3) + 

˜ N q 1 +1 (s ) = ( ̂  Q 1 , 5 − sI 3 + 

ˆ Q 2 , 5 
˜ M q 1 (s )) −1 , 

˜ M q (s ) = λ ˜ N q 1 +1 (s ) , ̃  L q (s ) = 

˜ N q (s )( ̂  Q 2 , 6 ̃
 L q −1 (s ) + α1 e 2 (3) + α2 e 1 (3

˜ N q (s ) = ( ̂  Q 1 , 5 − sI 3 + 

ˆ Q 2 , 6 
˜ M q −1 (s )) −1 , q 1 + 2 ≤ q ≤ B − 1 , 

˜ L B (s ) = 

˜ N B (s )( ̂  Q 2 , 6 ̃
 L B −1 (s ) + α1 e 2 (3) + α2 e 1 (3)) , ˜ N B (s ) = ( ̂  Q 1 , 6 − s
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a

Q

 μ1 ) 

) 

, ˆ Q 1 , 6 = 

ˆ Q 1 , 5 + λI 3 , 

Q

T

R  

] 

, (37) 

w ly, 

M (38) 

M ≤ q ≤ q 1 − 1 , 

N

M ) , 

N

T

Q
0 

 λ + μ) 

)
, ˆ Q 1 , 2 = 

ˆ Q 1 , 1 + λe 0 (2) � e ′ 1 (2) . 

T

r (39) 

a

z (40) 

P ge time T x to the absorbing states of the process { ̂  X 2 (t) } t≥0 given the 

i h q ≥ q 1 . We again employ first-step analysis to obtain the system 

−  . (41) 

N unction 

˜ P 1 , 1 (s, z) defined in the same way as in (29) . This yields the 

f

P (42) 

T z 2 + (s + α + λ + μ) z − λ = 0 . Note that F (s, 0) = −λ < 0 and F (s, 1) = 

s  ) ∈ [0 , 1] for the equation F (s, z) = 0 which can be calculated by (40) . 

T  be zero and 

(43) 

T
 , 1 , 1) (s ) and ˜ r (q 1 , 1 , 1) (s ) , we use the same procedure as in the previous 

p he states with a queue length q ≤ q 1 − 1 : 

r  ≤ q ≤ q 1 − 1 . 

A lations: 

r (44) 

r

r

w ning the last equation in (44) , 

r (s ) , 
nd 

ˆ 
 1 , 5 = 

( −(α + λ + μ) α1 α2 

β1 −(α2 + β1 + λ + μ2 ) 0 

β2 0 −(α1 + β2 + λ +

ˆ 
 2 , 5 = 

( 

0 μ 0 0 

0 0 μ2 0 

0 0 0 μ1 

) 

, ˆ Q 2 , 6 = 

( 

μ 0 0 

0 μ2 0 

0 0 μ1 

) 

. 

heorem 4. The Laplace transform of R 2 ( t ) is given by 

˜ 
 2 (s ) = 

1 

s 

[ 

1 − ˜ r (q 1 , 1 , 1) (s ) e ′ 0 (2) 

q 1 ∏ 

j=0 

˜ M j (s ) − e ′ 0 (2) 

q 1 ∑ 

i =0 

i −1 ∏ 

j=0 

˜ M j (s ) ̃ L i (s )

here ˜ M i (s ) , 0 ≤ i ≤ q 1 , and ˜ L i (s ) , 1 ≤ i ≤ q 1 , are evaluated recursive

˜ 
 0 (s ) = λ ˜ N 0 (s ) , ̃  L 0 (s ) = α2 N 0 (s ) e 1 (2) , ˜ N 0 (s ) = −( ̂  Q 1 , 0 − sI 2 ) 

−1 , 

˜ 
 q (s ) = λ ˜ N q (s ) , ̃  L q (s ) = 

˜ N q (s )(μ1 ̃
 L q −1 (s ) + α1 e (2) + α2 e 1 (2)) , 1 

˜ 
 q (s ) = −( ̂  Q 1 , 1 − sI 2 + μ1 

˜ M q −1 (s )) −1 , 1 ≤ q ≤ q 1 − 1 , 

˜ 
 q 1 (s ) = λ ˜ N q 1 (s ) , ̃  L q 1 (s ) = 

˜ N q 1 (s )(μ1 ̃
 L q 1 −1 (s ) + α1 e (2) + α2 e 1 (2)

˜ 
 q 1 (s ) = −( ̂  Q 1 , 2 − sI 2 + μ1 

˜ M q 1 −1 (s )) −1 . 

he matrices ˆ Q 1 ,i , 0 ≤ i ≤ 2 are of the form 

ˆ 
 1 , 0 = 

(
−λ 0 

μ2 −(α2 + λ + μ2 ) 

)
, ˆ Q 1 , 1 = 

(
−(α1 + λ + μ1 ) 

μ2 −(α +

he LST ˜ r (q 1 , 1) (s ) can be calculated by the formula 

˜ 
 (q 1 , 1) (s ) = 

z(s )((1 − z(s )) μe ′ 1 (2) ̃ L q 1 (s ) + α) 

( 1 − z(s ))(λ − z(s ) μe ′ 
1 
(2) ˜ M q 1 (s ) 

, 

nd the function z ( s ) is defined as 

(s ) = 

s + α + λ + μ

2 μ
−
√ (

s + α + λ + μ

2 μ

)2 

− λ

μ
. 

roof. Similarly we define the LSTs ˜ r x (s ) for the PDF of first passa

nitial state is x ∈ 

ˆ E 2 . Consider now the states x with a queue lengt

(s + α + λ + μ) ̃ r (q, 1 , 1) (s ) + λ˜ r (q +1 , 1 , 1) (s ) + μ˜ r (q −1 , 1 , 1) (s ) + α = 0

ow we rewrite system (41) in terms of the partial generating f

ollowing equation: 

˜ 
 1 , 1 (s, z) = 

(1 − z)(zμ˜ r (q 1 −1 , 1 , 1) (s ) − λ˜ r (q 1 , 1 , 1) (s )) + zα

( 1 − z)(−μz 2 + (s + α + λ + μ) z − λ) 
. 

he denominator in (42) is equal to zero if z = 1 or if F (s, z) = −μ
 + α ≥ 0 . Hence this for any s > 0 there is a minimal root z = z(s

his implies that the numerator of ˜ P 1 , 1 (s, z) at point z ( s ) must also

(1 − z(s ))(z(s ) μ˜ r (q 1 −1 , 1 , 1) (s ) − λ˜ r (q 1 , 1 , 1) (s )) + z(s ) α = 0 . 

o obtain the second equation for the boundary transforms ˜ r (q 1 −1

roof. To this end, define the column vectors of the LSTs ˜ r x (s ) for t

˜ 
 0 , 0 (s ) = ( ̃ r (0 , 0 , 0) (s ) , ̃  r (0 , 0 , 1) (s )) ′ , ̃  r q, 1 (s ) = ( ̃ r (q, 1 , 0) (s ) , ̃  r (q, 1 , 1) (s )) ′ , 1

pplying first-step analysis to (27) yields the following recurrent re

˜ 
 0 , 0 (s ) = 

˜ M 0 (s ) ̃ r 0 , 1 (s ) + ̃

 L 0 (s ) , 

˜ 
 q, 1 (s ) = 

˜ M q +1 (s ) ̃ r q +1 , 1 (s ) + ̃

 L q +1 (s ) , 0 ≤ q ≤ q 1 − 2 , 

˜ 
 q 1 −1 , 1 (s ) = 

˜ M q 1 (s ) ̃ r (q 1 , 1 , 1) (s ) + ̃

 L q 1 (s ) , 

here ˜ M i (s ) and 

˜ L i (s ) , 0 ≤ i ≤ q 1 , can be calculated by (38) . Combi

˜ 
 (q −1 , 1 , 1) (s ) = e ′ 1 (2) ̃ r q −1 , 1 (s ) = e ′ 1 (2) ˜ M q 1 (s ) ̃ r (q , 1 , 1) (s ) + e ′ 1 (2) ̃ L q 1 
1 1 1 
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nsform ˜ r (q 1 , 1 , 1) (s ) of the form (39) . Further recursive substitution in 

(45) 

the proof. �

 (46) 

ly, 

(47) 

 

−1 , 

1 , 

 μ1 ) 0 0 

−(α + λ + μ) α2 

β2 −(α1 + β2 + λ + μ1 ) 

) 

, 

 the system 

(48) 

(49) 

(50) 

(51) 

Y

Y

 equation 

(52) 

s of the process { ̂  X 3 (t) } t≥0 given that the initial state is x ∈ 

ˆ E 3 by ˜ r x (s ) 

queue length above threshold level q ≥ q 1 using (27) we obtain 

˜ r (q −1 , 1 , 1) (s ) = 0 , (53) 

) (s ) + μ1 ̃  r (q −1 , 1 , 2) (s ) = 0 . 

 (29) the last system (53) can be rewritten in the form 

(54) 

 in (51) . For the denominator F (s, z) = X 1 (s, z) Y 1 (s, z) − X 3 (z) Y 3 (z) the 

 interval [0, min { z ( s ), z ( s )}], since F (s, 0) = λ2 > 0 and F (s, z (s )) = 
with (43) , we obtain an explicit expression for the boundary tra

(44) yields the relation 

˜ r 0 , 0 (s ) = 

q 1 ∏ 

j=0 

˜ M j (s ) ̃ r (q 1 , 1 , 1) (s ) + 

q 1 ∑ 

i =0 

i −1 ∏ 

j=0 

˜ M j (s ) ̃ L i (s ) , 

which, together with (35) and ˜ r (0 , 0 , 0) (s ) = e ′ 0 (2) ̃ r 0 , 0 (s ) , completes 

Theorem 5. The Laplace transform of R 3 ( t ) is given by 

˜ R 3 (s ) = 

1 

s 

[ 

1 − e ′ 0 (3) 

q 1 ∏ 

j=0 

˜ M j (s ) ̃ r q 1 , 1 (s ) − e ′ 0 (3) 

q 1 ∑ 

i =1 

i −1 ∏ 

j=0 

˜ M j (s ) ̃ L i (s ) 

] 

,

where ˜ M i (s ) , 0 ≤ i ≤ q 1 , and ˜ L i (s ) , 1 ≤ i ≤ q 1 , are evaluated recursive

˜ M 0 (s ) = λ ˜ N 0 (s ) , ˜ N 0 (s ) = −( ̂  Q 1 , 0 − sI 3 ) 
−1 , 

˜ M 1 (s ) = λ ˜ N 1 (s ) , ̃  L 1 (s ) = α1 ̃
 N 1 e (3) , ˜ N 1 = −( ̂  Q 1 , 1 − sI 3 + μ1 

˜ M 0 (s ))

˜ M q (s ) = λ ˜ N q (s ) , ̃  L q (s ) = 

˜ N q (s )(μ1 ̃
 L q −1 (s ) + α1 e (3)) , 2 ≤ q ≤ q 1 −

˜ N q (s ) = −( ̂  Q 1 , 1 − sI 3 + μ1 
˜ M q −1 (s )) −1 , 2 ≤ q ≤ q 1 − 1 , 

˜ M q 1 (s ) = 

˜ N q 1 (s ) ̂  Q 0 , 1 , ̃  L q 1 (s ) = 

˜ N q 1 (s )(μ1 ̃
 L q 1 −1 (s ) + α1 e (3)) , 

˜ N q 1 (s ) = −( ̂  Q 1 , 2 − sI 3 + μ1 
˜ M q 1 −1 (s )) −1 . 

The matrices ˆ Q 1 ,i , 0 ≤ i ≤ 2 and ˆ Q 0 , 1 are of the form 

ˆ Q 1 , 0 = 

( −λ 0 0 

μ2 −(α2 + λ + μ2 ) α2 

0 β2 −(β2 + λ) 

) 

, ˆ Q 1 , 1 = 

( −(α1 + λ +
μ2 

0 

ˆ Q 1 , 2 = 

ˆ Q 1 , 1 + λe 0 (3) � e ′ 1 (3) , ˆ Q 0 , 1 = λ

( 

0 0 

1 0 

0 1 

) 

, 

The column vector ˜ r q 1 , 1 (s ) = ( ̃ r (q 1 , 1 , 1) (s ) , ̃  r (q 1 , 1 , 2) (s )) ′ is a solution of

˜ r q 1 −1 , 1 (s ) = 

˜ M q 1 (s ) ̃ r q 1 , 1 (s ) + ̃

 L q 1 (s ) , 

X 3 (z)[ X 4 (z) + Y 2 (s, z)] + Y 1 (s, z)[ X 2 (s, z) + X 4 (z)] 

∣∣∣
z= z(s ) 

= 0 , 

X 1 (s, z)[ X 4 (z) + Y 2 (s, z)] + Y 3 (z)[ X 2 (s, z) + X 4 (z)] 

∣∣∣
z= z(s ) 

= 0 , 

where 

X 1 (s, z) = (1 − z)[(s + α + λ + μ) z − λ − μz 2 ] , 

 1 (s, z) = (1 − z)[(s + α1 + β2 + λ + μ1 ) z − λ − μ1 z 
2 ] , 

X 2 (s, z) = μz(1 − z) ̃ r (q 1 −1 , 1 , 1) (s ) − λ(1 − z) ̃ r (q 1 , 1 , 1) (s ) , 

 2 (s, z) = μ1 z(1 − z) ̃ r (q 1 −1 , 1 , 2) (s ) − λ(1 − z) ̃ r (q 1 , 1 , 2) (s ) , 

X 3 (z) = α2 z(1 − z) , X 4 (z) = α1 z, Y 3 (z) = β2 z(1 − z) , 

and the function z ( s ) is a minimal solution in the interval [0,1] of the

X 1 (s, z) Y 1 (s, z) − X 3 (z) Y 3 (z) = 0 . 

Proof. Let us denote by T x the first passage time to absorbing state

the LST of the corresponding PDF function. For the states x with a 

− (s + α + λ + μ) ̃ r (q, 1 , 1) (s ) + α1 + α2 ̃  r (q, 1 , 2) (s ) + λ˜ r (q +1 , 1 , 1) (s ) + μ

− (s + α1 + β2 + λ + μ1 ) ̃ r (q, 1 , 2) (s ) = α1 + β2 ̃  r (q, 1 , 1) (s ) + λ˜ r (q +1 , 1 , 2

In terms of the double transforms ˜ P 1 , 1 (s, z) and 

˜ P 1 , 2 (s, z) defined in

˜ P 1 , 1 (s, z) = 

X 3 (z)[ X 4 (z) + Y 2 (s, z)] + Y 1 (s, z)[ X 2 (s, z) + X 4 (z)] 

X 1 ( s, z) Y 1 ( s, z) − X 3 (z) Y 3 (z) 
, 

˜ P 1 , 2 (s, z) = 

X 1 (s, z)[ X 4 (z) + Y 2 (s, z)] + Y 3 (z)[ X 2 (s, z) + X 4 (z)] 

X 1 ( s, z) Y 1 ( s, z) − X 3 (z) Y 3 (z) 
, 

where X i ( s , z ), Y i ( s , z ), i ∈ {1, 2}, X 3 ( z ), Y 3 ( z ) and X 4 ( z ) are defined

equation F (s, z) = 0 has for any s > 0 at least one root z ( s ) in the
 1 2 i 
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− f the polynomial equations X 1 (s, z) = 0 and Y 1 (s, z) = 0 . Hence, at point 

z ual to zero, and thus we obtain the two Eqs. (49) and (50) with four 

u  , q 1 } . To arrive at another two equations for these boundary transforms 

c hat is, for q ≤ q 1 . Define the following column vectors of LSTs ˜ r x (s ) : 

r (55) 

r

A eans of the forward-elimination-backward-substitution method: 

r (56) 

r

w 47) . From (56) it follows that 

r

T sforms. Finally, the main result (46) of the present statement follows 

f

T

R  (57) 

w ly, 

M  , (58) 

M  −( ̂  Q 1 , 1 − sI 4 + 

ˆ Q 2 , 1 
˜ M 0 (s )) −1 , 

M  ≤ q ≤ q 2 − 1 , 

N

M 4))) , 

N

M  e 2 (3))) , 

N

M  2 + 2 ≤ q ≤ q 1 − 1 , 

N

M 3))) , 

N

T the form 

Q

1 0 0 

+ λ) 0 0 

 −(α + λ + μ) α1 

2 β1 −(α2 + β1 + λ + μ2 ) 

⎞ 

⎟ ⎟ ⎠ 

, 

Q

0 

 μ) α1 

−(α2 + β1 + λ + μ2 ) 

⎞ 

⎠ , 

Q

 

 

 

 

1 0 0 

0 0 0 

0 1 0 

0 0 1 

⎞ 

⎟ ⎟ ⎠ 

, ˆ Q 0 , 3 = λ

⎛ 

⎝ 

0 0 

1 0 

0 1 

⎞ 

⎠ , 

Q

0 α1 

μ1 0 

0 μ2 

⎞ 

⎠ , ˆ Q 2 , 4 = 

⎛ 

⎝ 

μ1 0 α1 

0 μ1 0 

0 0 μ2 

⎞ 

⎠ . 
α2 β2 z 
2 
i 
(s ) ≤ 0 , where z 1 ( s ) ∈ [0, 1] and z 2 ( s ) ∈ [0, 1] are the roots o

 = z(s ) the numerators of ˜ P 1 , 1 (s, z) and 

˜ P 1 , 2 (s, z) must also be eq

nknown boundary transforms ˜ r (q, 1 , 1) and ˜ r (q, 1 , 2) (s ) for q ∈ { q 1 − 1

onsider the states with a queue length below threshold level q 1 , t

˜ 
 0 , 0 (s ) = ( ̃ r (0 , 0 , 0) (s ) , ̃  r (0 , 0 , 1) (s ) , ̃  r (0 , 0 , 2) (s )) ′ , 

˜ 
 q, 1 (s ) = 

{
( ̃ r (q, 1 , 0) (s ) , ̃  r (q, 1 , 1) (s ) , ̃  r (q, 1 , 2) (s )) ′ , 0 ≤ q ≤ q 1 − 1 , 

( ̃ r (q, 1 , 1) (s ) , ̃  r (q, 1 , 2) (s )) ′ , q = q 1 . 

s before, these vectors can be represented in recursive form by m

˜ 
 0 , 0 = 

˜ M 0 (s ) ̃ r 0 , 1 (s ) , 

˜ 
 q, 1 = 

˜ M q +1 (s ) ̃ r q +1 , 1 (s ) + ̃

 L q +1 (s ) , 0 ≤ q ≤ q 1 − 1 , 

here ˜ M i (s ) , 0 ≤ i ≤ q 1 , and 

˜ L i (s ) , 1 ≤ i ≤ q 1 , can be calculated by (

˜ 
 q 1 −1 , 1 (s ) = 

˜ M q 1 (s ) ̃ r q 1 , 1 (s ) + ̃

 L q 1 (s ) . 

hus, we obtain the two missing equations for the boundary tran

rom the same arguments as used in previous proofs. �

heorem 6. The Laplace transform of R 4 ( t ) is given by 

˜ 
 4 (s ) = 

1 

s 

[ 

1 − e ′ 0 (2) 

q 1 ∏ 

j=0 

˜ M j (s ) ̃ r q 1 , 1 (s ) − e ′ 0 (2) 

q 1 ∑ 

i =0 

i −1 ∏ 

j=0 

˜ M j (s ) ̃ L i (s ) 

] 

,

here ˜ M i (s ) , 0 ≤ i ≤ q 1 , and ˜ L i (s ) , 0 ≤ i ≤ q 1 , are evaluated recursive

˜ 
 0 (s ) = 

˜ N 0 (s ) ̂  Q 0 , 1 , ̃  L 0 (s ) = α2 ̃
 N 0 (s ) e 1 (2) , ˜ N 0 (s ) = −( ̂  Q 1 , 0 − sI 2 ) 

−1

˜ 
 1 (s ) = λ ˜ N 1 (s ) , ̃  L 1 (s ) = 

˜ N 1 ( ̂  Q 2 , 1 ̃
 L 0 (s ) + α2 (e 2 (4) + e 3 (4))) , ˜ N 1 =

˜ 
 q (s ) = λ ˜ N q (s ) , ̃  L q (s ) = 

˜ N q (s )( ̂  Q 2 , 2 ̃
 L q −1 (s ) + α2 (e 2 (4) + e 3 (4))) , 2

˜ 
 q (s ) = −( ̂  Q 1 , 1 − sI 4 + 

ˆ Q 2 , 2 
˜ M q −1 (s )) −1 , 2 ≤ q ≤ q 2 − 1 , 

˜ 
 q 2 (s ) = 

˜ N q 2 (s ) ̂  Q 0 , 2 , ̃  L q 2 (s ) = 

˜ N q 2 (s )( ̂  Q 2 , 2 ̃
 L q 2 −1 (s ) + α2 (e 2 (4) + e 3 (

˜ 
 q 2 (s ) = −( ̂  Q 1 , 2 − sI 4 + 

ˆ Q 2 , 2 
˜ M q 2 −1 (s )) −1 , 

˜ 
 q 2 +1 (s ) = λ ˜ N q 2 +1 (s ) , ̃  L q 2 +1 (s ) = 

˜ N q 2 +1 (s )( ̂  Q 2 , 3 ̃
 L q 2 (s ) + α2 (e 1 (3) +

˜ 
 q 2 +1 (s ) = −( ̂  Q 1 , 3 − sI 3 + 

ˆ Q 2 , 3 
˜ M q 2 (s )) −1 , 

˜ 
 q (s ) = λ ˜ N q (s ) , ̃  L q (s ) = 

˜ N q (s )( ̂  Q 2 , 4 ̃
 L q −1 (s ) + α2 (e 1 (3) + e 2 (3))) , q

˜ 
 q (s ) = −( ̂  Q 1 , 3 − sI 3 + 

ˆ Q 2 , 4 
˜ M q −1 (s )) −1 , q 2 + 2 ≤ q ≤ q 1 − 1 , 

˜ 
 q 1 (s ) = 

˜ N q 1 (s ) ̂  Q 0 , 3 , ̃  L q 1 (s ) = 

˜ N q 1 (s )( ̂  Q 2 , 4 ̃
 L q 1 −1 (s ) + α2 (e 1 (3) + e 2 (

˜ 
 q 1 (s ) = −( ̂  Q 1 , 4 − sI 3 + 

ˆ Q 2 , 4 
˜ M q 1 −1 (s )) −1 . 

he matrices ˆ Q 1 ,i , 0 ≤ i ≤ 4 , ˆ Q 0 ,i , 1 ≤ i ≤ 3 , and ˆ Q 2 ,i , 1 ≤ i ≤ 4 , are of 

ˆ 
 1 , 0 = 

(−λ 0 

μ2 −(λ + α2 + μ2 ) 

)
, ˆ Q 1 , 1 = 

⎛ 

⎜ ⎜ ⎝ 

−(α1 + λ + μ1 ) α

β1 −(β1 

μ2 0

0 μ

ˆ 
 1 , 2 = 

ˆ Q 1 , 1 + λe 1 (4) � e ′ 3 (4) , ˆ Q 1 , 3 = 

⎛ 

⎝ 

−(α1 + λ + μ1 ) 0 

μ2 −(α + λ +
0 β1 

ˆ 
 1 , 4 = 

ˆ Q 1 , 3 + λe 0 (3) � e ′ 1 (3) , ˆ Q 0 , 1 = λ

(
1 0 0 0 

0 0 1 0 

)
, ˆ Q 0 , 2 = λ

⎛
⎜⎜⎝

ˆ 
 2 , 1 = 

⎛ 

⎜ ⎜ ⎝ 

μ1 0 

0 0 

0 μ1 

0 0 

⎞ 

⎟ ⎟ ⎠ 

, ˆ Q 2 , 2 = 

⎛ 

⎜ ⎜ ⎝ 

μ1 0 0 0 

0 0 0 0 

0 0 μ1 0 

0 0 0 0 

⎞ 

⎟ ⎟ ⎠ 

, ˆ Q 2 , 3 = 

⎛ 

⎝ 

μ1 0 

0 0 

0 0 
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The column vector ˜ r q 1 , 1 (s ) = ( ̃ r (q 1 , 1 , 1) (s ) , ̃  r (q 1 , 2 , 1) (s )) ′ is a solu-

tion of the system 

˜ r q 1 −1 , 1 (s ) = 

˜ M q 1 (s ) ̃ r q 1 , 1 (s ) + ̃

 L q 1 (s ) , (59)

X 3 (z)[ X 4 (z) + Y 2 (s, z)] + Y 1 (s, z)[ X 2 (s, z) + X 4 (z)] 

∣∣∣
z= z(s ) 

= 0 , (60)

X 1 (s, z)[ X 4 (z) + Y 2 (s, z)] + Y 3 (z)[ X 2 (s, z) + X 4 (z)] 

∣∣∣
z= z(s ) 

= 0 , (61)

where 

X 1 (s, z) = (1 − z)[(s + α + λ + μ) z − λ − μz 2 ] , (62)

 1 (s, z) = (1 − z)[(s + α2 + β1 + λ + μ2 ) z − λ − μ2 z 
2 ] , 

X 2 (s, z) = μz(1 − z) ̃ r (q 1 −1 , 1 , 1) (s ) − λ(1 − z) ̃ r (q 1 , 1 , 1) (s ) , 

 2 (s, z) = μ2 z(1 − z) ̃ r (q 1 −1 , 2 , 1) (s ) − λ(1 − z) ̃ r (q 1 , 2 , 1) (s ) , 

X 3 (z) = α1 z(1 − z) , X 4 (z) = α2 z, Y 3 (z) = β1 z(1 − z) , 

and the function z ( s ) is a minimal solution in the interval [0,1] of the

equation 

X 1 (s, z) Y 1 (s, z) − X 3 (z) Y 3 (z) = 0 . (63)

Proof. Let us denote by T x the first passage time to absorbing

states of the process { ̂  X 4 (t) } t≥0 given that the initial state is x ∈ 

ˆ E 4 
and by ˜ r x (s ) the LST of the corresponding PDF function. As before,

the transforms ˜ r x (s ) for the states with q ≥ q 1 satisfy the system, 

− (s + α + λ + μ) ̃ r (q, 1 , 1) (s ) + α1 ̃  r (q, 2 , 1) + α2 + λ˜ r (q +1 , 1 , 1) (s ) 

+ μ˜ r (q −1 , 1 , 1) (s ) = 0 , 

− (s + α2 + β1 + λ + μ2 ) ̃ r (q, 2 , 1) (s ) = α2 + β1 ̃  r (q, 1 , 1) (s ) 

+ λ˜ r (q +1 , 2 , 1) (s ) + μ2 ̃  r (q −1 , 2 , 1) (s ) = 0 . 

In terms of the double transforms ˜ P 1 , 1 (s, z) and 

˜ P 2 , 1 (s, z) defined in

(29) , the last system (64) can be rewritten in the form 

˜ P 1 , 1 (s, z) = 

X 3 (z)[ X 4 (z) + Y 2 (s, z)] + Y 1 (s, z)[ X 2 (s, z) + X 4 (z)] 

X 1 ( s, z) Y 1 ( s, z) − X 3 (z) Y 3 (z) 
, 

(65)

˜ P 2 , 1 (s, z) = 

X 1 (s, z)[ X 4 (z) + Y 2 (s, z)] + Y 3 (z)[ X 2 (s, z) + X 4 (z)] 

X 1 ( s, z) Y 1 ( s, z) − X 3 (z) Y 3 (z) 
, 

where X i ( s , z ), Y i ( s , z ), i ∈ {1, 2}, X 3 ( z ), Y 3 ( z ) and X 4 ( z ) are defined

in (62) . For the same reasons as in the previous proof, it can be

shown, that for any s there is a value z ( s ) ∈ [0, 1] where the denom-

inator F (s, z) = X 1 (s, z) Y 1 (s, z) − X 3 (z) Y 3 (z) is equal to zero. Hence,

we obtain two relations (60) and (61) for four unknown bound-

ary transforms ˜ r (q, 1 , 1) and ˜ r (q, 2 , 1) (s ) for q ∈ { q 1 − 1 , q 1 } . To arrive

at two more equations for the boundary transforms, the following

column vectors of LSTs ˜ r x (s ) are introduced: 

˜ r 0 , 0 (s ) = ( ̃ r (0 , 0 , 0) (s ) , ̃  r (0 , 0 , 1) (s )) ′ , (66)

˜ r q, 1 (s ) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

( ̃ r (q, 1 , 0) (s ) , ̃  r (q, 2 , 0) (s ) , 

˜ r (q, 1 , 1) (s ) , ̃  r (q, 2 , 1) (s )) ′ , 0 ≤ q ≤ q 2 − 1 , 

( ̃ r (q, 1 , 0) ( s ) , ̃  r (q, 1 , 1) ( s ) , ̃  r (q, 2 , 1) ( s )) 
′ , q 2 ≤ q ≤ q 1 − 1 , 

( ̃ r (q, 1 , 1) ( s ) , ̃  r (q, 2 , 1) ( s )) 
′ , q = q 1 . 

(66)

As previously, these vectors can be represented in the following

recursive form: 

˜ r 0 , 0 = 

˜ M 0 (s ) ̃ r 0 , 1 (s ) + ̃

 L 0 (s ) , (67)

˜ r q, 1 = 

˜ M q +1 (s ) ̃ r q +1 , 1 (s ) + ̃

 L q +1 (s ) , 0 ≤ q ≤ q 1 − 1 , 

where ˜ M i (s ) and 

˜ L i (s ) , 0 ≤ i ≤ q 1 , are given by (58) . From (67) it

follows that 

˜ r q 1 −1 , 1 (s ) = 

˜ M q 1 (s ) ̃ r q 1 , 1 (s ) + ̃

 L q 1 (s ) . 
hus, we obtain the two missing equations for the boundary trans-

orms. Finally, the main result (57) of the present statement fol-

ows from the same arguments as used before. �

emark 2. The mean time to failure E [ T n ] can be evaluated by

 [ T n ] = lim s → 0 
˜ R n (s ) , 1 ≤ n ≤ 4 . The algorithms for evaluating the

ST ˜ r x (s ) proposed above can be modified to calculate the corre-

ponding moments m̄ x using the system 

¯
 x = 

1 

λx 

(
1 + 

∑ 

y � = x 
λxy m̄ y 

)
, x ∈ 

ˆ E n . 

or example, the mean time to first failure E [ T 1 ] satisfies 

 [ T 1 ] = e ′ 0 (3) 

[ 

q 1 ∏ 

j=0 

˜ M j (0) m̄ q 1 , 1 + 

q 1 ∑ 

i =0 

i −1 ∏ 

j=0 

˜ M j (0) ̃ L i (0) 

] 

, (68)

here 

˜ 
 0 (0) = 

˜ N 0 (0) ̂  Q 0 , 1 , ̃  L 0 (0) = 

˜ N 0 (0) e (3) , ˜ N 0 (0) = − ˆ Q 

−1 
1 , 0 , (69)

nd the remaining matrices ˜ M i (0) and 

˜ L i (0) , 1 ≤ i ≤ q 1 , are

efined by (20) at point s = 0 , but the sum of vectors

ith factors αj replaced by e . The column vector m̄ q 1 , 1 
=

( ̄m (q 1 , 1 , 1) , m̄ (q 1 , 2 , 1) , m̄ (q 1 , 1 , 2) ) 
′ is a solution of the system 

¯
 q 1 −1 , 1 = 

˜ M q 1 (0) m̄ q 1 , 1 + ̃

 L q 1 (0) , (70)

 1 (z)[ X 3 (z)(Y 2 (z) + z) + Y 1 (z)(X 2 (z) + z)] 

+ X 4 (z) Y 1 (z)[ Z 2 + z] 

∣∣∣
z= z ′ 

= 0 , 

 1 (z)[ X 1 (z)(Y 2 (z) + z) + Y 3 (z)(X 2 (z) + z)] 

+ X 4 (z) Y 3 (z)[ Z 2 + z] − X 4 (z) Z 3 (z)[ Y 2 + z] 

∣∣∣
z= z ′ 

= 0 , 

 1 (z) Y 1 (z)[ Z 2 + z] − X 3 (z) Y 3 (z)[ Z 2 (z) + z] 

+ Y 1 (z) Z 3 (z)[ X 2 (z) + z] + X 3 (z) Z 3 (z)[ Y 2 (z) + z] 

∣∣∣
z= z ′ 

= 0 , 

here 

 1 (z) = (1 − z)[(α + λ + μ) z − λ − μz 2 ] , (71)

 1 (z) = (1 − z)[(α2 + β1 + λ + μ2 ) z − λ − μ2 z 
2 ] , 

 1 (z) = (1 − z)[(α1 + β2 + λ + μ1 ) z − λ − μ1 z 
2 ] , 

 2 (z) = μz(1 − z) ̄m (q 1 −1 , 1 , 1) − λ(1 − z) ̄m (q 1 , 1 , 1) , 

 2 (z) = μ2 z(1 − z) ̄m (q 1 −1 , 2 , 1) − λ(1 − z) ̄m (q 1 , 2 , 1) , 

 2 (z) = μ1 z(1 − z) ̄m (q 1 −1 , 1 , 2) − λ(1 − z) ̄m (q 1 , 1 , 2) , 

 3 (z) = α1 z(1 − z) , X 4 (z) = α2 z(1 − z) , 

 3 (z) = β1 z(1 − z) , Z 3 (z) = β2 z(1 − z) , 

nd the function z ′ is a minimal solution in the interval [0,1] of the

quation 

 1 (z) Y 1 (z) Z 1 (z) − X 3 (z) Y 3 (z) Z 1 (z) − X 4 (z) Y 1 (z) Z 3 (z) = 0 . (72)

imilarly, we obtain expressions for the means E [ T n ] , 2 ≤ n ≤ 4 . 

. The number of failures (repairs) during a life time 

In this section, we study the number of failures (repairs) during

ife times T 1 , T 3 and T 4 . This complements the reliability analysis

nd provides a type of a discrete counterpart of the length of life

ime. The methodology is similar to that employed in the previous

ection, and hence we omit some repetitive details. 

heorem 7. The generating function ˜ ψ 1 , 1 (z) of the number of fail-

res of server 1 during T 1 is calculated by 

˜ 
 1 , 1 (z) = e ′ 0 (3) 

[ 

q 1 ∏ 

j=0 

˜ M j (z) ̃  ψ q 1 , 1 
(z) + 

q 1 ∑ 

i =1 

i −1 ∏ 

j=0 

˜ M j (z) ̃ L i (z) 

] 

, (73)
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here ˜ M i (z) , 0 ≤ i ≤ q 1 , and ˜ L i (z) , 1 ≤ i ≤ q 1 , satisfy the same recur-

ive relations (20) at point s = 0 with the failure rate α1 replaced

y α1 z. The matrices ˆ Q 1 ,i , 0 ≤ i ≤ 4 and ˆ Q 2 ,i , i = 3 , 4 , are substituted

espectively with ˆ Q 1 ,i (z) and ˆ Q 2 ,i (z) , where the rates α1 (with the

xception of the main diagonals in matrices ˆ Q 1 ,i ) are replaced by α1 z.

he column vector ˜ ψ q 1 , 1 
(z) = ( ˜ ψ (q 1 , 1 , 1) (z) , ˜ ψ (q 1 , 2 , 1) (z) , ˜ ψ (q 1 , 1 , 2) (z)) ′ 

s a solution of the system 

˜ 
 q 1 −1 , 1 (z) = 

˜ M q 1 (z) ̃  ψ q 1 , 1 
(z) + ̃

 L q 1 (z) , (74) 

 3 (z, z 1 ) X 4 (z 1 ) Y 1 (z 1 ) + X 3 (z, z 1 ) Z 1 (z 1 )[ X 4 (z 1 ) + Y 2 (z, z 1 )] 

+ Y 1 (z 1 )[ X 2 (z, z 1 ) Z 1 (z 1 ) + X 4 (z 1 ) Z 2 (z, z 1 )] 

∣∣∣
z 1 = z 1 (z) 

= 0 , (75) 

 3 (z, z 1 ) X 4 (z 1 ) Y 3 (z 1 ) + X 1 (z 1 ) Z 1 (z 1 )[ X 4 (z 1 ) + Y 2 (z, z 1 )] 

+ Y 3 (z 1 )[ X 2 (z, z 1 ) Z 1 (z 1 ) + X 4 (z 1 ) Z 2 (z, z 1 )] 

− X 4 (z 1 ) Z 3 (z 1 )[ X 4 (z 1 ) + Y 2 (z, z 1 )] 

∣∣∣
z 1 = z 1 (z) 

= 0 , (76) 

 2 (z, z 1 ) Y 1 (z 1 ) Z 3 (z 1 ) 

+ [ X 3 (z, z 1 ) + Z 2 (z, z 1 )][ X 1 (z 1 ) Y 1 (z 1 ) − X 3 (z, z 1 ) Y 3 (z 1 )] 

+ X 3 (z, z 1 ) Z 3 (z 1 )[ X 4 (z 1 ) + Y 2 (z, z 1 )] 

∣∣∣
z 1 = z 1 (z) 

= 0 , (77) 

here 

 1 (z 1 ) = (α + λ + μ) z 1 − λ − μz 2 1 , (78) 

 1 (z 1 ) = (1 − z 1 )[(α2 + β1 + λ + μ2 ) z 1 − λ − μ2 z 
2 
1 ] , 

 1 (z 1 ) = (1 − z 1 )[(α1 + β2 + λ + μ1 ) z 1 − λ − μ1 z 
2 
1 ] , 

 2 (z, z 1 ) = μz 1 ˜ ψ (q 1 −1 , 1 , 1) (z) − λ ˜ ψ (q 1 , 1 , 1) (z) , 

 2 (z, z 1 ) = μ2 z 1 (1 − z 1 ) ˜ ψ (q 1 −1 , 2 , 1) (z) − λ(1 − z 1 ) ˜ ψ (q 1 , 2 , 1) (z) , 

 2 (z, z 1 ) = μ1 z 1 (1 − z 1 ) ˜ ψ (q 1 −1 , 1 , 2) (z) − λ(1 − z 1 ) ˜ ψ (q 1 , 1 , 2) (z) , 

 3 (z, z 1 ) = α1 zz 1 , X 4 (z 1 ) = α2 z 1 , 

 3 (z 1 ) = β1 z 1 (1 − z 1 ) , Z 3 (z 1 ) = β2 z 1 (1 − z 1 ) , 

nd the function z 1 ( z ) is a minimal solution in the interval [0,1] of the

quation 

 1 (z 1 ) Y 1 (z 1 ) Z 1 (z 1 ) − X 3 (z, z 1 ) Y 3 (z 1 ) Z 1 (z 1 ) 

− X 4 (z 1 ) Y 1 (z 1 ) Z 3 (z 1 ) = 0 . (79) 

roof. First we introduce some notation: 

	x – the number of failures of server 1 up to the end of the life

ime T 1 of the process { ̂  X 1 (t) } given that the initial state is x ∈ 

ˆ E 1 ; 

ψ x (k ) = P [	x = k ] – the probability density function (PDF) of

x ; 
˜ ψ x (z) = 

∑ ∞ 

k =1 ψ x (t) z k , | z| ≤ 1 – the probability generating func-

ion (PGF) of ψ x ( t ). 

According to the law of the total probability, the density ψ x ( t )

atisfies the following system: 

 x (k ) = 

λxy ′ 

λx 
ψ y ′ (k − 1) + 

∑ 

y � = x,y ′ 

λxy 

λx 
ψ y (k ) , x ∈ 

ˆ E 1 . 

he first term on the right-hand side stands for the transition to

he state y ′ , which we count (i.e., failures of server 1), while the

econd term includes other possible transitions. In terms of the

GF, the last system can be rewritten as follows: 

˜ 
 x (z) = 

zλxy ′ 

λx 

˜ ψ y ′ (z) + 

∑ 

y � = x,y ′ 

λxy 

λx 

˜ ψ y (z) , x ∈ 

ˆ E 1 . (80) 

ote that the system is the same as (27) for s = 0 but with α1 re-

laced by α z . Employing the same steps as presented in the proof
1 
f Theorem 3 , we obtain the corresponding result for the function
˜ 
 1 , 1 (z) . �

Similarly, we obtain the result for server 2. In this case, the sys-

em for the PGFs has the form (27) for s = 0 , but the failure rates

2 are replaced by α2 z . The corresponding result is summarized

elow. 

heorem 8. The generating function ˜ ψ 1 , 2 (z) of the number of fail-

res of server 2 during T 1 is calculated by 

˜ 
 1 , 2 (z) = e ′ 0 (3) 

[ 

q 1 ∏ 

j=0 

˜ M j (z) ̃  ψ q 1 , 1 
(z) + 

q 1 ∑ 

i =1 

i −1 ∏ 

j=0 

˜ M j (z) ̃ L i (z) 

] 

, (81) 

here ˜ M i (z) , 0 ≤ i ≤ q 1 , and ˜ L i (z) , 1 ≤ i ≤ q 1 , satisfy the same recur-

ive relations (20) at point s = 0 with the failure rate α2 replaced by

2 z. The matrices ˆ Q 1 ,i , 0 ≤ i ≤ 4 , are substituted by ˆ Q 1 ,i (z) , where the

ate α2 (with the exception of the main diagonals) is replaced by α2 z.

he column vector ˜ ψ q 1 , 1 
(z) = ( ˜ ψ (q 1 , 1 , 1) (z) , ˜ ψ (q 1 , 2 , 1) (z) , ˜ ψ (q 1 , 1 , 2) (z)) ′ 

s a solution of the system 

˜ 
 q 1 −1 , 1 (z) = 

˜ M q 1 (z) ̃  ψ q 1 , 1 
(z) + ̃

 L q 1 (z) , (82) 

 3 (z 1 ) X 4 (z, z 1 ) Y 1 (z 1 ) + X 3 (z 1 ) Z 1 (z 1 )[ X 4 (z, z 1 ) + Y 2 (z, z 1 )] 

+ Y 1 (z 1 )[ X 2 (z, z 1 ) Z 1 (z 1 ) + X 4 (z, z 1 ) Z 2 (z, z 1 )] 

∣∣∣
z 1 = z 1 (z) 

= 0 , 

 3 (z 1 ) X 4 (z, z 1 ) Y 3 (z 1 ) + X 1 (z 1 ) Z 1 (z 1 )[ X 4 (z 1 ) + Y 2 (z, z 1 )] 

+ Y 3 (z 1 )[ X 2 (z, z 1 ) Z 1 (z 1 ) + X 4 (z, z 1 ) Z 2 (z, z 1 )] 

− X 4 (z, z 1 ) Z 3 (z 1 )[ X 4 (z, z 1 ) + Y 2 (z, z 1 )] 

∣∣∣
z 1 = z 1 (z) 

= 0 , 

 2 (z, z 1 ) Y 1 (z 1 ) Z 3 (z 1 ) 

+ [ X 3 (z 1 ) + Z 2 (z, z 1 )][ X 1 (z 1 ) Y 1 (z 1 ) − X 3 (z 1 ) Y 3 (z 1 )] 

+ X 3 (z 1 ) Z 3 (z 1 )[ X 4 (z, z 1 ) + Y 2 (z, z 1 )] 

∣∣∣
z 1 = z 1 (z) 

= 0 , 

here X 1 ( z 1 ), Y 1 ( z 1 ), Z 1 ( z 1 ), X 2 ( z , z 1 ), Y 2 ( z , z 1 ), Z 2 ( z , z 1 ), Y 3 ( z 1 ) and

 3 ( z 1 ) are defined by (78) , and X 3 (z 1 ) = α1 z 1 , X 4 (z, z 1 ) = α2 zz 1 . The

unction z 1 ( z ) is a minimal solution in the interval [0,1] of the equa-

ion 

 1 (z 1 ) Y 1 (z 1 ) Z 1 (z 1 ) −X 3 (z 1 ) Y 3 (z 1 ) Z 1 (z 1 ) −X 4 (z, z 1 ) Y 1 (z 1 ) Z 3 (z 1 ) = 0 .

(83) 

Similarly, we obtain the corresponding PGFs for the number of

ailures of server 2 during the life time T 3 and of server 1 during

he life time T 4 . The results are summarized in the following two

heorems: 

heorem 9. The generating function ˜ ψ 3 (z) of the number of failures

f server 2 during T 3 is calculated by 

˜ 
 3 (z) = e ′ 0 (3) 

[ 

q 1 ∏ 

j=0 

˜ M j (z) ̃  ψ q 1 , 1 
(z) + 

q 1 ∑ 

i =1 

i −1 ∏ 

j=0 

˜ M j (z) ̃ L i (z) 

] 

, (84) 

here ˜ M i (z) , 0 ≤ i ≤ q 1 , and ˜ L i (z) , 1 ≤ i ≤ q 1 , satisfy the same re-

ursive relations (47) at point s = 0 . The matrices ˆ Q 1 ,i , 0 ≤ i ≤ 4 , are

ubstituted by ˆ Q 1 ,i (z) , where the rate α2 (with the exception of the

ain diagonals) is replaced by α2 z. The column vector ˜ ψ q 1 , 1 
(z) =

( ˜ ψ (q 1 , 1 , 1) (z) , ˜ ψ (q 1 , 1 , 2) (z)) ′ is a solution of the system 

˜ 
 q 1 −1 , 1 (z) = 

˜ M q 1 (z) ̃  ψ q 1 , 1 
(z) + ̃

 L q 1 (z) , (85) 

 3 (z, z 1 )[ X 4 (z 1 ) + Y 2 (z, z 1 )] + Y 1 (z 1 )[ X 2 (z, z 1 ) + X 4 (z 1 )] 

∣∣∣
z 1 = z 1 (z) 

= 0 , 

 1 (z 1 )[ X 4 (z 1 ) + Y 2 (z, z 1 )] + Y 3 (z 1 )[ X 2 (z, z 1 ) + X 4 (z 1 )] 

∣∣∣
z = z (z) 

= 0 ,
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where 

X 1 (z 1 ) = (1 − z 1 )[(α + λ + μ) z 1 − λ − μz 2 1 ] , (86)

 1 (z 1 ) = (1 − z 1 )[(α1 + β2 + λ + μ1 ) z 1 − λ − μ1 z 
2 
1 ] , 

X 2 (z, z 1 ) = μz 1 (1 − z 1 ) ˜ ψ (q 1 −1 , 1 , 1) (z) − λ(1 − z 1 ) ˜ ψ (q 1 , 1 , 1) (z) , 

 2 (z, z 1 ) = μ1 z 1 (1 − z 1 ) ˜ ψ (q 1 −1 , 1 , 2) (z) − λ(1 − z 1 ) ˜ ψ (q 1 , 1 , 2) (z) , 

X 3 (z, z 1 ) = α2 zz 1 (1 − z 1 ) , X 4 (z 1 ) = α1 z 1 , Y 3 (z 1 ) = β2 z 1 (1 − z 1 ) . 

The function z 1 ( z ) is a minimal solution in the interval [0,1] of the

equation 

X 1 (z 1 ) Y 1 (z 1 ) − X 3 (z, z 1 ) Y 3 (z 1 ) = 0 . (87)

Theorem 10. The generating function ˜ ψ 4 (z) of the number of failures

of server 1 during T 4 is calculated by 

˜ ψ 4 (z) = e ′ 0 (2) 

[ 

q 1 ∏ 

j=0 

˜ M j (z) ̃  ψ q 1 , 1 
(z) + 

q 1 ∑ 

i =0 

i −1 ∏ 

j=0 

˜ M j (z) ̃ L i (z) 

] 

, (88)

where ˜ M i (z) and ˜ L i (z) , 0 ≤ i ≤ q 1 , satisfy the same recursive relations

(58) at point s = 0 . The matrices ˆ Q 1 ,i , 0 ≤ i ≤ 4 , and ˆ Q 2 ,i , i = 3 , 4 , are

substituted by ˆ Q 1 ,i (z) and ˆ Q 2 ,i (z) , where the rate α1 (with the ex-

ception of the main diagonals) is replaced by α1 z. The column vector
˜ ψ q 1 , 1 

(z) = ( ˜ ψ (q 1 , 1 , 1) (z) , ˜ ψ (q 1 , 2 , 1) (z)) ′ is a solution of the system 

˜ ψ q 1 −1 , 1 (z) = 

˜ M q 1 (z) ̃  ψ q 1 , 1 
(z) + ̃

 L q 1 (z) , (89)

X 3 (z, z 1 )[ X 4 (z 1 ) + Y 2 (z, z 1 )] + Y 1 (z 1 )[ X 2 (z, z 1 ) + X 4 (z 1 )] 

∣∣∣
z 1 = z 1 (z) 

= 0 , 

X 1 (z 1 )[ X 4 (z 1 ) + Y 2 (z, z 1 )] + Y 3 (z 1 )[ X 2 (z, z 1 ) + X 4 (z 1 )] 

∣∣∣
z 1 = z 1 (z) 

= 0 ,

where 

X 1 (z 1 ) = (1 − z 1 )[(α + λ + μ) z 1 − λ − μz 2 1 ] , (90)

 1 (z 1 ) = (1 − z 1 )[(α2 + β1 + λ + μ2 ) z 1 − λ − μ2 z 
2 
1 ] , 

X 2 (z, z 1 ) = μz 1 (1 − z 1 ) ˜ ψ (q 1 −1 , 1 , 1) (z) − λ(1 − z 1 ) ˜ ψ (q 1 , 1 , 1) (z) , 

 2 (z, z 1 ) = μ2 z 1 (1 − z 1 ) ˜ ψ (q 1 −1 , 2 , 1) (z) − λ(1 − z 1 ) ˜ ψ (q 1 , 2 , 1) (z) , 

X 3 (z, z 1 ) = α1 zz 1 (1 − z 1 ) , X 4 (z 1 ) = α2 z 1 , Y 3 (z 1 ) = β1 z 1 (1 − z 1 ) , 

and the function z 1 ( z ) is a minimal solution in the interval [0,1] of the

equation 

X 1 (z 1 ) Y 1 (z 1 ) − X 3 (z, z 1 ) Y 3 (z 1 ) = 0 . (91)
Fig. 2. The availability A i , 1 ≤ i ≤ 4, for α1
emark 3. The mean number of failures E [	1 , 1 ] , E [	1 , 2 ] , E [	3 ]

nd E [	4 ] can be evaluated by E [	1 , 1 ] = 

d ̃  ψ 1 , 1 (z) 

dz 

∣∣∣
z=1 

, E [	1 , 2 ] =
d ̃  ψ 1 , 2 (z) 

dz 

∣∣∣
z=1 

, E [	3 ] = 

d ̃  ψ 3 (z) 
dz 

∣∣∣
z=1 

and E [	4 ] = 

d ̃  ψ 4 (z) 
dz 

∣∣∣
z=1 

. The algo-

ithms for evaluating PGFs ˜ ψ x (z) proposed above can be modified

o calculate the corresponding moments ψ̄ x using the system 

¯
 x = 

1 

λx 

(
λxy ′ + 

∑ 

y � = x 
λxy ψ̄ y 

)
, x ∈ 

ˆ E n , 1 ≤ n ≤ 4 . 

. Numerical results 

In this section, we present some numerical examples to study

he effect of system parameters on the proposed reliability mea-

ures. First, we fix the system parameters at values 

= 1 . 7 , μ1 = 2 . 4 , μ2 = 0 . 4 , α1 = 0 . 1 , α2 = 0 . 2 , β1 = 0 . 3 , 

2 = 0 . 3 , ρ = 0 . 83 , q 1 = 9 , q 2 = 6 . 

n all cases presented below the parametric values are chosen such

hat the ergodicity condition holds. 

In Figs. 2 a, 2 b, 3 a and 3 b, the stationary availabilities A i ,

 ≤ i ≤ 4, are plotted against the arrival rate λ for failure rates α1 ,

2 and repair rates β1 , β2 . As expected, A i decreases with increas-

ng λ. The figures reflect dependences of availabilities A i on fail-

re and repair rates. The upper curves correspond to lower val-

es of α1 and α2 and to higher values of β1 and β2 . We notice

hat descriptor A 3 , which specifies the stationary availability of the

rst server, changes with varying α1 and β1 , but it is insensi-

ive to reliability characteristics α2 and β2 of the second server.

his is caused by a threshold policy which prescribes to use the

aster server whenever it is free and therefore the time to failure of

his server is independent of the reliability attributes of the slower

erver. 

In Figs. 4 a, 4 b, 5 a and 5 b, we plot the failure frequencies B l
or αl = 0 . 1 , 0 . 2 , 0 . 3 and βl = 0 . 2 , 0 . 3 , 0 . 4 , l = 1 , 2 . These character-

stics increase monotonically with increasing λ. Further, we notice

hat B 1 > B 2 , because the probability to be in state x with d 1 (x ) = 1

s higher than the probability for d 2 (x ) = 1 , since server 2 is used

ccording to the threshold control policy. We observe that func-

ion B 1 is insensitive to changes in α2 , β1 and β2 , and function B 2 
s almost insensitive to changes in β2 . 

In Figs. 6 a, 6 b, 7 a and 7 b, we analyse the effect of the ar-

ival rate λ on the reliability functions R ( t ), R ( t ), R ( t ) and R ( t ),
1 2 3 4 

 

= 0 . 1 , 0 . 3 (a) and α2 = 0 . 1 , 0 . 3 (b). 
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Fig. 3. The availability A i , 1 ≤ i ≤ 4, for β1 = 0 . 2 , 0 . 4 (a) and β2 = 0 . 2 , 0 . 4 (b). 

Fig. 4. The failure frequency B i , i = 1 , 2 , for α1 = 0 . 1 , 0 . 2 , 0 . 3 (a) and α2 = 0 . 1 , 0 . 2 , 0 . 3 (b) versus λ. 

Fig. 5. The failure frequency B i , i = 1 , 2 , for β1 = 0 . 2 , 0 . 3 , 0 . 4 (a) and β2 = 0 . 2 , 0 . 3 , 0 . 4 (b) versus λ. 
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Fig. 6. The function R 1 ( t ) (a) and R 2 ( t ) (b). 

Fig. 7. The function R 3 ( t ) (a) and R 4 ( t ) (b). 

Fig. 8. The function ψ 1, 1 ( k ) (a) and ψ 1, 2 ( k ) (b). 
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Fig. 9. The function ψ 3 ( k ) (a) and ψ 4 ( k ) (b). 

Table 1 

The first moment of the life times and number of failures. 

λ E [ T 1 ] E [ T 2 ] E [ T 3 ] E [ T 4 ] E [	1 , 1 ] E [	1 , 2 ] E [	3 ] E [	4 ] 

0.5 195.94 42.81 51.75 92.39 3.74 2.94 0.13 1.75 

0.8 96.81 23.51 33.38 39.78 2.81 2.96 0.29 1.13 

1.2 56.45 13.81 23.26 20.63 2.29 2.84 0.53 0.81 

1.7 38.35 9.03 17.47 12.84 2.02 2.57 0.78 0.64 

Fig. 10. The function R 2 ( t ) for α1 (a) and α2 (b). 
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espectively. To evaluate these functions, we used a numerical in-

ersion algorithm for the corresponding Laplace transforms ˜ R n (s ) ,

hich must be calculated in symbolic form. For the calculations we

mployed Mathematica software package from Wolfram Research.

his program has some limitations regarding the volume of sym-

olic representations. For this reason, and in order to reduce the

lgorithm’s evaluation time, we had to restrict the number of items

f the sums in (19), (37), (46) and (57) by assuming that q 1 = 2 and

 2 = 1 . As can be seen, for higher values of λ the functions exhibit

eavier tails. Function R 1 ( t ) has the heaviest tail of all reliability

unctions evaluated. In Figs. 7 a and 7 b, it can be seen that, depend-

ng on the arrival rate, server 1 or server 2 may be the more reli-

ble server at any one time. This can be explained by the threshold

ontrol policy, which regulates use of server 2. With increasing ar-

ival rate it becomes more likely that the slower server is busy and

onsequently in a failed state. 
In Figs. 8 a, 8 b, 9 a and 9 b, we plot the discrete probability den-

ity functions ψ (0 , 0 , 0) (k ) = P [	(0 , 0 , 0) = k ] for the numbers of fail-

res of server 1 and server 2 during the life time T 1 , for the num-

er of failures of server 2 during the life time T 3 and for the num-

er of failures of server 1 during the life time T 4 , respectively. The

rst two functions are defined on a set N , while the other two

re defined on a set N 0 . To obtain these functions, we used a nu-

erical inversion algorithm for the corresponding PGFs. Note that,

or increasing λ the probability ψ (0, 0, 0) (1) of only one failure dur-

ng T 1 increases for server 1 when λ increase but decreases for

erver 2. The reason for this is again the threshold control policy.

he same can be seen in Figs. 9 a and 9 b, where we observe that

he probability ψ (0, 0, 0) (0) of no failure of server 2 during the time

 3 decreases, while that of server 1 during the time T 4 increases. 

In Table 1 , we list the moments of the life times E [ T n ] , 1 ≤
 ≤ 4 and the number of failures E [	1 , 1 ] , E [	1 , 2 ] , E [	n ] , n = 3 , 4 ,
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Fig. 11. The function R 2 ( t ) for μ1 = 2 . 4 (a) and μ1 = 4 . 8 (b). 
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during the corresponding lifetimes. As expected, the first measure

is decreasing function in λ. The second measure can be different

dependent on the type of the lifetime. 

In Figs. 10 a, 10 b, 11 a and 11 b, we show respectively the in-

fluences of α1 , α2 , μ1 and μ2 on the reliability function R 2 ( t ).

We observe that with decreasing of α1 and α2 the system be-

comes more reliable and the corresponding distribution functions

F T 2 (t) = 1 − R 2 (t) of the life time T 2 exhibit heavier tails. It can be

also noticed that the system becomes more reliable for higher val-

ues of service rates μ1 and μ2 due to the fact that in this case

the probability for empty servers increases that in turn extends the

system’s life time. In this example the system is most reliable for

parameters α1 = 0 . 01 , α2 = 0 . 01 , μ1 = 4 . 8 , μ2 = 1 . 2 . 

6. Conclusion 

We have provided a reliability analysis of a two-server hetero-

geneous unreliable queueing system with a threshold control pol-

icy for allocating customers to the servers. Our results complement

the classical performance analysis of unreliable queueing models

that can be described by quasi-birth-and-death processes. We used

a matrix-geometric solution method to obtain the stationary state

distribution and some reliability measures, such as availability and

failure frequency. Combining the forward-elimination-backward-

substitution method for the boundary states with the generating

function approach for the states above the highest threshold level

yielded a closed form solution in terms of the Laplace transform

for the reliability function and, consequently, for the mean time to

first failure. A distribution of the number of failures during the life

time was derived, expressed in terms of the probability generating

function. Finally, we presented numerical experiments to explore

the effect of various system parameters on the reliability of servers

and system. 
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