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Chapter 1

| ntroduction

1.1 Queueing systems

A single station queueing system consists of a queueing buffer of finite or infinite size
and one or more identical servers. Such an elementary queueing system is also referred
to as a service station or, simply, as a node. First we start with a short description of
gueueing systems, see for example, [7, 10, 18, 23, 46].

A server can only serve one customer at a time and hence, it is either in “busy”
or “idle” state. If all servers are busy upon the arrival of a customer, the newly ar-
riving customer is buffered, assuming that buffer space is available, and waits for its
turn. When the customer currently in service departs, one of the waiting customers is
selected for service according tajaeueing (or scheduling) discipline. An elementary
gueueing system is further described by an arrival process, which can be characterized
by its sequence of interarrival time random variablels, Ao, --- }. It is common to
assume that the sequence of interarrival times is independent and identically distrib-
uted, leading to an arrival process that is known as a renewal process. The distribution
function of interarrival times can be continuous or discrete.

The average interarrival time is denoted ByA] = T 4 and its reciprocal by the
average arrival rata:

1
=7

The most common interarrival time distribution is the exponential, in which case the
arrival process is Poisson. The sequefiBe, Bs, - - - } of service times of successive
jobs also needs to be specified. We assume that this sequence is also a set of indepen-
dent random variables with a common distribution function.

The mean service tim&[B] is denoted by and its reciprocal by the service rate

1

A (1.1)

1

However, there are many practical situations when the request’s arrivals do not form
arenewal process, that is the arrivals may depend on the number of customers, request,

7
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jobs staying at the service facility. This happens in the casimid&-sour ce queueing
systems.

Let us consider some specific examples following in the order of their appearance
in practice.

Example 1.1.1. Consider a set of N machines that operate independently of each
other. After a random time they may break down and need repair by one or multiple
operatives ( repairmen) for a randomtime. The repair is carried out by a specific dis-
cipline and after having been fixed each machine renew its operation. It is assumed
that the server can handle only one machine at a time. Besides the usual main charac-
teristicsin reliability theory we would like to know the distribution of the failure-free
operation time of the whole system, that is distribution of time while the number of
stopped machines exceeds a given limit supposing certain initial conditions, usually,
that all the machines are operating.

Example 1.1.2. Suppose a single unloader system at which trains arrive which bring
coal from various mines. There are N trains involved in the coal transport. The coal
unloader can handle only one train at a time and the unloading time per train is a
random variable. The unloader is subject to random breakdowns when it is in oper-
ation. The operating time and the time to repair a broken unloader are also random
variables. The unloading of the train is resumed as soon as the repair of the unloader
iscompleted. An unloaded train returnsto the minesfor another load of coal. Thetime
for atrain to complete a trip from the unloader to the mines and back is assumed to be
a random variable, too.

Example 1.1.3. N terminals request to use of a computer (server) to process transac-
tions. The length of time that the terminal takes to generate a request for the computer
is called " thinking” time. The length of time from the instant a terminal generates
a transaction until the computer completes the transaction ( and instantaneoudly re-
sponds by communicating this fact to the user at the terminal ) is called " response
time” . Wewould like to know, for example, the rate at which transactions are processed
(which in steady-state equal s the rate at which they are generated ) is called ” through-
put”, which is one the most important performance measures showing the system's
processing power.

Example 1.1.4. Let us consider a memory system where N disk units share a disk
controller (server) and transmit information when they find the controller idle. Unsat-
isfied requests are repeated after a disk’s rotation which can be modelled as a constant
repetition interval.

Example 1.1.5. In trunk mobile systems, telephone lines are interfaced with the radio
system at the repeaters which serve dispatch type mobile subscribers and telephone
line users. Let us consider a system which serves two different types of communication
traffic (i) dispatch traffic has short average service time and (ii) interconnect traffic of
telephone line users. Both types of users are assumed to arrive fromafinite popul ation.
The dispatch users are allowed to access all repeaters while interconnect users can
occupy only afixed number of repeaters. A service sharing algorithmto derive blocking
probabilities of dispatch and interconnect users and average dispatch delay is to be
find.
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Example 1.1.6. Let usexaminethe dynamic behavior of alocal area network based on
the non-persistent Carrier Sense Multiple Access with Collision Detection ( CSMIA/CD
) protocol. In such a network a finite number, say N, of users ( or active terminals)
are connected by a single channel ( bus). Under the specific protocol, if a terminal has
a message ready for transmission, the terminal immediately senses the channel to see
whether it isidle or busy. If the channel is sensed busy, it re-senses the channel after
a random amount of time. On the other hand, if the channel is sensed idle, it starts
transmitting the message immediately. Due to non-zero propagation delay, within a
certain timeinterval after the terminal startstransmitting the message, other terminals
(if any ) with messages ready for transmission may also sense the channel idle and
transmit their messages. This phenomenon isreferred to as a collision. Each terminal
involved in a collision abandons its transmission and re-sense the channel at a later
time asif it had sensed a busy channel. A collision usually lasts for a certain amount
of time during which no terminals are allowed to transmit, that is, a recovery timeis
needed by the channel to be free again. This kind of system can be modeled as retrial
gueueing system with server’s vacation.

As we could see all the above mentioned examples have a common characteristic:
We have a queueing system in which requests for service are generated by a finite
numberN of identical or heterogeneous sources and the requests are handled by a
single or multiple server(s). The service times of the requests generated by the sources
are random variables. It is assumed that the server can handle only one request at a time
and uses specified service discipline. New requests for service can be generated only
by idle sources, which are sources having no previous request waiting or being served
at the server. A source idle at the present time will generate a request independently of
the states of the other sources after a random time with given distribution.

Itis easy to see, thatin homogeneous case this system can be considered as a closed
gueueing network with two nodes one with an infinite server (source) and another one
with a single or multiple servers ( service facility ). Similarly, in heterogeneous case
it can be viewed as a closed network consisting\of- 1 nodes where each request
has it own node where to it returns after having been serviced at the ” central ” node
representing the service facility.

Depending on the assumptions on source, service times of the requests and the
service disciplines applied at the service facility, there is a great number of queueing
models at different level to get the main steady-state performance measures of the
system. It is also easy to see, that depending on the application we can use the terms
request, customer, machine, message, job equivalently. The above mentioned models (
problems) are referred to aschine repair, machine repairmen, machine interference,
machine service, unloader problem, terminal model, quasi-random input processes,
finite-source or population models, respectively.
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1.1.1 Kendall’snotation

The following notation, known as Kendall's notation, is widely used to describe ele-
mentary queueing systems:

A/B/m/K/N - queueing discipline,

where A indicates the distribution of the interarrival timds,denotes the distribution
of the service timesy is the number of serverdy is the capacity of the system, that
is the maximum number of customers staying at the facility (sometimes in the queue),
and N denotes the number of sources.
The following symbols are normally used fdrand B:

M  Exponential distribution (Markovian or memoryless property)

E;,  Erlang distribution withk phases

H;, Hyperexponential distribution with phases

C,  Cox distribution withk phases

D Deterministic distribution, i.e., the interarrival time

or service time is constant
G General distribution
Thequeueing discipline or service strategy determines which job is selected from

the queue for processing when a server becomes available.

As an example of Kendall's notation, the expression
M/G/1 - LCFS preemptive resume (PR)

describes an elementary queueing system with exponentially distributed interarrival
times, arbitrarily distributed service times, and a single server. The queueing discipline
is LCFS where a newly arriving job interrupts the job currently being processed and
replaces it in the server. The servicing of the job that was interrupted is resumed only
after all jobs that arrived after it have completed service.

M/G/1/KIN

describes a finite-source queueing system with exponentially distributed source times,
arbitrarily distributed service times, and a single server. ThereVarequest in the
system and they are accepted for service iff the number of requests staying at the server
is less thark'. The rejected customers return to the source and start a new source time
with the same distribution. It should be noted that as a special case of this situation the
M/G/1/N/N system could be considered. However, in this case we use the traditional
M/G/1//N notation, that is the missing letter, as usual in this framework, means
infinite capacity.

It is natural to extend this notation to heterogeneous requests, too. The case when
we have different requests is denoted-by So, the

M/G/1/K/N

denotes the above system with different arrival rates and service times.
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1.2 Performance measuresfor finite-source systems

1.2.1 Homogeneous systems

For the better understanding let us considerMpG/1//N system without server
vacations treated in details in [42]. One of the performance measures in our system
is themean message response time E[T] defined as the mean time from the arrival of

a new message to its service completion, that is, the mean time a message spends in
the service facility. Since the mean time that each message takes to complete cycle of
staying in the source and staying in the service facilitg/{g] + 1/, thethroughput

~ of the system, which is defined as the mean number of messages served per unit time
in the whole system, is given by /(E[T] + 1/X). If P, denotes the probability that

the server is idle at an arbitrary time, then= 1 — P, is thecarried load or server
utilization, namely, the long run fraction of the time that the server is busy. Thus, the
throughput is also given byl — P,)/b. By equating these two expressions for the
throughput, we get

N 1-— Po /0’
- = = — 1.
TT BT+ 1/ b b (2.3)
Hence we have Nb )
E[T) = Y (1.4)

If E[L] denotes the mean number of messages in the service facility at an arbitrary
time, we also have the relationship

7= AN - E[L]) (1.5)

that equates the throughput to the mean number of messages arriving per unit of time.

Thus we get
1— P
E[L]=N-— 0 — yE[T) (1.6)
which is an example df ittle'stheorem applied to those messages that are accepted

by the service facility. The ratio

N-E[L] ~v 1-P

N ~ NXA NN
is called themachine availability in machine interference models, since it represents
the expected fraction of time that a machine remains in working condifibis, the
machine efficiency, because it is the ratio of the total actual production to what would
have been achieved had no stoppage taken place. From (1.3) through (1.5, 1.6), itis
clear that performance measures sucp’as, E[T], andE[L] can be obtained once
we have evaulateff,.

Let E[©] be the mean length of a busy period. Since the state of the system repeats
regenerative cycles of a busy period of mean lerfg®] and an idle period of mean
lengthE[I] = 1/(N ), the probabilityP, that the server is idle at an arbitrary time is
given by

FE =

1.7)

~ E[] /(N
Po= ger+ B T Bl + 1V (1.8)




12 CHAPTER 1. INTRODUCTION

If 79 denotes the probability that the service facility is empty after a service completion,
1/mq is the mean number of messages that are served during each busy period. This
can be seen by considering a long period of time during which a large number of (say
N) messages are served. Such a period will inciNeg busy periods on the average,
becauser is the probability that a busy period is terminated after a service completion.
Therefore, on the averad¢n, messages are served per busy period. Hence, the mean
length of a busy period is given by

E[©] = L2 (1.9
o
From (1.8) and (1.9), we get
o 0
Po= o (1.10)

Substituting (1.10) into (1.3),(1.4), and (1.6) we can express the throughthe
mean message response tififl’], and the mean number[L] of messages in the
service facility at an arbitrary time in terms of, too, as

NA 1
— _ . F=— 1.11
o + INb ’ mo + NAb ( )
E[T] = Nb — 1_;0 (1.12)
1

We can findry by analyzing a Markov chain of the queue size imbedded at service
completion times, or the method of supplementary variables can be applied to obtain
P,.

1.2.2 Asymptotic properties

We can discuss some asymptotic properties of these performance measures without
recourse to detailed analysis of the system state. Whénfixed, forA ~ 0 we have

almost no congestion at the service facility, which meanstpat: 1, Py ~ 1,7 =

NMNE = 1,E[T] = bandE[L] ~ NAb. As A\ — oo, every message whose service

has just been completed returns to the facility almost immediately.

Therefore

71—0*)07 POHO7 ’yﬂl/ba
E—0, E[T]— Nb, E[L]— N.

We note thatE[T] in (1.4) or (1.12) as a function a¥ has simple asymptotic forms.
WhenN = 1 (which is equivalent to &oss system M/G/I/l), we obviously havery = 1
andE[T] = b. As N — oo, we havery — 0 and so

1

E[T] ~ Nb — X as N — (1.14)
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The value ofN, denoted byV*, at which the two straight lineB[T] = b and the one
in (1.14) as a function oiV intersect each other is called tha&turation number. It is
given by

1

N* =1+ — 1.15
+ % (1.15)

Note that this can be written @8* = (b + 1/X)/b. Therefore, if nature were kind
and all messages required exadilgervice time and exactly/\ generation time (a
deterministic system), theN* would be the maximum number of messages that could
be scheduled without causing mutual interference, see [24] page 209.

It should also be mentioned that well-known book of Takagi [42] provides an or-
ganized and unified presentation of the analysis technique¥/f@¥/1//N systems
without and with vacations. Th&//G/1/K/N andM/G/m/m/N models are also
treated there. In Takagi [43] discrete-tifieo/G/1/K/N systems are analyzed. To
the best knowledge of the author these books are the most comprehensive ones on this
special topic in the existing literature.

1.2.3 Heterogeneous systems

In this section, we study//G/1//N systems with a heterogeneous population; that
is, we assume that messages can be distinguished according to their arrival rates and
service time distributions. We consider three models that differ with respect to the
population constraint: an individual message model, a multiple finite-source model,
and a single finite-source model. In thelividual message model, each message has

a distinct arrival rate and a distinct service time distribution. It is also calledghe

buffer model because of its equivalence to a system of multiple classes of messages in
which each class is allotted a single buffer. In thdtiple finite-source model, see [22]

(sec. 111.1), there aré® classes of messages and the population size of glestxed

at N, (< oo) such thatV = Zle N,. The individual message model is a special case
of the multiple finite-source model in whidh = N andV, = 1fori <p < N. Inthe

single finite source model the total number of messages in the system is fixed,atnd

each message becomes a message of oRect#sses with a given probability when it
leaves the source.

The multiple finite-source model and the single finite-source model may be associ-
ated withflow control andcongestion avoidance mechanisms in computer communica-
tion networks. Namely, the multiple finite-source model in which the population size
is fixed for each class corresponds to #iadow flow control. Let us first assume that
each of theV messages has different characteristics. In terms of machine interference
problems, each machine is assumed to have a different breakdown rate and a different
repair time distribution. Specifically, let; be the rate at which messagia the source
arrives at the service facility, and I&; () be the distribution function (DF) for the
service time of message wherei = 1,2,..., N. We also denote by; and B (s)
the mean and Laplace-Stieltjes transform (LST)H{z), respectively. We call this
system arindividual message model. The total arrival rate when all messages are in
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the source is denoted by
A=\ (1.16)

We denote by [T;] the mean response time of messagnd byy; the throughput
of message, that is, the mean number of times that messageserved per unit time,
wherei = 1,2,..., N. These are related by

1
-1 yci<nN 117
TR+ 1N ='= (1.17)

If I'; denotes the mean number of times that messag&served in a busy period of
length©, the throughputy; can also be expressed as

T

= = 1<i<N 1.1
%= Be]+ B[] sts (1.18)
where )
E[ll = A (1.19)
is the mean lenght of an idle periddand
N
E©] =) b;T(j) (1.20)
j=1

is the mean length of an busy periéd The carried load (total server utilizatiop)is
given by
ZE)
/= ————— =1-P, 1.21
P = Ee]+E[] 0 (1.21)
where P, is the probability that the service facility is empty at an arbitrary time. The
total throughputy of the system is given by

N N
_ o Zi: Ly

Hence we can obtain the throughputand the mean response tirB&7;] once we
have calculatedT'(5); 1 < 7 < N}, wherei = 1,2,..., N. The mean waiting time
of message is given by

EW,]=E[T]|-bj=——+-b 1<i<N (1.23)

If P() denotes the probability that messaigis present in the service facility at an
arbitrary time, we have

E[T}]

i ,
_ Pl BT =1-L  1<i<N 1.24
BT+ 1~ P ! (1.24)

P —
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which representkittle’stheorem for messagein the service facility. In terms of ma-
chine repairman problem#®,?) is the probability that machings down at an arbitrary
time. Alternatively, we can express the mean response Effig] and the throughput
~; for messageé in terms of P() as

p@)

E[T}) = NA—Poy

vi = Ai(1 = P9) (1.25)

Depending on the assumptions on source, service times of the requests and the
service disciplines applied at the service facility, there is a great number of queueing
models at different level to get the main steady-state performance measures of the sys-
tem. It is also easy to see, that depending on the application we can use the terms
request, customer, machine, message, job equivalently. The above mentioned models (
problems) are referred to amchine repair, machine repairmen, machineinterference,
unloader problem, terminal model, or quasi-random input processes, finite population
models, respectively.

Because of the page limitation, only the most related references are cited. However,
a more detailed Bibliography can be found on this topic in [31].

For additional materials the interested reader is referred to the following basic com-
prehensive books [1, 7, 10, 11, 12, 17, 18, 22, 23, 24, 25, 26, 28, 40, 41, 42, 43, 44, 47].

The main aim of the following chapters is to show how different methods can be
applied in the investigation of finite-source queueing systems. Thus, analytical, numer-
ical and asymptotic approaches are presented.

The classicalM/ /M /r//N model is treated in full details because in this case the wait-
ing and response time distribution functions can explicitly be derived. Then by using
the supplementary variable technique closed-form steady-state distributions can be ob-
tained for systems with heterogeneous requests. After that a stable numerical algorith-
mic approach is introduced which works even in those cases when the calculation of
the famous Takcs-formulas is failed due to the factorial.

Recent tool-supported modeling techniques are illustrated by using the software pack-
age MOSEL for retrial systems with non-reliable servers.

Finally, asymptotic analysis for complex renewable systems with fast repair evolving
in random environment is presented. This approach is very effective since state space
explosion problems can be avoided by exploring the special structure of the underlying
Markov chain.

In many cases the proofs are omitted. However, some theorems are stated because ei-
ther they follow from well-known theorems or they are important for possible future
investigations. In addition, the most important sources of information are listed to draw
attention of the interested readers. Finally, some of the recent works of the author are
either presented or cited.

Acknowledgement. The author is very grateful to Prof. M. Telek for his valuable
comments.
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Chapter 2

Analytical Methods

2.1 Homogeneous M /M /r//N systems, theclassical model

This section presents the classical queuing theory approach for solving to machine
interference problem. It should be noted that this system is analyzed by many authors
in different books. It is a classical example for queueing systems with state-dependent
arrival rates and it can be treated in the framework of the so-céllgld-and-death
processes. The present problem is descibed in several classical books on queueing
systems, for example [1, 9, 10, 23, 18, 20, 46] such to mention the basic ones. Our
aim is to show the form of the steady-state probabilities of stopped machines. In the
above mentioned works one can find the detailed analysis of waiting time, down time
distribution of machines, too. Several numerical examples from real life situations
illustrates this interesting system.

It is also proved that in steady-state the arriving machines’ distribution in system
containingN machines is the same as the outside observer’s distribution for the corre-
sponding system wittV — 1 machines, or other words in arrival epochs the distribution
is the same as the time-average distribution of system with one machine less .

The assumptions of the model are as follows:

Suppose that there afé machines and operators(r < N), and

1. The time between breakdowns (or production time) of any one of the machines is
a sample from aexponential probability distribution with mean /), (or mean
rate \). A breakdown is random and is independent of the operating behavior of
the other machines. Then, when theresaraachines not working at time

Prob (one of theV — n machines goes down in the interv@l t + At)) =
(N — n)AAt + o(At),
whereAt is a small increment of time.

2. Any one of then down machines requires only one of th@perators to fix it.
The service time distribution iexponential with meanl /i for each machine and

each operator. The service times are mutually independent and also independent
of the number of down machines.

17
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Then
Prob [one of thex down machines is fixed in an intervalf]

_Jnult +o(At), fori<n<r,
| rpAt + o(At), forr <n < N.
3. The machines arrved in the order of their beakdowns.
Let
L(t) = the number of down machines at time t
and
P,(t) = Prob(L(t) = n|L(0) =4), n=0,...,N.

Then the stochastic proces&({),t > 0), is a birth-and-death process, with rates

N o= (N —n)A, n=0,1,..., N,
"o, n> N,

)y, n=12,...,m,
fin = T, n=r+1,...,N.

The forward Kolmogorov-equations of the birth-death process are

Pi(t) = NAPy(t) + pPi(t),
Py(t) = —((N = )X+ 1) Po(t) + (N = 0+ DAP,_1(t) + (n+ )Py (8),
1<n<r,
Pr(t) = —((N = )X +rp)Pp(t) + (N = n+ DAP,—1(t) + 7pPrsa (1),
r<n<N,
Py (t) = —ruPy(t) + AP,—1(2).
This finite system of ordinary differential equations can be solved and we can get the

transient probabilities.
For the equilibrium values aof,, these derivatives are equal to zero and the equi-

librium (or stationary or steady state) values are
P, = ltlim P, (¢).

The flow balance equations ( steady-state equations ) become

NPy = pbPy,
(N=—n)A4+nu)Py=(N—n+1)AP,_1+(n+1DuPyy1, l<n<r,
(N=n)A4+ru)Po=(N—-n+1)AP,_1 +ruPoy1, r<n<N,

ruPyn = APyn_1.

These equations are solved recursively using the relationship
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(N =n)AP, = (n+1)uPyt1, 0<n<r,
(N —n)AP, =ruPpi1, 7<n<N.

Letting p = A/ (the servicing factor), the steady-state probabilities are

N
P, = < )p"PO foro0<n<r, (2.1)
n

N!

R —
(N —n)lrlrn—r

" Py forr <n < N.

N
wherePF, is obtained by solvingd~ P, = 1 to get

n=0

(B0 £ Q)

n=0 n=r+1

In the following only themain perfor mance measures of the machine interference
problem are mentioned.

1. The expected (average) number of down machines
N
E[L] =) nP,.
n=0

2. Machineefficiency or machine utilization

which is the percentage of average production obtained (or the fraction of total

production time on all machines).

3. Average operator utilization

N nP N
Us = Z Tn + Z P,
n=0 n=r+1

which is fraction of time an operator would be working.

4. Average number of idle operators

r

r—rUs = Z(r —n)P,.

n=0



20 CHAPTER 2. ANALYTICAL METHODS

5. Average humber of machineswaiting
N
Q= Z (n—r1)P,.
n=r+1

6. Average down time of machines

=_ k)

AN B
7. Mean waiting time of machines

= Q

Ve - By

By dividing measure 4 by the number of operatetsand measure 5 by the number of
machines/V, some related measures can be obtained

e Coefficient of lossfor operator

S o(r—n)P,

or percentage of idle operators.

o Coefficient of lossfor machines

N
Yonerpr(n—=1)Py,
N

or percentage of interference time.

In general, there is no closed form solution for these characterisrics. However, for
the single server case all of these measures can be expressed as the furi¢tion of
the following way.

N! A
P,=——)pFP, ==
1
PO = N—
>
P
FAY]
= (N —k)!
If z = % = p~ 1, then we get the following very useful relation
ZN
1 1 1 NI

Py =

= B(N, z),
|

N - N - N =N
N! N!' v 1 P
v & 1NN Z
Z(N_k)[p Z P Nip Zk!pk Zk!
k=0 k=0 k=0 k=0
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whereB(N, z) is the well-knownErlang's B formula, or loss formula. It can easily
be seen that the following recurrence relation is valid

zB(m —1,z)

B =
(m, 2) m+ zB(m —1,2)

m=23,...

z

B(1,z) = T+

Hence the server utilization is
Us=1-Py=1-B(N,z2).

After some elementary calculations for the performance measures we obtain

E[L]—N—%,
p
N N N 1
Q=) (k=1)P,=> kP,—> P.=N- <1+—>US,
k=1 k=1 k=1
Um_ N_E[L} :&a
N Np

o @ (N _1+p
WA(N—E(L»M(US , )

Let us denote by/s[N] the server's utilization emphasizing that the number of ma-
chines isN. Hence, we can write

L ()
US[N]:l—B(N,—):l— b b =
P N—I——B(N—l,—)
p p

_ N _ Np
- 1 N N
N+-B(N-1,-) Np+B(N-1,-
p p p
N
P N=23,..

T Np+1-Us[N—1]’
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with the initial value

As a result we have a very useful recurrence formula for calculating the performance
measures for case of one more machines. To derive the distribution function for the
waiting time of a machin€ly’[-], we reason that an arriving machine (customer) must
queue for repair (service) only if > r, wheren is the number of customers found

in the repair system. When this is the case, the arrival must wait for the departure of
(n—r)+1 customers. (Il = r, one customer must departnif= r+ 1, two customers
must depart, etc.) LeV,, be the number of customers an arriving machine finds in the
repair facility so that,, = P[N, = n]. If n > r andk = n—r, thenP[q > ¢|N, = n|

is the probability thatk: or fewer customers depart in an interval of lengttBut this
probability is given by

(rut)’
il

k
Plg>t|N,=n]=¢ " Z = Q[k;rut], (2.2)
i=0

whereQ[k; rut] is the cumulative Poisson distribution. Formula (2.2) follows from the
fact that the service facility services customers like a single server with an exponential
distribution and mean service timé¢(ru). Thus, the number of customers processed
in an interval of lengtht has a Poisson distribution with meagut. We have

N-1 N-—1
Plg>1] = Plg>t|Ny=nlgn = Y 4. Q[n — r;rut]. (2.3)

To complete the derivation, we show that aNysource birth-and-death queueing
system with quasi-random input, the arriving customer’s distribution in steady-state is
the same as the outside observer’s distribution for the correspofing 1)-source
system.

We consider a system witly sources, each source originating requests atXxate
when idle and rat® otherwise (quasi-random input). Then the request rate when
sources are busy (in service or waiting for service) is

An=(N-n)A (n=0,1,....,N). (2.4)

To calculate the arriving customer’s distributiéq, }, by using the Bayes-formula
it is easy to see that we get

_ (N —n)P, 5
n 7%:(]\7 i (2.5)

In order to emphasize the dependence on the nulNbarsources, we writd, =
P,[N] andq,, = g,[N]. Then (2.5) becomes
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gV = (N =BINL gy v (2.6)
(V- RN

Thus, the outside observer’s distribution can be written as

N(N—=1)- (N —n+1)\"

P,[N] = PIN] n=1,2..,N (27)
Hipe2 - fn
and
V] HZN:N(N—U--.(N—kH)Ak’ B 28)
0 Pt Hl,uQ P H“k . :

Substitution of (2.7) into (2.6) yields

N(N*l)---(Nf’ﬂJrl))\n PO[N]

_ M2 fn
Nl = N N(N—1)e (N =k N—Fk)\F
—1)--- — 1 —
NPO[N} + kgl ( ! }51/L2'~j;,k)( ) PO[N]
n=12,...,N —1. (2.9)

After cancellation of the factav Py [N] in (2.9), we have

(N=1)--(N—n)A"

qn|[N] = N71M1u2-~un n=12,..,N —1. (2.10)
(N—1)--(N—k)A¥
1 + 1«21 H1p2: g

Comparison of Equation (2.10) with (2.7) and (2.8) showsd¢haV] = P,[N — 1]
forj =1,2,...,N — 1. Since we must have

N-1 N-1
N PRIN-1= qu[N] =1, (2.11)
n=0 n=0
we conclude that
gn[N]=P,[N—-1] n=0,1,..,N —1. (2.12)

It should be mentioned that this theorem can be generalized to closed queueing net-
works stating:
In a closed queueing network the (stationary) state probabilities at customer arrival
epochs are identical to those of the same network in long-term equilibrium with one
customer removed.

Theg,’s in (2.3) are written ag,, [ N] in the notation (2.12). By
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P - { (1:\{‘) (%)nPO, § n=0,1,..,7 (2.13)

W(lr\{) (%) PQ, TL:7"+1,...,N,
-1
NN AR kNN AN
n(E()C) Za=()G)) e
k=0 k H k:r+1rlr k K
whenn > r, we can write, using = p/\,

Rt = o (M) i) = B R

rlrn=r \ n
- efrZ(TZ)N—n , P[N }
T T (N=n)! r —n;rz
= —PJN———_ — _PJN|——— = 2.15
FolN] e”'z]\(;Z)N 7! b[N] P[N;rz] ’ (219

whereP D(k, rz) denotes the Poisson distribution with parametethatisPD(k,rz) =

(Tz)k —rz
k!

Therefore,
rr PDI[N —n —1;rz]
= —1] == -1 .
Substituting the above formula fgy, [ V] into (2.3) yields
Plg>t] =Y P.[N —1]Q[n — r;rpt]
p— TPO . .
= JIPDIN _1 ] Z_: n— 1;72]Q[n — r; rut]
T PO
~ rIPDIN — 1 rZ] Z_: == 1= mre]Qln; ]
_ 1TB[N 1] )
~ rIPDI[N — 1;r2] QIN == Lirz+ruf]
(2.17)

In the last step of (2.17), we applied the identity

k
> Plk - §; NQlj pl = Qlk; A + pl.

Jj=0

Now we can use (2.17) to write
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B r"Py[N — 1]Q[N —r — 1;7(z + ut)]

r!PD[N — 1;r2] ’ (2.18)

W =1

The derivation of the distribution functioR|[-] of the response time, or sojourn
time of requests staying in the system is much more complicated. It is derived in the
solutions manual for Kobayashi [25]. The result is

R[t]=1—-Cy xe " 4+ Cy x Q[N —r — 1;7(z + ut)] t>0, (2.19)
where
Ci=14Cy x Q[N —r—1;rz], (2.20)
and
Cy = R[N — 1] (2.21)

rl(r —1)(N —r —1)!PD[N — 1;rz]’

Formula (2.14) (withN replaced byN — 1 everywhere it appears) can be used to
calculatePy[N — 1] in (2.18) and (2.21).

To make easier the calculations, as it was shown in Kobayashi f25]| V] satisfies
the following recurrence relation

N r—1 (N.—l)

N
PylN] =1+ T—ZP(;l[N — 1]+

with initial value
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2.2 TheG/M/r//N/FCFS sytem

Requests emanate from a finite source of $izand are served by one ofr < N)
servers at a service facility according to a First-Come-First-Served (FCFS) discipline.
The service times of the requests are supposed to be identically and exponentially dis-
tributed random variables with meahgu. After completing service, requesteturns

to the source and stays there for a random time having general distribution function
F;(x) with densityf; (x). All of these random variables are assumed to be independent
of each other.

2.2.1 Themathematical model

Let the random variable(t) denote the number of requests staying in the source at

time ¢ and (ay(t), ..., (t)) indicate their indices ordered lexicographically. Let
us denote by (1), ..., Bn_ux)(t)) the indices of the requests waiting for the ser-
vice facility in the order of their arrival. Clearly the sefa;(t),. ..,y (t)} and

{Bi(t), ..., Bn—v@)(t)} are disjoint.
Introduce the process

Y () = (1(t), .., Qo) (1); B1(8), -, Br—o(e) (1))

The stochastic proces$¥ (¢),¢ > 0) is not Markovian unless the distribution functions
F;(x) are exponential,=1,..., N.

Let us also introduce the supplementary variagleg, to denote the random time
that requesty, (t) has been spending in the source until time= 1, ..., N. Define

X(t) = (al(t)v sy Qy(t) (t)v gal(t)a s agtxv(t) (t)a b1 (t)a s aﬁva(t) (t))

Then proces$X (t),t > 0) exhibits the Markov property.

Let ;¥ andCyY denote the set of all variations and combinations of okdefrthe
integersl, 2, ..., N respectively, ordered lexicographically. Then the state space of the
processX (t) consist of the sets

(ila'“aik;xl?"'7xk;j17"~7j1\/'7k)7 (21,,%)60;?],
Giyeosjner) €VE_,,  z€Ry, i=1,....k, k=0,....N

Let Qi,....inijr,in_r (&1, - - -, ks t) denote the probability that at timethe process
isin state(iy, ..., ik 21, ..., Tk J1, - - -, JN—k) If k requests with indice§y, . .., i)
have been staying in the source for tinfes, . . . , x) respectively, while the rest need
service and their indices in order of arrival ge. . ., jy_x).

Let \; defined byl/X; = [, zdF;(z). Then we have:

Theorem 2.2.1. If1/\; < o0,i=1,..., N, thentheprocess (X (¢),t > 0) possesses
auniquelimiting (stationary) ergodic distribution independent of theinitial conditions,
namely

Qoiju,....jn = tlgglo Qoijy,...jn (1),

Qilnu:ik?.jlv“vjN—k(‘Tl? s 73319) = tlirgo Qilwu;ik?jlv“’J‘N—k (331, sy Tk t)' (222)



2.2. THEG/M/R//N/FCFS SYTEM 27

Notice thatX (¢) belongs to the class of piecewise-linear Markov processes, subject to
discontinuous changes treated by [17] in detail. Our statement follows from the theo-
rem on page 211 of that monograph.

LetQi,....iv.iv,....in_, denote the steady state probability that requests with indices

(i1,...,1) are in the source and the order of arrival of the rest to the service facility
is (j1,-..,jn—k). Furthermore, denote b§;, . ;. the steady state probability that
requests with indice§, . . ., ;) are staying at the source.

As it was proved in [35] that these probabilities can be expressed in the following form

B (N — k)!
Qi],...,ik - T!TNfT*k/J,kaAZ-U 7>\ik

(i1,...,ix) ECN, k=0,1,...,N —r.

Cn, (2.23)

Similarly,
Qiyoiy = 1 ¢ (2.24)
R S VD Vi '
(i1,...,ip) €CN, k=N —r,...,N. (2.25)

Let Qx and P, denote the steady state probabilities thaequests are staying in
the source an@irequests are at the service facility, respectively. Clearly

It is easy to see that

Cn = Qn)\l cee )\n and Qk = Z Qil,...,ik,

(61,0508 )ECY

where@N can be obtained with the aid of the norming condition

N A~
Z Qr =1
k=0

In the homogeneous case, when= \, 1 =1,...,N relations (2.23) and
(2.2.1) yield
N1 \ N—k
Qk:W(;) QN for0<k<N -,

N—k
ka(N><§> Q, forN—r<k<N\.
k)\n
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Thus, the probability that requests are not in the source is

k
P, = <N> <i> Py foro<k<r,
k) \ w

k
- NI A\ s
Po=—F7-———-| F fi <k<N.
TN = k)rlrker <,u> 0 orrsks

This is exactly the same result as the one obtained in [8]. The equivalence of the finite-
sourceEy, /M /1 to theM /M /1 and in addition to that of th&' /M /r to the M /M /r

model (see 2.1), respectively, are just special cases of the more general result obtained
here.

Before determining the main characteristics of the system we need one more the-
orem. In order to formulate it, we introduce some further notations. Q@ P("))
denote the steady state probability that requésin the source (at the service facility)

fori =1,...,N. Itis clear that the proces¥ (t),t > 0) is a Markov-regenerative
process with state space
U {(Zlaazlm]lvaJka)}
(ila'--;ik)ecllgvv (jla"'ajN—k)EV]y_lw
(il,...,ik)ﬂ(jl,...,jN,k) =0,
k=0,1,...,N

Let H; be the event that requests in the source andy, (t) its characteristic
function, that is

1 ifY(t) e H;
Zn, (1) = { 0 otherwise
Then we have
Theorem 2.2.2.
e 1/ . _
lim — / Zy, (t)dt = /A =QW =1- PO,

where TV; denotes the mean waiting time of request .

The statement is a special case of a theorem concerning the expected sojourn time for
semi-Markov processes, (see [45] ).

Sometimes we need the long-run fraction of time the requgstnds in the source.
This happens e.g., in theachine interference model. In that case for the utilization of
machinei we have

U, = Q(1) = Z Z Qil;n'aik'

k=14€(i1,...,ir) ECY
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2.2.2 The main performance measures

(i) Utilizations

(ii)

Utilizations can now be considered for individual servers or for the system as a
whole. The procesgX (t),t > 0) is assumed to be in equilibrium. Considering
the system as the whole, it will be empty only when there are no requests at the
service facility and will be busy at other times. As usual, using renewal-theoretic
arguments for the system utilization, that is the long-run fraction of time when
at least one server is busy, we have

R A FE, -
=1- and =—-—1
v @n @y E,- + E$
wheren* = min(m,...,ny), random variable); denotes the source time of
request,i =1,..., N, andN¢ denotes the average busy period of the system.
Thus the expected length of the busy period is given by
ES = B, 290N
QN
In particular, if F;(z) = 1 — exp(—\;z), it =1,..., N, we get
po= 12 Ov 1
Qn 2N

It is also easy to see that for the utilization of a given server, which is called
utilization in general, the following relation holds:

1 N N
ug:;<zkﬁk+r 3 ﬁk):
k=1

k=r+1

=3

3

wherer denotes the mean number of busy servers.

Mean waiting times L
By the virtue of Theorem 2.2.1 we obtaipf?) = (1 + \;W; + \;/u) . Con-
sequently, the average waiting time of requidst

Wi=(1-Q")N\QW)™ —1/pu

It follows that the mean sojourn time of requésthat is, the sum of waiting and
service times , can be obtained by

Ti=Wi+1/u=01-Q"Y(N\QW)™*  fori=1,...,N. (2.26)

Since>Y (1 — QW) = N, whereN denotes the mean number of requests
staying at the service facility we have, by reordering and adding (2.26)

N
Y ATQW =N. (2.27)
=1
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This is theLittle's formula for the finite sources /M /r queue. In particular, if
Fi(x) = F(x), i = 1,...,N, (2.27) can be written a&(N — N)I' = N, where
(N — N) is the expected number of requests staying in the source.

Using the method of supplementary variables similar problems were treated in [34, 36,
37, 38, 39].



Chapter 3

Numerical Methods

Closed-form solutions for the steady-state probabilities are very rare. Different ana-
lytical methods are used to investigate the involved processes and related numerical
problems. For the most common procedures and tools the interested reader is referred
to [6, 16, 19, 20, 21, 27, 29, 30, 44, 47]

3.1 Arecursivemethod for the M/G/1//N system

In the following the results of [19] are introduced since it give a very stable algo-
rithm for the calculations. Talcs [40] gives an explicit expression for the stationary
distribution of the number of working (up) machines of thgG/1//N model. How-

ever, for a large number of machines the computation of probabilities using Theorem
2 in [40] (p. 195) may pose problem as it involves many factorials. Even for the
simple M /M/r//N model, Gross and Harris [18] (p. 108) makes similar comments
and proposed a recursive method for computing probabilities. To obtain the steady
state probability distribution of the number of down machines at arbitrary time epoch
P, (0 <n < N)one can also use the embedded Markov chain technique, see [42].
The objective of this section is to provide an alternative method, using the supplemen-
tary variable technique and considering the supplementary variable as the remaining
repair time, to obtairP, (0 < n < N) for M/G/1//N model which is used to obtain

the various system performance measures such as average number of down machines,
average waiting time and operator utilization etc. The method is recursive and can be
used for several repair time distribution such as mixed generalized ErleidgF}, ),
generalized ErlangGE},), hyperexponential H E},), generalized hyperexponential
(GH},) and uniformU (a, b) etc. The only input required for efficient evaluation of
state probabilities is the Laplace-Stieltjes Transform of the repair time distribution.

3.1.1 Themathematical mode

Consider a machine repairman problem with a single repairman and a/setofking
machines. Let us assume that the running times of the machines between breakdowns

31
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have an exponential distribution with mebsm and the repair (service) time of the ma-
chines are independent and identically distributed random variables having distribution
function B(u), probability density functioi(«) and a mean repair tinte The state of

the system at timeis given by

N(t) = Number of down machines, and
U (t) =Remaining repair time for the machine under repair.

Let us define

Py(t) = P(N(t) = 0), (3.1)
and
P,(u,t)du = P{N()=n,u<U(t) <u-+du},
u>0, n=12,...,N. (3.2)
P,(t) = P(N(t)=n)= /Pn(u,t)du, n=12,...,N. (3.3
0
Relating the states of the system at titrendt + dt, we obtain
%PO( t) = —NAPy(t)+ Pi(0,¢), (3.4)
<%—%> Pl(u,t) = —( —1))\P1(u,t)+N)\P0( )b( )+
+ Py(0, 1)b(w), (3.5)
0 0]
<§ _ %> P(u,t) = —(N—=7r)AP-(u,t) + (N —r+ DAP_1(u,t) +
+ P_1(0,t)b(u), 2<r<N-1 (3.6)
((f't aau> PN(’LL t) = )\PN,l(u,t). (37)

Since we discuss the model in steady state, we{etco in equations (3.4)-(3.7).
Further define

P, = tlim P,(t), 0<n<N (3.8)
P, (u) = tlim P,(u,t), 1<n<N. (3.9)
B*(s) :/ e *“dB(u) = e *“b(u)du, (3.10)
0 0
Pi(s) = [ e " Py(u)du 1<n<N
(3.11)
P, =P;0) = [;° Pu(u)du, 1<n<

and

/OO e_S“QPn(u)du = sP(s) — P,(0). (3.12)
0 u
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From (3.4)-(3.12) and the fact that all derivatives with respectare zero, it follows
that

NAPy = P1(0), (3.13)
(N — 1)\ — )P (s) = NAPyB*(s) + Py(0)B*(s) — P1(0), (3.14)
(N =)A= $)PY(s) = (N =+ DAPE_y(5) + Prs1 (0)B*(s) — Po(0),
2<r<N-1 (3.15)
—sPx(s) = APy _1(s) — Pn(0). (3.16)

Using (3.13) in (3.14) and then adding (3.14) to (3.16), we obtain

N N N
SO Pr(s) = %W S P 0). (3.17)
r=1 r=1
Takings — 0in (3.17), we get
N N
> _PI0)=bi ) P(0), (3.18)
r=1 r=1

whereb = —B*(1)(0) is mean repair time.

Our main objective is to obtaif?,, = P (0)(1 < n
achieve it, our strategy will be to obtain firB, (0)(1 <
finally evaluateP’ (0)(1 < n < N).

Using (3.13) in (3.14) and then settisg= (N — 1)\ ands = 0 respectively in
(3.14), we get

< N) from (3.13 -(3.16). To
n < N) and then using it we

NA(L — B*((N = 1)\))

PO =y

P, (3.19)

and

1

Pf(o):m

P5(0). (3.20)

Now settings = (IV — r) A, in (3.15), we obtain

1
B (N — )N
2<r<N-1L (3.21)

Pry1(0) (Fr(0) = (N = r + AP (N —r)N)),

Settings = (N — r)Ain (3.14) forr = 2,3,..., N — 1, we get

1
(r—=1)A
+ P,(0)B*((N —1)X)). (3.22)

PI((N—-r)A\) = (NAPy{B*((N —r)A\) =1} +
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From equation (3.15) for = 3,4, ..., N — 1, we get

PV =1N) = = (V=4 AP (Y =) +
+ P41 (0)B*((N = r)A) = P;(0)), (3.23)
2<j<r—1.

HencePs(0), P4(0), ..., Py (0) can be obtained recursively using (3.19), (3.22), (3.23)
and (3.21) in terms of%.

Now settings = 0 in (3.15), we get

Pr0) = ——l——«N—r+1MP*UD+R+dm—FHm)
T (N _ 7"))\ r—1 )
2<r<N-1 (3.24)

As P5(0), P5(0),..., Py(0) are known, Py (0), Py(0),...,Py_1(0) can be deter-
mined recursively using (3.20) and (3.24) in termd¥pf

Now the only unknown quantity i€ (0) which can be obtained from equation

(3.16). To obtain it, differentiate equation (3.16) with respect t;d sets = 0, we
get

P5(0) = AP (0). (3.25)

To getP; ") (0), differentiate (3.15) and (3.14) with respectstand sets = 0.

PO = (Voo
+RﬂmﬂMUmHme», 2<r<N-1, (3.26)
W) = UvéjSX(NAfﬁB*“NO)+}3@»B*“K0}+FTHD)(&2ﬂ

As PV (0) is known completely from (3.27)P; M (0),(2 < r < N — 1) can
be determined recursively from (3.26) and hedg(0) is known from (3.25). So
Pr(0)(1 < n < N) is known in terms ofP,, which can be determined using the
normalizing condition

N
Py+ Y Pr0)=1. (3.28)
n=1

The steady state probability distribution of the number of down machines at ser-
vice completion or departure epoeh (0 < n < N — 1) can also be obtained from
P.(0)(1 <r < N)andis given by

Pn+1 (0)
S P(0)

Ty —

n=0,1,...,N 1. (3.29)
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To demonstrate this method we consider a simple example where the repair time
distribution is exponential and number of machiriég) is four, i.e. theM /M /1//4
model. In this case

* 14
B*(s) =
(s) e

From (3.19), we get

A1 — B*(3)))

4
Py(0) = ey D

Now from (3.21), we have

PA(0) = gy (Fo(0) — 301 (2).

wherePj(2)\) is obtained from (3.22)
1
P (2)) = X(4>\P0{15?*(2/\) — 1} + P2(0)B*(2))).

Now again from (3.21), we have

1

- B*(\)
whereP; () is obtained from (3.23)
_1
A
To know Pj () we needP; (\) which can be obtained from (3.22)

P4(0) (P5(0) = 2AP5 (X))

Py (A) = $BAPT(A) + P5(0)B*(A) — P»(0)).

PN = %(4/\1”0{3*(/\) — 1} + P(0)B* ().

From above we get
P5(0) = 12%2130,
Pr(2)) = 5P, Py(0) =2425R, Pr()) =2,

HAF2A JTESY
PN = 12505 P, Pa(0) = 2425 Py,
Hence from (3.20) and (3.24), we get
1 41
Pr(0) = —Py(0) = =P,
1(0) ™ »(0) o T
. 1 A?
P;(0) = 5133(0) = 12FP0’

. 1 A3
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Finally to determineP; (0) we have from (3.25)
P4(0) = AR5 (0),
WherePg‘(l)(O) can be obtained from (3.26)
P0(0) = 1 2AF Y (0) + P(0)B(0) + P (0))
againP;(l)(O) an be obtained from (3.26)
PE0(0) = S (AP (0) + P(0) B (0) + B3 (0)),

To know P; ™ (0) we needP; ™" (0) which can be obtained from (3.27)

Pr(g) = $(4APOB*<1)(0) + P(0)B*W(0) + Py (0)).

From above we get

A A2 A3

PY0) = 455 o, PV(0) = —1275 Po, PV (0) = =240 P

and hence

/\4
Pi(0) =245 Py

by usingp = % we have
Py (0) = 4pPy, P (0) = 12p Ry, P5 (0) = 24p° Py, P} (0) = 24p™ P,

SincePy + P (0) + P5(0) + P5(0) + P;(0) = 1, we get

1
1 4-4p 4 12p2 4 24p3 4 24pt°

B

It can be easily seen that this result matches with the expression given in [18] p.
105.

This system has been generalizedMyG/1//N/FIFO system which can be
found in [32, 33].
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3.2 Homogeneousfinite-sourceretrial queueswith server
subject to breakdowns and repairs

Retrial queues have been widely used to model many problems arising in telecommu-
nication networks, computer networks and computer systems, etc. For a systematic
account of the fundamental methods and results, and for an accessible classified bibli-
ography on this topic the interested reader is referred to [5], [13], [14], and references
therein.

In many practical situations it is important to take into account the fact that the
rate of generation of new primary calls decreases as the number of customers in the
system increases. This can be done with the help of finite-source, or quasi-random
input models. A complete survey on related results can be found in Artalejo [5] for
systems of typ@//G/1//K andM /M /c/ /K.

In this section finite-source systems with the following assumptions are investi-
gated. Following the widely accepted notation of papers dealing with finite-source
retrial queues, we use a different notation as we did in the previous chapters. Consider
a single server system, where the primary calls are generatdd, iy < K < oo
homogeneous sources. The server can be in three states: idle, busy and failed. If the
server is idle, it can serve the calls of the sources. Each of the sources can be in three
states: free, sending repeated calls and under service. If a source is freetat tiare
generate a primary call during interv@l ¢ + dt) with probability Adt + o(dt). If the
server is free at the time of arrival of a call then the call starts to be served immediately,
the source moves into the under service state and the server moves into busy state. The
service finishes during the intervi@l ¢ + dt) with probability udt + o(dt) if the server
is available. If the server is busy, then the source starts generation of a Poisson flow
of repeated calls with rate until it finds the server free. After service the source be-
comes free, and it can generate a new primary call, and the server becomes idle so it
can serve a new call. The server can fail during the intdityaH- dt) with probability
ddt + o(dt) if it is idle, and with probabilityydt + o(dt) if itis busy. If 6 = 0,y > 0
or§ =~ > 0 active or independent breakdowns can be discussed, respectively. If the
server fails in busy state, it eitheontinues servicing the interrupted call after it has
been repaired or the interrupted requesttirns to the orbit. The repair time is expo-
nentially distributed with a finite mealyr. If the server is failed two different cases
can be treated. Namellglocked sources case when all the operations are stopped, that
is no new primary and repeated calls are generated. lmrihlecked ( intelligent )
sources case only service is interrupted but all the other operations are continued ( new
and repeated calls can be generated ). All the random times involved in the model are
assumed to be mutually independent of each other.

As it can be seen this systems is rather complicated since it involves two types of fail-
ures, continued or repeated service and blocked or unblocked operations during break-
downs.

Our objective is to give the main usual stationary performance and reliability mea-
sures of the system and to display the effect of different parameters on them. To achieve
this goal a tool called MOSEL ( Modeling, Specification and Evaluation Language )
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developed at the University of Erlangen, Germany, see [6], is used to formulate and

solve the problem. We show how this system can be modelled, and how easily per-

formance measures can be represented graphically using IGL ( Intermediate Graphical
Language ). For more detailed information on this topic please read [2].

3.2.1 Theunderlying Markov chain

The system state at timean be described with the proce$ét) = (Y (¢); C(¢); N(t)),
whereY (¢t) = 0 if the server is upY (¢t) = 1 if the server is failedC'(¢t) = 0 if the
server is idle,C(¢t) = 1 if the server is busyN (t) is the number of sources with
repeated calls at time Because of the exponentiality of the involved random vari-
ables this process is a Markov—chain with finite state sggaee {0,1} x {0,1} x
{0,1,..., K — 1}. Since the state space of the procéigt),t > 0) is finite, the
process is ergodic for all values of the rate of generation of primary calls, and from
now on we will assume that the system is in the steady state.

We define the stationary probabilities:
Plg;r;j) = lim P(Y(t) = ¢, C(t) = r, N(t) = j),
q=0,1, r=0,1, j=0,...,.K—-1.
Knowing these quantities theain per for mance measurescan be obtained as follows:

o Utilization of the server

K-1
US = Z P(Oalv.])
j=0

e Utilization of the repairman

1 K-1
UR - Z Z P(17CI7])7
q=0 j=0
e Availability of the server
1 K-1
As =YY" P(0,q,j) =1~ Ug,
q=0 j=0
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e The mean number of calls staying in the orbit or in service

M=E[C()+NW] =33 > (r+5)Pa.r.j),

The mean rate of generation of primary calls

X— AE[K —C(t) — N(t); Y (t) = 0] for blocked casge

| AE[K — C(t) — N(t)] for unblocked case
e The mean response time
B[T] = M/,

e The mean waiting time

E[W] = N/,

The blocking probability of a primary call

AB[K=C()=N®:YW=0:CM)=1]  fo plocked case
A

B =
AE[K —C(t)~N(t):C(1)=1]
by

for unblocked case

We used the software tool MOSEL to formulate the model and to calculate the main
performance measures. The figures in the next section are automatically generated by
the tool.

3.2.2 Numerical examples

In this section we consider some sample numerical results to illustrate the influence of
the non—reliable server on the mean response filf¥#§. The results in the reliable
case were validated by the Pascal program given in [14], too.

Input parameters

As it can be seen in the first 3 cases the independent breakdowns are treated, then
the state dependent and independent ones are considered. In each case different com-
parisons are made according to the breakdogvdependent, independent ), service
continuation( continued ) and system operatiorfsl ocked, unblocked ).

e In Figures 3.1-3.3 we can see the mean responsekHifhgfor the reliable and
the non-reliable retrial system with continuous, non-continuous service after
repair, with blocked and unblocked operations during service failure when the
primary request generation rate, retrial rate and service rate increase. In these
cases, the server’s failure rate is independent of the state of the server ( busy or
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NT A 1 v 1) 5 T
Figurel| 6 | xaxis 4 0.4 0.05 0.05| 0.1
Figure2| 6 5 10 | x axis 0.05 0.05| 0.1
Figure3| 6 0.1 | xaxis| 0.4 0.05 0.05| 0.1
Figure4| 6 | xaxis 4 0.4 | 0.005(0.05)| 0.05| 0.1
Figure5| 6 5 10 | xaxis | 0.005(0.05)| 0.05| 0.1
Figure6| 6 0.1 | xaxis| 0.4 | 0.005(0.05)| 0.05| 0.1

Table 3.1: Input parameters

idle ). Figure 3.1 demonstrates a surprising phenomenon of retrial queues hav-
ing a maximum ofE’[T"] which was noticed in [15], too. The difference between
continuous, non-continuous service, moreover blocked, unblocked ( intelligent

) systems’s operations is clearly shown. However, if the retrial or service rate
increases the continuous and non-continuous service result in the same measure,
as it was expected, see Figure 3.2, 3.3.

In Figures 3.4-3.6 the mean response tif{#] is displayed with continuous
service after repair but the server’s failure rate depends on its state. The system
operation is either blocked or unblocked. In Figure 3.4 we can see that the curves
of independent failure with blocked operations and dependent failures with un-
blocked operations intersect each other. In each case the difference between the
independent and dependent failures is clearly demonstrated.



3.2. HOMOGENEOUS FINITE-SOURCE RETRIAL QUEUES WITH SERVER SUBJECT TO BREAKDOWNS ANPF

=/

Exl

24

) -— e
18
12
08 —
04—

Pequest
o
T T T T T T T T T -
o e 12 18 24 3 I8 4z 448 54 E

=/

M responesa: i depending on netrial b

Legend
——a rollable CPU
Mean response time & non-reliable CPU
(continuous )
2 o non-refiabile CPU
(mon-continuous )
— 4 non-roliabie CPU
24 (ot intedligent)
b o mOn-ruliabie CPU
Q\\ (mon-continueus, ntelligent)
21 ol g
Ty he
=
e

"I--.__.
1.2 ——
-._"—-..._
B PR —
———
o g ——
ns o—ae
0s
0.3 —
B T T T T T T T T T T Retrial raka
o 0 0z 03 04 0s 0s or 0a 09 1

Figure 3.2:E[T] versus retrial rate



42

CHAPTER 3.

Araphic Linguage - Interpreter - Tgd {File: rotriair- 3 prom-resplioe gl

Hle Pctse Xscade Yscole Qurves Legend M Window

NUMERICAL METHODS

L

Misan rsponse lime diepending on service mbe

L

Misan resporse N depending on request generation rab

Mean response time
a4
. ——
15 | ‘_“.a.-dr'"" T —— 1
- _‘_‘_h__'_"“——-g__.

) P R —— e
4z g —— =
e — . |
on /:/: o PR S——— === s

=

@ Ml CPU

12 T T dupundent on CPU state)

& nonoreliable CPU (continuous)
¢ non-rsiabile CPU (continuous, breakoawn i

——a non-reliable CPU (continuous, intelligent)
08 | | ——& non-rellable CPU (continuous, inteliigen
breakidawn ks dependont on CPU state)

Figure 3.4:E[T] versus primary request generation rate



3.2. HOMOGENEOUS FINITE-SOURCE RETRIAL QUEUES WITH SERVER SUBJECT TO BREAKDOWNS ANPF

sraphic Language- Interpmter - figh (File: motAaine-5 preste msptine gl = %

Hle Pctse Xscade Yscole Qurves Legend M Window
M respnest v paencding on retrial Fibie
Mean response time
.0 - | Langpend
——a raliable CPU
e Tom-ruliabile CPU (contmuars)
o mon-refiabe CPU (contwrs, breakdown
24 dependant on CPU stata)
\ ——a mon b CPU (oontmuos, ntelligent)
— s non-mliable CPU {continucus, intalligent,
21 . “‘\‘_L Brakiawn 15 dependent on CPU stile)
~e. -
- -
e e
15 o g
LS T T
T e
= S T T,
15 Y THome . e S|
~ B ——tr——
o —A—
. - s = _
1z I—~..__._‘__-_ =T =% =2
———
[ B ———a——g
08
0.3 |
a T T T T T T T T T T Ratnal rata
0 01 0z 03 0.4 05 [ o7 08 0.9 1
:

Figure 3.5:E[T] versus retrial rate

=/

Hle Pctse Xscade Yscole Qurves Legend M Window
Wi respomsas tinw desperding on spevice rtie
Mean response time
50—
m -4
Ligend
7 ——a reiabie CPY
4 nan-reliabie CPU {continuous )
. non-relable CPU (continuous, breakdown

] Is depandent on CPU slate)

o tron-ruliablie CPU (contineous, inteligent)

& non-reliabie CPU {Continunis, inteligont,
51 reakadown is deperdent on CPU stalir)
a5
®
27
18

— e

e Wy
a = —

i i et
—
a T T T T T T T T T T Sarvica rata
] 01 0z 03 0.4 05 (3 o7 08 08 1
T

Figure 3.6:E[T] versus service rate



44

CHAPTER 3. NUMERICAL METHODS



Chapter 4

Asymptotic Methods

4.1 Preiminary results

In this section we give a brief survey of the most related theoretical results due to
Anisimov [3, 4], to be applied later on.
Let (X (k), k > 0) be a Markov chain with state space

m—+1
U X,  XinX;=0i#j4  ij=1,..m+1,
q=0

defined by its transition matrices satisfying the following conditions:

1. p (i, 5O) = po (i@, 50) ase — 0,i(?), 5O ¢ Xy,
andPy = ||po (i, j©)|| is irreducible;

2. pe(i(‘”,j(q‘*‘l)) = ea(‘I)(i(‘J),j(q“) + 0(6)72'(11) € X,, jlath) ¢ X1
3. pc(i9, @) = 0,ase — 0,79, f(2) X, q>1;
4. p (i, fF) =0, € Xg, fD € Xz, 2 —q 22

In the sequel the set of stat&s is called they-th level of the chaing =1,...,m+1.
Let us single out the subset of states

fam) = [ Xq

Denote by
pic(i9, i@ e X, q = 1, ..., m the stationary distribution of a chain with tran-
sition matrix

|| pe(i(q),j(’z))

- iV eXx, 3% eX,, qgz<m,
L - Zk“"“)exmﬂ Pe (i@, k(m+1)) H q .

45
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Furthermore denote by ({«,,)) the steady state probability of exit frofn,,,), that is

gellam)) = D m(@@™) Y pe(it™, YY),

imeX,, JmADEX 41

Denote by
pig(i® (0 € X,} the stationary distribution corresponding® and let

o = {WO(Z’(O)) 0 ¢ Xo}, 7 (@) = {we(i(‘”)7 i@ e X,}
be row vectors. Finally, let the matrix
Al — Ha(Q)(i(‘D,j(QH))H, i@ ¢ X, jlath) ¢ Xg41,4=0,...,m

defined by Condition 2.
Conditions (1)-(4) enables us to compute the main terms of the asymptotic expres-
sion form; (9 andg. ((a,,)). Namely, we obtain

7D = eIg A AW Al 4 o(e g=1,...,m,
ge({am)) = €T AD AL A1 4 o(emFY), (4.1)
wherel = (1, ..., 1)* is a column vector, see Anisimatal. [4] pp. 141-153.

Let (n.(t),t > 0) be a Semi-Markov Process (SMP) given by the embedded Markov
chain(X.(k), k > 0) satisfying conditions (1)-(4). Let the times(j(*), k(*)) — tran-
sition times from staté(*) to statek(*) — fulfill the condition

Eexp{i@ﬁen(j(s), k(z))} =14 a;i(s,z, 0)e™ T o(e™h), (i = —1)
whereg,. is some normalizing factor.

Denote byQ2.(m) the instant at which the SMP reaches the + 1)-th level for the
first time, exit time from{a,,,) providedn.(0) € {(«,,). Then we have:

Theorem 4.1.1. [cf. [4] pp. 153] If the above conditions are satisfied then
lir%EeXp{i@ﬁeﬂe(m)} =(1-A©),

where

S m( P50, k©)a;i(0,0,0)
_§Ok®eX,

ToAO AW [ A(m) ]

Corollary 4.1.1. In particular, if a;x(s,z,0) = iOm;i(s, z) then the limit is an
exponentially distributed random variable with mean

A(©)

70(5)po (5, k©)m;,(0,0)
50 £® e X,

ToAOAD A1
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4.2 Machineinterference problem with arandom envi-
ronment

This section is concerned with a queueing model to analyse the asymptotic behavior of
the machine interference problem withmachines and a single operative. The running
and repair times of each machine are supposed to be exponentially distributed random
variables with parameter depending on the state of a varying environment. Assuming
that the repair rate is much greater than the failure rate ( "fast” service), it is shown that
the time until the number of stopped machines first reaches a certain level converges
weakly, under appropriate norming, to an exponentially distributed random variable.

421 Thequeuing model

Let us consider the machine interference problem with the following assumptions.
There areV machines which are looked after by an operative. The system is supposed
to operate in a random environment governed by an ergodic Markov @{ajnt > 0)

with state spacél,...,r) and with transition rate matrika;;,4,7 = 1,...,r,¢; =

—Qj; = Zj;&i ajj-

Whenever the environmental process is in statthe probability that an operating
machine breaks down in the time interyalt + 1) is A(i)h+o(h). A stopped machine

is immediately repaired unless the operative is busy, otherwise it joins the queue of
failed machines. Whenever the environmental process is inistidte probability that

the repairman completes the service in the time intefial+ k) is p(i, €)h + o(h).

All random variables involved here and the random environment are supposed to be
independent of each other.

Let us consider the system under the assumption of 'fast’ repair, thatiis,) — oo

ase — 0. For simplicity letu(i, €) = u(i)/e.

Denote byY, (¢) the number of stopped machines at tithand let
Qc(m) =inf{t : ¢ > 0,Y.(t) = m + 1|Y.(0) < m},

that is, the instant at which the number of failed machines reachegithe 1)-th

level for the first time, provided that at the beginning their number is not greater than
mym=1,...,N — 1.

Denote by(wy, k = 1,...,r) the steady-state distribution of the governing Markov
chain(¢(t),t > 0). Now we have:

Theorem 4.2.1. For the system in question under the above assumptions, indepen-

dently of theinitial state, the distribution of the normalized random variable €™, (m)
converges weakly to an exponentially distributed random variable with parameter

A= (m+ 1)!<mN )iwl%mﬂ
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Proof. It is easy to see that the procesgt) = (£(t), Ye(t)) is a two-dimensional
Markov chain with state spade = ((i,s),i = 1,...,7,s = 0,..., N). Furthermore
let

(am) = ((i,8),i=1,...,7,s=0,...,m).

Hence our aim is to determine the distribution of the first exit timeZdft) from
(o), provided thatZ.(0) € {(a,,). It can easily be verified that the transition proba-
bilities in any time intervalt, t + k) are the following:

{ (4,5) a;jh + o(h), i £
(i,5) —" { (i,s4+1) (N —=8)Ai)h+o(h), s=0,...,N—1
(i, —1) (u(i)/e)h + o(h), s=1,...,N.

In addition, the sojourn time. (4, s) of Z.(t) in state(s, s) is exponentially distributed
with parameter;i + (N — s)A(i) + p(é)/e. Thus, the transition probabilities for the
embedded Markov chain are

peli:0), G 0)] = s

Pl 6o = G e * T b
P06, 0)] =

o) Gios 4 )] = I 0V

o u(i)/e o
pel(4,s), (1,5 — 1)] = a F (V= A T p@e 1,...,N.

As e — 0 this implies

Qi

pe[(ivo)v(jvo)] = mz
pé[(ivs)v (375)] - 0(1)75 =1,...,N,

N Y0)
.0 6.1)] = 0.
(i), (s + 0] = T o) s =1, N -,
pel(i,s), (i,s —1)] = 1,s=1,...,N.

This agrees with the conditions (1)-(4), but here the zero level is th{éisey, (i, 1), =

1,...,r) while theg-th level is((¢,q + 1),7 = 1,...,7). Since the level O in the limit
forms an essential class, the probabilitiegi,0), 7o(i, 1), = 1,...,r, satisfy the
following system of equations

Zi;ﬁj mo(4, 0)ai;

(0 = = TN

+m0(J, 1), (4.2)
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™0 (J, O)NAG)

ajj +NA(G) (4-3)

7[-0(.7.7 1) =
By substituting (4.3) to (4.2) we get

o (J, O)Cljj _ Zi;ﬁj 7T0(i70)aij (4.4)
a;; + NA(j) ¢ + NXi) '

Sincer;a;; = >, ,; miaij, from (4.3) and (4.4) we have
mo(4,0) = Bmi(qi + NA(4)),  mo(i,1) = BmNA(i)

whereB is the normalizing constant, i.¢/B = >_._, m;[q; + 2N A(3)].
Then it is easy to see that the probability of exit frém,,) is

gel() =" NBY ma() [T X220 (1 4 o)

i=1 s=1 M(Z)
r

i m+1

Taking into account the exponentiality af(j, s) for fixed ©,we have
_®
aj; + NA(j)
Eexp{ie™O1.(j,s)} =1+ 0(e™),s > 0.

Eexp{ie™O7.(j,0)} =1+ €™ (1+4+0(1))

Notice thatg. = ¢ and therefore from Corollary 1 we immediately get the statement
thate™).(m) converges weakly to an exponentially distributed random variable with

parameter
_ N L\@)m
A= (m—|—1)<m: 1> ;ﬂ', PO

which completes the proofl

Consequently, the asymptotic distribution(@f(m) can be determined as follows:
P(Qc(m) > t) = P(e€™Qc(m) > €™t) = exp(—€e™At),
that is,2.(m) is asymptotically an exponentially distributed random variable with pa-
rameter
\m—+1

e N\ A N\ g AT
™ +1)!<m+1); G = o0 ) S

i=1

In particular, form = N — 1, that is, when all machines are stopped we have

eNﬁlA—N'zr:ﬂ'»i/\(i)N (4.6)
=ML @ T '
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Hence the steady-state probabilidy; that at least one machine works is

ﬁ 1
Qw = 1 ST T
et D T ,
eN—-1A i=1 "% p(i)/e r NOM r
I; 1+N'<Zl_1ﬂ'z#><zl_lﬂ'lﬁ)
4.7)
In the case when there is no random environment we get
1
Qw=—"-—=- (4.8)
1+ V(22

As a conclusion we can see how simple formulas can be obtained in the case of "fast re-
pair”. The advantage of this approach is that even very large state space the asymptotic
parameter can be obtained thus the explosion problem can be avoided.
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