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Modeling retrial queueing systems with two-way communication has been
becoming more and more popular topic of investigations for the last years. The
main reason is that in many applications, for example in call centers where the
agents could make outgoing calls to advertise, promote and sell packages and
services of the center, it is important to increase the utilization the server, see
for example [1,2,5,10,17,20]. The main feature of two-way communication is
that and idle server can generate outgoing calls to the source (primary calls) or
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to the orbit (retrial calls). If a primary outgoing call finds the server busy it is
lost in infinite source case or returns to the source in finite-source case. If at the
arrival of a retrial outgoing request the server is busy it goes back to the orbit
and can generate a retrial call. The first results on infinite source retrial queue-
ing systems with two-way communication was published by Falin [9], followed
by some recent ones, see for example [3,4,6,7,13,14,16,18,19].

Finite-source retrial queueing systems with two-way communication has not
been investigated intensively, yet. To the best knowledge of the authors only
the paper of Dragieva and Phung-Duc [8] dealt with this problem. They investi-
gated an M/M/1//N retrial model with exponentially distributed retrial times
where the primary and retrial outgoing call generation and service times are
also exponentially distributed. Recursive formulas for computing the steady-
state distribution of the system state were derived as well as expressions for the
main performance macro characteristics in terms of the server utilization were
obtained. Numerical examples were presented. It is easy to see that by choosing
parameters in an appropriate way the previous results for one-way communica-
tion and as limiting case for infinite source models two-way communication can
be obtained.

In their Conclusion the authors mentioned studying waiting time process
among others. Hence it was our main motivation to investigate the distribution
of the waiting and response time distribution of primary incoming calls by using
asymptotic methods similar to [11,12,15]. Assuming that the number of sources
N tends to infinity it is proofed that the response/waiting time distribution
of primary incoming customers in the system/orbit can be approximated by
a generalized exponential distribution with given parameters. In addition, the
asymptotic average number of customers in the system and in the orbit are
obtained. The results are validated by the Little-formula.

The rest of the paper is organized as follows. In Sect.2 description of the
model is given, the corresponding 2-dimensional Markov process is defined. In
Sect. 3 the mean normalized number customers in the orbit is obtained. Section 4
deals with the distribution of the response and waiting time of calls. Finally, the
paper ends with a Conclusion and some future plans are highlighted.

2 Model Description and Notations

Let us consider a retrial queuing system of type M/M/1//N with two-way com-
munication. The number of sources is N and each of them can generate a primary
request with rate A/N. A source cannot generate a new call until the end of the
successful service of this customer. If incoming (primary or retrial) customer finds
the server idle, it enters into service immediately, in which the required service
time is exponentially distributed random variable with parameter p;. Otherwise,
if the server is busy, an arriving (primary or repeated) customer moves into the
orbit. The retrial times of requests are assumed to be exponentially distributed
with rate o/N. We suppose that if the server is idle, it generates an outgoing call
in an exponentially distributed time with rate o/ N for outgoing call to the orbit
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Fig. 1. Retrial queuing system of type M/M/1//N with two-way communication

and with rate 8/N for primary outgoing calls. The service times of outgoing
calls are assumed to be exponentially distributed random variable with parame-
ter po. All random variables involved in the model construction are assumed to
be independent of each other.

Our main aim is to find the sojourn time distribution of the customers in the
system and in the orbit, respectively. The method of asymptotic analysis is used
in the condition of an unlimited growing number of sources.

First, we will find the first order asymptotic mean normed number of cus-
tomers in the orbit, the results of which we will apply later on to study the
sojourn time distribution of the customer in the system.

3 First Order Asymptotic for the Number of Customers
in the Orbit

Let Q(t) be the number of customers on the orbit at time ¢, C(t) be the server
state at time ¢, that is

0, if the server is idle,
C(t) = ¢ 1, if the server is busy by an incoming call,
2, if the server is busy by an outgoing call.

Thus, we will investigate the Markov process {C(t), Q(¢)}.
Let us define the stationary probabilities as follows:

P(n) = lim P(C(1) = k. Q(1) =},
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For the stationary probability distribution Pj(n) by using standard methods we
can obtain the following system of Kolmogorov equations, namely

— A8+ (@ +a=2=p) 1| Ro(n) +mPi(n) + paPa(n) =0,

_ [)\ TP s 1} P+ A (1= ) [Po(n) + Brln = 1)
—i—an;lPo(n—&-l):O, (1)

[)\+M2)\n]—;1}P2( )48 (1= 1) Poln) +

(1= %) Pen—1) =0.

1

In paper [8] although the notations are different basically this system was
solved by using a recursive numerical algorithm. Since our aim is to get the
sojourn time distribution of the customers we follow an asymptotic method
because to obtain the exact distribution we need rather complicated approach.
Let us denote the partial characteristic functions as

N

Hi(u) = Z "™ Py (n),

n=0
where ¢ = v/—1 is imaginary unit, then system (1) will be rewritten in the form

Jo+a—XA—=p]

— A+ 0) Ho(w) + i Hi(u) - pio Ha () + 15—~ Ho(u) =0,

e L i g_;v)_m]m

(A—ce ;_1)Hi(u) o, (2)
S0 +()\ ) (1= ) - ) i)
i) )+ i) 1 ) = o,

Summarizing equations of system (2) we receive an additional equality of the
form

Jota(=em) o

iu _1
Ae™ —1) (1 >[H1( )+ Ha(u)] + ~ 3

w2 H ) + H ()] = 0.

We will solve system (2) and (3) by the method of asymptotic analysis in the
condition of an infinitely increasing number of sources N — oco.
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Theorem 1. Let QQ be the number of customers in the orbit then
lim Fexp sz = exp {iwk} (4)
N —oco N ’

where value of parameter k is the positive solution of the equation

A1 = k) [R1(k) + R2(k)] — (o + 0)Ro(k)k = 0. (5)

Here the stationary distributions of probabilities Ry (k) of the service state k
depends on k and can be obtained as follows

1 1 -
Ry(k) = {1+ i A1 —k)+ok]+ i [B(1—k) +om]} ,

Ra(r) = == (\(1 = %) + o] Fio (). ©)

Ro (k) = ; [B(1 — ) + a] Ro(x).

1
Proof. Designating N = g, in systems (2—3) let us introduce the following

replacements
u = ew, Hy(u) = F(w,e), (7)

then systems (2—3) can be rewritten as
- ()‘ + 6) Fo(w,E) + MlFl(waE) + /J/QFQ(U)7E)
+i [ A= B] BFg(ws =0,

AFp(w,e) + [A (e = 1) (1 — &) — ] Fi(w,e)

', ( _ O_efzsw) 8F0('w €) + Z)\( ew __ 1) (')F%(::),E) — 07
BFo(w,e) [)\ (e““’ ) (1-¢)— Hﬂ Fy(w,e) (8)
(6 ae—zaw) 6Fo(w OFy(w,e) + )\( iew 1) BF%(:;; &) =0,

OFy(w,¢)

A1 =e)[Fi(w,e) + Fa(w,e)] +i(a+ J)e—iaw -

TiX [aFl(w ) n an(w e)} 0.
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Denoting lin%)Fk(w,e) = Fi(w), let us execute this limiting transition in
e—

system (8) and as result we will obtain

— (A + B) Fo(w) + i Fi(w) + pa Fa(w) +i [0 + a — A = B] Fy(w) =0,
AFp(w) — pr Fi(w) + i (A — o) Fy(w) =0,
BEy(w) — paFa(w) +i (8 — a) Fy(w) =0,

A[Fy(w) + Fy(w)] + i(a + o) Fy(w) + i) | F) (w) + F;(w)] ~0.
We show that the solution of the system (9) can be written in the following form
Fi(w) = Rp®(w), (10)

where Ry the limiting probability distributions of the service state k under con-
ditions N — oo and @(w) is the limiting characteristic function of the normalized
number of customers in the orbit. Substituting solution (10) in (9) we obtain

@/
—(A+PB)Ro+ p1R1 + peRe+ijo+a—A—F] Ro @((Z))) =0,
, @ (w)
)\Ro —ﬂlRl +Z()\ —U)Ro @(w) = 0,
(11)
: & (w) _
BRo — p2Re +1i (B — ) Ro B(w) 0,
. @' (w)
)\[Rl +R2] +Z{<Q+U)R0+)\(R1 +R2)}7 =0.
P(w)
, : LD (w)
From the form of equations of system (11) it follows that quantity Bw) does
not depend on w, then we can conclude that function ¢(w) has a form
&(w) = exp (iwk), (12)

coinciding with equality (4).
Now, to find & let us substitute the explicit form of the function @(w) in the
equations of system (11) and we obtain the following system

—(A+PB)Ro+ iR+ poRe — [0+ a— X — [] Ror =0,
/\RoflLl,lRl — ()\*U)R()KZ:O,

(13)
BRo — p2R2 — (8 — a) Rok = 0,

/\(1 — K) [R1 + RQ} — (a + O')R()IQ =0.
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The quantity & is the solution of the fourth equation of system (13), which
coincides with (5) showing a probabilistic interpretation that the mean arrival
rate to the orbit is equal to the mean departure rate from the orbit. From the
second and third equations of system (13) taking into account the normalization
condition, it is not difficult to obtain expressions for the quantities Ry, R; and
Ry. Let us note that since Ry is the solution of system (13) whose coefficients
depend on k, then Ry = Ry (k) and their form coincides with (6).

The theorem is proved. a

4 Sojourn Time Distribution of the Customer
in the System

Let T be the total sojourn time of the tagged customer in the system and 7'(¢)
is the time length from moment ¢ until the end of the service of the tagged
customer. The total sojourn time T is simply expressed through the residual
sojourn time 7T'(t).

Let S(t) describe the server state at time ¢ as follows

0, server is free,

1, server is busy by incoming (not tagged) customer,
2, server is busy by outgoing (not tagged) customer,
3, server is busy by incoming tagged customer,

4, server is busy by outgoing tagged customer.

S(t) =

We will define the conditional characteristic functions in the form
Gr(u,n,t) = E {e“‘T(t)\S(t) —k,Q(t) = n} :

Assuming that the system is operating in steady-state, it is not difficult to write
the following system of Kolmogorov equations
{mf(/\+ﬁ)uf N—n

N

(0 + ) %} Go(u,n) + A G1(u,n)

+U%G1 (u,m —1) + BNJQ"Gg(u,n) + Q%Gg(u, n—1)

+xGs(u,n— 1) + {Ga(u,n — 1) =0,

N—-n-—1 | N-n-—1
-iu - )\Tn - p,l_ Gi(u,n) + ATnGﬂu,n +1)
+u1Go(u,n) =0, (14)
[ N—-n—-1 | N—-n—-1
u — )\Tn - ug_ Ga(u,n) + /\TnGg(u,n +1)

+p2Go(u,n) =0,

N-n-—1 | N-n-1
w— A——— — 1| Ga(u,n) + \A———G3(u,n+ 1) + pu1 =0,
L N 1 N
[ N-n-—1 i N-n-—1
iuf)\T — p2 G4(u,n)+/\TG4(u,n+1)+p2:0.
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The method of asymptotic analysis, see [11] is applied to prove the following
theorem

Theorem 2. Let T be the total sojourn time of the customer in the system then

. . T (a+0) Ry
| E — =R 1—-Ry)——m—F—F—. 15
Ngnoo GXP{Z'LUN} 0+( 0>(Q+U)R0—’iw ( )
1
Proof. Let us denote N = €. Executing the following substitutions in
system (14)
u=cw, en=ux, Gg(u,n)= gp(w,z,e), (16)
we obtain this system in the following form
iew — (A+08)(1—2) — (0 + @) x] go(w,z,€) + A1 — x)g1(w, z,€)
+o(z—e)gi(w,z —e,e) + B(1 — x)ga(w, x,€)
ta(z —e)ga(w,x —€,¢) + oegs(w, x — €,€) + aega(w,z — £,€) = 0,
liew —AN1l—2z—¢)— m]gi(w,z,e) + M1 —z —e)g1(w,x +¢,¢)
+h1go(w, z,€) =0,
(17)

liew — A1 —2 —¢€) — 2] g2(w, z,e) + A(1 —z — €)go2(w, z + €, )
+,U/290(’LU7.'E,E> = 07

[iew — A1 -z —¢€) — 1] gs(w,z,e) + A(1 —z — €)gs(w, x + €,¢)
+:u'1 :Oa

liew — A1 —2—¢) — ua] ga(w,z,e) + M(1 —z — €)gg(w,x + €,¢)
+po = 0.
Denoting lir% gr(w,z,€) = gp(w, z), we carry out limiting transition under con-
E—

dition € — 0 in the system (17) and the we get

—[(A+8) (1 —2)+ (0 + )2l go(w, ) + A1 — ) + o] g1 (w, )

+[/6(17$) CMB}QQ ’UJ,CU):O,

H1 [go(w,x) - gl(wﬁr)} =0, (18)
K2 [90(w7$> - g2<w’x)} =0,

pr [1 = gs(w, z)] =0,

p2 [1 = ga(w, z)] = 0.

From the obtained system it follows that functions gs(w,z) and g4(w,z) are
equal to unity, and functions go(w, ), g1 (w, z) and g2(w, z) are coincide.
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Designating by g(w, =) their common value we can write

g(w,x) = g()(w7:L‘) = gl(ww) = 92(w7m>‘

Thus, the solution of the system (17) can be written in the form of decomposition

gr(w,z,6) = g(w, ) + efr(w, ) + O(?), k=0,2,

which we substitute into the first three equations of the system (17) and as a
result we obtain

liew — (A +B) (1 —2) — (0 + ) 2] g(w, x) + oeg3(w, z) + acga(w, x)
—[(A+8) (1 —2)+ (6 +a)x] folw,z) + e [A1 — x) + o] f1(w, )
+A1—2z)+to(z—¢)lglw z)+ [B(1l —z)+alz—¢)g(w, )

+e [B(1 — z) + ax] fa(w,z) — (o + a)xw = 0(e?),

liew — ] g(w, ) — e fr(w, 3) + prg(w, x) + £p1 fo(w, ) (19)
+eA(1 — ) 89(;;’ 2 _ O(e?),

liew — p2] g(w, @) — epa f2(w, x) + p2g(w, x) + epz fo(w, )

0g(w, )

+eA(1l —x) 5

= 0(e?).

After performing simple transformations in system (19) and taking into account
that gs(w,z) = ga(w,z) = 1 we get

—[A+8) (1A —2z)+ (6 +a)z] fo(w,z) + [N1 — z) + ox] f1(w, T)
+[8(1 — 2) + az] f2(w,z) = [0+ a —iw] g(w,z) — (0 + )

+(o + a)z2len) — o

(20)
w1 [folw,x) — fi(w,z)] = —iwg(w, z) — A(1 — z) (“)g(au; ?) =0,
iz [fo(w,) — faluw, 2)] = —iwg(w, z) — A1 — )22 g,

ox
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Multiplying the first equation of system (20) by Ry, the second equation by Ry,
the third by Ry and then adding them we receive the following equality

[~ (A +B) Ry — (0 +a—X—= ) Rox + p1 Ry + paRa] fo(w, z)

+ P\RO — (/\ — O)R()J? — MIRI] fl(wvx)
(21)
+[BRo — (B — a)Rox — poRs] fo(w, x) = [(0 + )Ry — tw] g(w, x)

—(0 4+ a)Ro + {(0 4+ a)Rox — M1 — 2)(R; + Ry)} 2422) — g,

From Theorem 1 it follows that % = k. By virtue of the substitutions (16)

carried out earlier, namely x = ne we can conclude that x = k.
Let us perform the substitution 2 = k in the equations of system (21) and
taking into account system (13), we can find that the multipliers for functions

folw, ), fi(w,z), fo(w,z) and 9g(w, z)

As a result equality (21) can be rewritten in the form

are equal to zero.

[(o + )Ry — iw] g(w) = (0 + a)Ro,
from which it obviously follows that

(0 + )Ry
(0 +a)Ry —iw’

g(w) = (22)
Thus we obtain the characteristic function of the probability distribution of the
normalized residual sojourn time T(t)/N. The using the law of total probabil-
ity we can receive the characteristic function of the probability distribution of
the normalized total sojourn time T/N of the customers in the system in the

following form

T
jéim Eexp {ZU/N} = Rogz(w) + Rig1(w) + Raga(w)

(23)
= R+ (Ri + Ra)g(w) = Ro + (1 — Ro) &alte .
which coincides with (15).
The theorem is proved. a
In addition let us perform in Eq. (23) reverse replacement w = v ulN and
€
denoting by ¢ =1 — Ry and v = (0 + a) Ry /N we receive
, (0 +a)Ro/N gl
E T}~ R 1-R =1-
exp {iuT’} o+ O)(0+a)R0/N7iu q+qufiu’

which is the prelimit value, that is for fixed N.
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Thus we obtain that the sojourn time of the customer in the system follows
a generalized exponential distribution with parameters q and 7.

Consequently the mean response time can be approximated by %.

Since the service time of a primary incoming customer is bounded then the
limiting distribution of the normalized response time and the waiting time is
coincide. Similarly, the limiting distribution of the normalized number of cus-
tomers in the system and in the orbit are the same.

Hence the mean arrival rate to the system is A\(1 — k).

We will use the Little-formula to check our results, namely we have

(1 - Ry)

A= #) (0 + a)Ry -

which is equivalent to Eq. 5 from which x was determined.

5 Conclusion and Future Work

In this paper a finite-source retrial queuing system of type M/M/1//N with
two-way communication was considered. The research has been performed by
the method of asymptotic analysis under the condition of unlimited growing
number of sources. As the result of the analysis it was shown that the limiting
sojourn/waiting time of the customer in the system has a generalized exponential
distribution with given parameters. The authors plan to continue their research,
among others modeling finite-source retrial queuing systems with two-way com-
munication for the case of generally distributed service times.
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