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Abstract—1In this paper, performance measures of a multiprocessor computer system with a single
bus are studied by a queueing theoretic approach. The processors and the shared bus are assumed
to operate in independent Markovian environments. The time intervals from the completion of the
previous bus usage to the generation of a new request for each processor as well as the times that
a processor uses the bus as the result of arbitration are supposed to be exponentially distributed
random variables with parameter depending on the state of the corresponding environmental process.
Supposing that the arrival rate of the requests is much greater than their service rate (“fast” arrival),
it is shown that the busy period length of the bus converges weakly, under appropriate norming, to
an exponentially distributed random variable. As a utilization, the throughput, the mean delay time,
the expected waiting time, the average number of requests served during a busy period, and the mean
number of active processors are calculated. Moreover, exact and approximate validation results are
presented to illustrate the credibility of the proposed method.

1. INTRODUCTION

In multiprocessor systems, the contention for a common bus is one of the major factors affecting
the computer performance. Several papers have been devoted to the analysis of such systems
under different conditions on access rates, the distribution function of holding times, and bus
arbitration protocols [1-3]. More recently Ishigaki [4] suggested a queueing theoretic approach to
analyze the system and a numerical technique was used for the evaluation of the basic performance
measures. In this work, an asymptotic queuing theoretic approach is proposed to study the
performance of a homogeneous multiprocessor system evolving in random environments. All
random times in the system are considered to be exponentially distributed, the access and service
rates depend on the state of the corresponding random environments. Under a heavy traffic
assumption (i.e., “fast” arrivals), it is shown that the busy period length of the bus converges
weakly, under apppropriate norming, to an exponentially distributed random variable. This result
facilitates the calculation of several steady-state performance measures of interest.

Note that the asymptotic technique has a widespread applicability in the field of reliability
theory [5-8]. Refinements in the mode] are often needed when the system environment is subject
to randomly occurring fluctuations which appear as changes in the parameters of the model. The
fluctuations may be due to changes in the physical environment, personnel changes, alteration
of computer system usage intensity, etc., [9-13]. Preliminary theoretical results are introduced
in Section 2. The queueing model and the proposed asymptotic approach are presented in Sec-
tion 3. The derivation of the main performance measures of interest is described in Section 4. In
Section 5, some numerical results illustrate the problem in question.
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2. PRELIMINARY RESULTS

This section presents a brief survey of results [5] to be applied in the next section.
Let (X.(k), £ > 0) be a Markov chain with state space

m+1 . .
ql=JO Xq, X,'an =0, 1#],

with m+2 levels of states, i, j = 0,1,...,m+1, defined by the transition matrix (p, (i{?, j*)),
i9) Xq, ieX,, ¢2=0,1,... m+1 satisfying the following conditions:
(1) pe (i9, j(O) — pg (i9,j®), as £ — 0, #9, j® € X,, and matrix Py = (po ({9, ;™)) is
irreducible;
(2) pe (,'(q),j(q+1))= Ea(q)(,'(q),j(ﬁl)) +0(¢), i(")qu, jlat ¢ X¢41, where a(q)(i(q),j(ﬁl))
is an appropriate transition matrix;
(3) pe (,‘(q),f(q)) —0,as € —0, ,'(q),f(q) €Xg g2 1;
(4) pe (i(q),f(z)) =0, {9 e Xq fAeX, z—q¢g>2.
In the sequel the set of states X, is called the ¢g*P level of the chain, ¢ = 0,...,m + 1. Let us
single out the subset of states

ncs

{am) = X,.

g=0

Denote by {=. (i(”), i) e X}, ¢ = 1,...,m the stationary distribution of a chain with
transition matrix

Pe (,'(q),j(Z))

- Y n (,-(q), k('"+1>)

k('"+')EXm+|

, {WeX, iPeX,, qz<m.

Furthermore denote by g ((am)) the steady state probability of exit from {a,,), that is

e ({am)) = Z . (,-(m)) Z Pe (,-(m),j(mm).

imeX,, FmADEX g
Denote by {m, (i(?), {(®) € X,} the stationary distribution corresponding to P, and let
7o = {m, (,-(0)), {0 € X}, #9 = {n, (,-(«)) 19 € X,
be row vectors. Finally, let the matrix
Al9) = (a(q) (,-(q)‘ j(q+1))) , i e Xy, j9Y e X, ¢g=0,...,m

defined by condition 2. @
=(q

Conditions (1)-(4) enable us to compute the main terms of the asymptotic expression for ¢
and g, ({am)). Namely, we obtain

7'r§9) =97, A 4N | Al-D) 4 o(e?), g=1,...,m,
e ({am)) = ™7, A AN [ AlM)] 4 o (em+Y) (1)
where 1= (1,...,1)7 is a column vector, [5, pp. 141-153].
Let (ne(t), t > 0) be a Semi Markov Process (SMP) given by the embedded Markov chain

(Xe(k), k > 0) satisfying conditions (1)-(4). Let the times 7, (j(*), k(*))-transition times from
state j*) to state k(2)-fulfill the condition

E exp {87 (J0,K0) } = L+ au(s,,0)em+ 40 (e™), (7= 1),
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where J, is some normalizing factor. Denote by Q¢ (m) the instant at which the SMP reaches the
(m + 1)*" level for the first time, exit time from (a,,), provided 7,(0) € (amm). Then we have:
THEOREM 1. [5] If the above conditions are satisfied then

lim E exp {i0B.Q(m)} = (1= A(8))™"

where

Y o (](o)) ('(0)']‘,(0))0“(0‘0‘9)

jo) k®eX,
7, AOAD AL

A(6) =

COROLLARY 1. In particular, if aji(s,z,0) = i0m;i(s,z) then the limit is an exponentially
distributed random variable with mean

Y o (J-(O)) Po (j(o),k(m) m;(0,0)

70 k®eX,
7, A AQ) | A(m)]

3. THE QUEUING MODEL

Consider a multiprocessor computer system consisting of N processors and a single bus. A
processor that has a request to use a bus is said to be active, otherwise it is called inactive
or idle. The service at the shared bus is carried out according to a work-conserving disci-
pline. The processors are assumed to operate in a random environment governed by an er-
godic Markov chain (£;(t), t > 0) with state space (1,...,r;) and with transition rate matrix
(a,-,-, ,j=1,...,r, a; = z#i a,',-). Let us suppose that each proeessor can have at most one
outstanding request at any time. Namely, at each processor a new request can be generated only
after the bus usage of the previous request has been completed.

Whenever the environmental process is in state ¢ the probability that an inactive processor
becomes active, i.e., it generates a request, in the time interval (¢,¢ + k) is A(i,e)h + o(h). The
buses are also supposed to operate in a random environment governed by an ergodic Markov chain
(&2(t), t > 0) with state space (1,...,r) and with transition rate matrix (b, k,¢=1,...,72,

bep = Z# ¢ bkg ). Whenever the environmental process is in state k the probability that a proces-

sor completes the bus usage, i.e., it is served by the bus, in time interval (¢, + k) is u(k)h +o(h).
All random variables involved here and the random environments are supposed to be indepen-
dent of each other.
Let us consider the system under the assumption of “fast” arrivals, i.e., A(i,€) — o0 as ¢ — 0.
For simplicity let A(i,e) = A(i)/e. Denote by Y,(¢) the number of inactive processors at time ¢,
and let

Qe(m)=inf{t:1>0,Y,(t) =m+1]|Y:(0) <m},

that is, the instant at which the number of inactive processors reaches the (m+ 1)*! level for the
first time, provided that at the beginning their number is not greater than m, m=1,... , N -1
In particular, if m = N — 1 then the bus becomes idle since there is no active processor, hence
Q,(N — 1) can be referred to as the busy period length of the bus.

Denote by (1r(1), i=1,...,m), (1r(2) k = 1,...,r;) the steady-state distribution of the
governing Markov chains (61(1) t 2> 0), (£2(t), t > 0), respectively. Now we have:

THEOREM 2. For the system in question under the above assumptions, independently of the
initial state, the distribution of the normalized random variable e™Q.(m) converges weakly to
an exponentially distributed random variable with parameter

|ZZ”(1) (2)# .
m

i=1 k=1
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Proor. It is easy to see that the process

Ze(t) = (61(1),62(2), Ye(1))
is a three-dimensional Markov chain with state space
((i,k,s), i=1,...,rm, k=1,...,r2, s=0,...,N).
Furthermore, let
(am) = ((i,k,8), i=1,...,m, k=1,...,r2, §=0,...,m).

Hence our aim is to determine the distribution of the first exit time of Z,(¢) from (ay,), provided
that Z,(0) € (am).

It can easily be verified that the transition probabilities in any time interval (¢,t + h) are the
following:

(j,k,S) aijh+0(h), l#J’
(i,k, s) b (i,q9.5) begh + o(h), k#gq,
T (i,k,s+1) wp(k)h+o(h), s=0,....,.N—-1,

(i.k,s—1) (sA(i)/e)h+o(h), s=1,...,N.

In addition, the sojourn time 7.(i, k, s) of Z¢(t) in state (i, k, s) is exponentially distributed with
parameter

A\
aii+bkk+s_€(ll+/l(k), s=0,1,...,N -1,
aj; + brr + S/\r(l) s=0.

Thus, the transition probabilities for the embedded Markov chain are

. . _ a;; _

ps[(bk’s)'("’k’s)]—a.-,-+bkk+s/\1(i)/€+;1(k)’ s=0,1,...,N -1,
. . _ ai;

pt[(llk’N)’(Jvka)]_'aﬁ_l_bkk_:N/\(i)/E’ S-N:

. . by _ 3
pel(i, k,8),(i,q,8)) = a,,+bkk+s,\q TR s=0,1,...,N =1,

. . by _
pellis kb, N, (i g, N)] = aii + bix -:N/\(i)/f, s=M

- - _ (k) _ _
pel(i, k,8), (i, k, s+ 1)) = T T s\ T a0’ s=0,...,N -1,

. . sA(i)/e 3
pel(i, k. s), (i, k, s — 1)} = au T o 4 sMOJE T k)’ s=1,...,N -1,

. - _ NA(D) /e _
pt[(hk,N)’(l,k,N_l)]—ai.‘+bkk+N/\(l.)/€’ s=N.

As € — 0 this implies
. . _ a;;
. . _ bi
pg[(l,k,o),(l,q,O)] = a5 +bkkq+-}1-_(k)’
pel(i, k,8), (4, k,8)] = o(1), s=1,...,N,
pe[(zks) (i,g,8)] = o(1}, s=1,...,N,
_ u(k)
ellivk O, (i D] = oy
plk)e

pellik,s), (i, k,s+1)] = Y6
p;[(i,k,S),(i,k,s—l)]:1—0(1), s=1,...,N.

—(1+0(1)), s=1,...,N—-1,
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This agrees with the conditions (1)—(4), but here the zero level is the set
((3,k,0),(i,k,1), i=1,...,m, k=1,...,79),
while the ¢*P level is the set
(GG kyg+1), i=1,...,m, k=1,...,r).

Since the level 0 in the limit forms an essential class, the probabilities 7,(i,k,0), 7.(i, k,1),
i=1,...,r, k=1,...,ry satisfy the following system of equations

_ _ To(i,g,0)ay; 2

To(4,¢,0) = ; (aii + by + p(gq)) X
mo(J, k, 0)big

= (aj; + bex + p(k))

7o(J, 4, 0)u(q)
(aj; +bgg + p(g))

+ Wo(j:‘]r 1)

Wo(j’Q!l) = (3)

Since

#Vaj; =S aBay, 1D, =3 1 Pb,,, (4)

i#j k#q
it can easily be verified that the solution of (2), (3) subject to (4) is

7o(i, £,0) = Bxal (ai; + b + p(k)),
(i, k,1) = Bw(l) (2)p(k)

where B is the normalizing constant, i.e.,

1 Ty ra
5= 22 mm® (@i + bux + 2u(k)).

1=1 k=1

By using formula (1) it is easy to show that the probability of exit from (ay,) is

(am))_emBZEw(”w(” (k)H “( ) (14 0(1))

t_lk 1 s—l
(1) (2)1‘
= m| ;kz:l T ,\( )m (1+0(1))

Taking into account the exponentiality of ,(j, k, s) for fixed § we have

ib
ajj + ber + p(k)
E exp {ic™01.(j, k,5)} =1+ o(c™), s> 0.

E exp {ie™07.(j,k,0)} =1+c™ (1+0(1)), s=0,

Notice that B, = €™ and therefore, from Corollary 1, we immediately get the statement that
€™, (m) converges weakly to an exponentially distributed random variable with parameter

=__ZZ (1 (2)#("7) mH

'.11:1

which completes the proof.
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Consequently, the distribution of Q,(m) be approximated by
P(Q.(m) > t) = P(e™Q(m) > e™t) =exp (—e™ At),

i.e., Qc(m) is asymptotically an exponentially distributed random variable with parameter e™A.
In particular, for m = N — 1, we have

ra
N-1 (1)_(2) #(k
v-in et LSS,
- ! E YAN-1°
1 i=1 k=1 /\(2)
In the case when there are no random environments, we get
1 N
A" =eV-IA= £ . (5)

(N =1t (Me)N-1
4. PERFORMANCE MEASURES

This section deals with the derivation of the main steady-state performance measures relating
to the model.

4.1. Utilizations

The utilization U of the bus is defined as the fraction of time during which it is busy. The
idle period of the bus starts when each processor is idle at the end of a service completion, and
terminates when a processor generates a request. It is clear that the mean idle period length is

a1
= 'ONM() /e
Hence, for U we obtain
1/ (V1A
1/(6” A+ 300, .mm'm?

The bus utilization Uy of processor p is defined as the fraction of time that processor p uses
the bus. Since the processors are of the same kind for U, we get

(6)

Up=-N—, p=1,...,N. (7)

4.2. Throughput

The throughput v, of processor p is defined as the mean number of requests of processor p
served per unit time. It is well-known that U, = b, where b, is the mean bus usage (service)
time of a request by processor p. In this case

2y 1 U
Up—7p§I7r” y thus % = =
k=1 "k u(ky

4.8. Mean Delay, Mean Wailing Times

The mean delay T, of processor p is the average time from the instant at which a request
is generated at processor p to the instant at which the bus usage of that request has been
completed. In other words, T}, is the mean duration of an active state at processor p. Since the
state of processor p alternates between the active state of average duration T, and the inactive
state of mean duration
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we have the following relationship

1
7b 1
T +Yil, ”a( ) X‘Glﬂ?
Thus,
r1
T, = i - V) 1

Furthermore, for the mean waiting time W, of processor p, we obtain

W, =T, - }: 7r(2)

4.4. Average Number of Requests Served During a Busy Period

A pair of an idle period followed by a busy period is called a cycle, whose mean length is
denoted by C. Clearly,

_ ! oS (L
C—:-:N‘ll\+§7r‘ NAG)Je

Denote by N, the mean number of requests of processor p served during a cycle. The throughput
7vp of processor p is then given by ¥, = N,/C, which yields that the total number of requests
served during a busy period is

N N N-1
1/ ("N
S =Y 0= 2N
p=1 p=1 k=1"k 7(3
since all measures mentioned above are independent of p.

4.5. Mean Number of Active Processors

Let us denote by U(P) the steady-state probability that processor p is idle. Clearly, we have

2”17’(1)“:37; L (1) 1
T+ S 7 e =% L S

Hence, the mean number of active processors is

U =

N

U = y__ -
PZ_:II UP=N-—; (2) 1 2 /\(

k=1Tk kl_

which tends to NV as A(i)/e — oco.

5. NUMERICAL RESULTS

This section presents a number of validation experiments (Tables 1-8) examining the credibility
of the proposed approximation against exact results for the performance measure of processor
utilization at equilibrium. Note that an exact formula for the utilization is known only when the
system is not effected by random environment and it is given (via Palm-formula) by

Zlk\r:l (LV) klpk

1 e
? N 1+Zf=1 (Lv) k!Pk,

where p = —

CAMWA 23:11-E
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Table 1. Table 2.
N=3 N=4dq
P) up Up p Uy Up
1 0.3125 0.285714286 1 0.246153846 | 0.24
2 0.329113924 | 0.326530612 2 0.249605055 | 0.249350649
22 | 0.332657201 | 0.332467532 22 | 0.249968310 | 0.249959317
23 | 0.333237575 | 0.333224862 2% | 0.249997756 | 0.249997457
24 | 0.333320592 | 0.333319771 2¢ | 0.249999999 | 0.249999999
25 | 0.333333169 | 0.333331638 2% | 0.25 0.25
26 | 0.333333125 | 0.333333121
27 | 0.333333307 | 0.333333307
28 | 0.333333333 | 0.333333333
Table 3. Table 4.
N=5 N=6
P U; Up P U;; Up
1 0.199386503 | 0.198347107 1 0.166581502 | 0.166435506
2 0.199968409 | 0.199947930 2 0.166664473 | 0.166666305
22 | 0.199998732 | 0.199998372 22 | 0.166666623 | 0.166666661
23 | 0.199999955 | 0.199999949 2% | 0.166666666 | 0.166666666
24 0.199999998 | 0.199999998
2% 0.2 0.2
Table 5. Table 6.
N=7 N=8
p Uy Uy p Uy U,
1 0.142846715 | 0.142828804 1 0.124998860 | 0.1249969
2 0.142857009 | 0.142856921 2 0.124999993 | 0.124999988
22 | 0.142857142 | 0.142857141 22 | 0.125 0.125
2% | 0.142857143 | 0.142857143
Table 7. Table 8.
N=9 N=10
p U; Up p U; Up
1 | 0.111110998 | 0.111110805 1 | 0.099999999 | 0.099999999
2 | o.111111111 | 0.111111111 2 | o1 0.1

In this case relations (5-7) reduce to the following approximation:

It can be observed from the results shown above that the approximate values for {Up} are
very much comparable in accuracy to those provided by the exact results for {U; }. However, the
computational complexity, due to the proposed approximation, has been considerably reduced.
As )\ /e becomes greater than y, the {Up} approximations, as expected, approach the exact values
of {Uy}. Clearly, the greater the number of processors the less number of steps are needed to

reach the exact results.

1
UP=N

NI

N!+(ﬁ;)N.
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