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Abstract: The present paper  is concerned with an asymptotic analysis of some complex renewable systems 
operating in random environments. Assuming ' fast '  repair, it is shown that the time to the first system 
failure, converges in distribution under appropriate norming to an exponentially distributed random 
variable. 
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1. Introduction 

The ultimate goal of reliability theory is to give a numerical estimate of reliability indices. It is well 
known that for more or less complicated cases an exact reliability evaluation is practically impossible. This 
stimulates interest in approximate methods in reliability calculations. In many models of great practical 
interest 'small  parameters '  are usually present, e.g. the element failure rates are much smaller than their 
repair rates. (This is termed in reliability theory as ' fast '  repair.) The measure of greatest interest is the 
probability of failure-free operation of the system during a given time t. Different methods and approaches 
have been developed in order to that the involved models should be mathematically tractable. For good 
reviews and materials the interested reader is referred to, among others, Birolini [3], Burtin and Pittel [4], 
Franken et al. [5], Gertsbakh [6], Gnedenko and Solovjev [7], Gnedenko [8], Kozlov and Ushakov [11], 
Kovalenko [12], and Ushakov [13]. 

It is also well known that a great majority of problems can be treated by the help of Semi-Markov 
Processes (SMP). Since the failure-free operation of the system corresponds to sojourn time problems for 
SMP we can use the results obtained for SMP. It is easy to see, that in the case of ' fast  repair '  the exit from 
a given subset of the state space of the underlying SMP is a ' ra re '  event, that is, it occurs with a small 
probability. Thus, it is natural to investigate the asymptotic behavior of sojourn time in a given subset, 
provided that the probability of exit from it tends to zero, see e.g. Anisimov [1], Anisimov et al. [2], 
Keilson [9], and Koroljuk and Turbin [10]. 

The purpose of the present paper  is two-fold. On the one hand, without proofs we give a brief survey of 
preliminary results due to Anisimov, see [1,2,15]. On the other hand, we deal with an asymptotic analysis 

Received January 1988; revised March 1988 

0377-2217/89/$3.50 © 1989, Elsevier Science Publishers B.V. (North-Holland) 



J. Sztrik, 1C Anisimov / Asymptotic analysis of some complex renewable systems 163 

of some renewable  systems opera t ing in r a n d o m  environments .  Assuming  ' f as t '  repair,  it is shown that  the 
t ime to the first system failure converges in distr ibution under  appropr ia te  norming  to an exponent ia l ly  
dis tr ibuted r a n d o m  variable. The  main  contr ibut ion of the paper  is the following. The  failure and repair  
intensities of the elements  depend on the state of the system operat ing in r andom environments .  As a 
result of this assumption,  the corresponding subset of the limiting Markov  p r o c e s s - - c o n s t r u c t e d  for this 
p r o b l e m - - i s  not a simple essential class of  states. Hence,  the 'classical '  methods  cannot  be applied. Using 
the results of [1,2], the main  term of the s teady-state  probabi l i ty  of exit f rom the given subset can be 
calculated. Then, by the help of the Theorems  cited in Section 2 the asymptot ic  exponent ia l i ty  is proved.  

2. Preliminary results 

Let (~(t) ,  t>~0) be  a semi-Markov process with state space (0, 1 . . . . .  r )  given by the embedded  
M arkov  chain (X , ,  n >/0) and by  the transit ion matr ix  11 p(i,  j )  [], i, j = 0 . . . . .  r. Fur thermore ,  let ~'(i, j )  
be  mutual ly  independent  r andom variables denot ing the t ime spent  in state i, given that  the next state is j ,  
i, j = 0 . . . . .  r. Let I2(k)  denote  the sojourn t ime of ~( t )  in subset (1 . . . . .  r} started in state k, that  is 

~ 2 ( k ) = i n f ( t :  t > 0 , ~ ( t ) = 0 1 ~ ( 0 ) = k , k ~ 0 ) .  

Suppose  that  X, = XF(n ), p (k ,  j )  = p , ( k ,  j )  and r (k ,  j )  = r , (k,  j ) ,  that  is (~( t ) ,  t >i 0) depends  on some 
small pa ramete r  e, such that  p~(k, 0) --, 0 as ~ ---, 0. Therefore,  it is natural  to investigate f 2 ( k )  as e ~ 0. In 
order  to state the relevant  theorems,  let us introduce some impor tan t  notions. Let ( a )  be a subset  f rom 
{ 1 . . . . .  r ), and let 

v.(i, ( a ) )  = m i n { k :  k > O, X~(k)  ~ ( a )  [ X~(O) ~ ( a ) } ,  

q~(i, j ,  (a))  = P{ X~(l) = j  for at least one l, l < v ( i ,  (a))  I X~(O) = i} ,  

that  is, q~(i, j, (a))  is the probabi l i ty  of a visit to j up to the t ime when the chain exists f rom ( a ) ,  given 
that  the initial state was i, j ~ ( a ) .  ( a )  is called an s-set (communica t ing  set) if for any i, j ~ ( a ) ,  
q~(i, j ,  (a))--~O as e -*O.  

Practically, it means  that  initiated f rom any state the chain visits each state asymptot ica l ly  infinitely 
m a n y  times before  leaving ( a ) .  (The simplest  example  for an s-set is a set which in the limit forms a 
simple essential class.) 

Let assume that  the subject {1 . . . . .  r ) forms an s-set and let 
r 

g,~ = ~ U,~(k)p,~(k, 0), 
k=l  

where H~(k), k = 1 . . . . .  r, is the s ta t ionary distr ibution for the chain with transit ion matr ix  

II p~(i, j ) / ( 1  -p~( i ,  0))I I ,  i, j = 1 . . . . .  r. 

Fur thermore ,  suppose  that  

U~(k)p , , (k ,O) /g ,~-~b k, k = l  . . . . .  r ,  

and there exists a normaliz ing factor  fl~ such that  
(a) E exp{iufl~T(k, j ) )  = 1 + g~akj(u ) + o(g~), k, j = 1 . . . . .  r, 
(b) E exp{iufl;r(k, 0)} = pk(u),  k = 1 . . . . .  r. 

Theorem 1 (Anisimov [1,2]). I f  the above conditions are satisfied, then independently of the initial state j ,  
j = 1 . . . . .  r, the distribution of f l~2 ( j )  converges weakly to a distribution with characteristic function 

( r  r 
E bl, Pk( u / 1 -  E 

k = l  k , j = l  
H o ( k ) p o ( k ,  J ) a k / ( u ) ) ,  
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H o ( k  ) = lim H ~ ( k ) ,  
e ~ 0  

p o ( k ,  j ) =  l i m p , ( k ,  j ) ,  k ,  j =  1 . . . . .  r. 
e ~ 0  

The most  crucial par t  of  applying Theorem 1 to par t icular  situations is f inding the normal iz ing factor/3~. 
In the following an example  is given on which our further  considerat ions are based. 

Example  (Anis imov et al. [2, pp. 151]). Let X f i k ) ,  k >~ 0 be a Markov  chain with state space 

E = ( ( i , q ) , i = l  . . . . .  r , q = O  . . . . .  m + l } ,  

defined by the transit ion matr ix  I[ p,[(i, q), ( j ,  z)] II satisfying the following condit ions:  
(1) p,[(i, 0), ( j ,  0)] ~ P i j ,  i, j =  1 . . . . .  r, and the matr ix  II Pijll, i, j =  1 . . . . .  r, is irreducible,  
(2) p~[(i, q), ( j ,  q + 1)] = Ea} q) + o(e), i, j = 1 . . . . .  r, q = 0 . . . . .  m, 
(3) p,[(i, q), ( j ,  q)] --, 0, i, j = 1 . . . . .  r, q >/1, 
(4) p,[(i, q ) , ( j ,  z ) ] = 0 ,  i, j = l  . . . . .  r, [ z - q [  >_.2. 
In the sequel the set of  states ((i,  q), i = 1 . . . . .  r} is called the q-th level of  the chain, q = 0 . . . . .  m + 1. 

Let us single out the subset  of  states 

( a ) =  { ( i , q ) ,  i = 1  . . . . .  r , q = 0  . . . . .  m } .  

Deno te  by H,( i ,  q)  the s ta t ionary distr ibution of X f i k )  and by  g , ( ( a ) )  the s teady-sta te  probabi l i ty  of  exit 
f rom ( a ) ,  that  is 

= 

Let 

r r 

H , ( i ,  m )  • p~[(i,  m ) ,  ( j ,  m + 1)].  
i = 1  j = l  

P = II Pij II, i, j = 1, r, A (q) [[Ot (q) i, j = 1,. r, q = O, m,  " " '  =[I i j  ' " ' '  " ' ' ,  

{ H k, k = 1 . . . . .  r } be the s ta t ionary distr ibution for the chain with matr ix  P, and 

= ( i f / l , ' "  ", Hr) ,  _Y/,--(q) - - - -  (-Y/~q)(1, q ) ,  . . .  , H~q)(r,  q ) )  

be row vectors. Condi t ions  (1)-(4)  enable  us to compute  the main  terms of the asympto t i c  expression for 
FP q)~ and g , ( (a ) ) ,  namely,  we obtain  

- - ( q )  - -  e q F I A  (0) A ( q - l )  + O(e q) q >~ 1, 

g~( (Ot) ) = em+ l ff1A (0) " " " A(m)l -t- o (em+l ) ,  (1) 

where 1 = (1 . . . . .  1) T. 

Now,  making  use of  Theorem 1 and formula  (1) we get the following asympto t ic  result. 
Let ( f , ( t ) ,  t >~ 0) be a SMP given by  the embedded  Markov  chain ( X f i k ) ,  k >~ 0) satisfying condi t ions 

(1)-(4).  Let the t imes T,[(I, s), ( j ,  z)], the transit ion times f rom state (1, s )  to state ( j ,  z), fulfill the 
condi t ion 

E exp{iOfl,,c,[(1, s ) ,  ( j ,  z)]  } = 1 + at j ( s ,  z, 0)E m+l --~ o(Em+l) ,  

where/3,  is some normaliz ing factor. 
Denote  by  I2~m)t ; s)  the instant  at which the SMP reaches the (m + 1)-th level for  the first time, e \ J ~  

provided ~ ( 0 )  = ( j ,  s), s ~< m. 
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Corollary 1. I f  the above conditions are satisfied, then 

lim E exp{iOfl,~2~(j, s )}  = (1 - A ( O ) )  -~, 
tz ---+ 0 

where 

165 

A ( O ) = ( k , j ~ = l H k p k / a k / ( O , O , O ) ) / ( F I A < ° ) " ' A ~ m ) l ) .  

In  particular, if at/(s ,  z, O)= iOm+s(s, z )  then the limit is an exponentially distributed r andom variable 
with parameter  (r ) 

. . .  A<">1)/  rI p  m j(O, O) . 
\ k , j= l  

3. The mathematical model 

Let us consider a renewable system consisting of  n elements and one repairman. The expected life time 
of  the l-th element is assumed to be an exponentially distributed r andom variable with failure rate ~z. 
When  the elements fail, they enter a repair facility and will be immediately served, unless the repairman is 
busy; otherwise they will wait in a queue in the order of  their breakdowns.  The required repair time of the 
l-th element is supposed to be an exponentially distributed r andom variable with service rate /~+(e), l = 
1 , . . . ,  n. 

Furthermore,  we assume that the system is evolving in two r andom environments  governed by 
irreducible, aperiodic Markov chains (Xl( t ) ,  t >~ 0), (X2(t) ,  t >/0) with state spaces {1 . . . . .  r 1 }, 1 . . . . .  r 2 } 
and with transition density matrices 

{ a , , / , , i l ,  j ~ = l  . . . . .  r~,a~,i = ~-'~ a, ,k},  

k e i  2 

respectively. Whenever  X l ( t ) =  il and at time t there are s, s = 0  . . . . .  n - 1 ,  elements with indices 
(k~ . . . . .  ks) at the service facility, the probabil i ty of the l-th element failure in the interval (t, t + h) is 
~tc(il:  k 1 . . . . .  k s ) h + o ( h ) ,  l ~ k  I . . . . .  k s. Similarly, whenever X 2 ( t ) = i  2 and at time t there are s, 
s = 1 . . . . .  n, elements with indices ( k  I . . . . .  ks)  at the service facility, the probabil i ty of  the kl- th  element 
repair in the interval (t, t + h)  is t~k,(e)d(i2: k 1 . . . . .  k s )h  + o(h).  The environmental  processes, operat ing 
and repair times are supposed to be independent  of each other. 

Let us consider the system under  the assumption of  ' fas t '  service, that is ~ ( e ) ~  ~ as e ~ 0. For  
simplicity let ~z(e) = I~t/e, l = 1 . . . . .  n. The system is said to have failed if the number  of  failed elements is 
m = 1, 1 < m < n. Our  goal is to deterrrfine the distribution of  the failure-free operat ion time of the system. 

Therefore, construct  the following multi-dimensional Markov process: 

Z ~ ( t ) = { X , ( t ) ,  X2( t ) :  yF(t) ;  ) ' , ( t )  . . . . .  yv,<,,(t)} 

with state space 

E =  {( i l ,  i2; s: k I . . . . .  k~); i 1 = 1  . . . . .  r l, i 2 = 1  . . . . .  r 2, s = 0  . . . . .  n, 

( k ,  . . . . .  k , )  • VL ko = 0 ) ,  
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where X~(t), X2(t ) are governing Markov chains; y~(t) is the number  of failed elements at t ime t; 
~q(t) . . . . .  7y. . ) ( t )  are indices of the failed elements at t ime t in the order  of their breakdowns;  V~ is set of 
all variations of order  s of integers 1 . . . . .  n, and k 0 = 0 means the repairman is idle. 

Let us single out the subset of states 

Let 

(O/)  = ( ( i 1 '  i2 ;  S: k I . . . . .  k q ) ,  i 1 = 1 . . . . .  r , ,  i 2 =  1 . . . . .  r 2, q = 0  . . . . .  m, ( k  I . . . . .  k q )  E Vnq } . 

I2 , (m) = i n f ( t :  , > 0 ,  y ~ ( t ) = m + l l y , ( O ) < ~ m } ,  

that is, the instant at which the system break downs for the first time. Hence,  the problem is to determine 
the distribution of the first exit time of Z~(t) from ( a ) .  Before going into details let us introduce some 
further notation. Let  

~klC(il: k I . . . . .  k s )  =~kl( i l :  k 1 . . . . .  k s ) ,  1.4ld(i2 : k 1 . . . . .  k s )  = ~1 ( i 2 :  k 1 . . . . .  k s ) ,  

ai,i,+bi=i: + E X,(i l :  k 1 . . . . .  k s ) + ~ k , ( i 2 :  k~ . . . . .  k s ) / e = N o m ( i  1, i2: k 1 . . . . .  k . ) .  
lq=k m ..... k, 

It is easy to see that the sojourn time of Z~(t) in state (il, i2; s: k~ . . . . .  ks) is exponential ly distr ibuted 
with parameter  N o m ( i p  i2: k~ . . . . .  ks). Furthermore,  it can readily be verified that the transit ion probabil-  
ities for the embedded  Markov chain are 

P e [ ( i i ,  i2;  S: k 1 . . . . .  k s ) ,  (J1 i2; s :  k 1 . . . . .  k s )  ] = 0 ( 1 ) ,  

p e [ ( i l ,  i2;  s" k I . . . . .  k s ) ,  ( i l ,  J2; s" k I . . . . .  k s )  ] = 0 ( 1 ) ,  

p~[(i,,  i2; s: 

= ()%,+,(i,  

p~[(i 1, i2; s: 

p~[(il, i2; O: 

p~[(il, i2; O: 

p~[(il, i2; O: 

s>~l ,  

s > l ,  

k, . . . . .  ks) ,  ( i , ,  i2; s + l :  k, . . . . .  k s + l )  ] 

: k ,  . . . . .  k , ) e / I Z k , ( i : :  k, . . . . .  k , ) ) (1  + o(1)) ,  

k, . . . . .  k s ) , ( i  ,, i2; s - l :  k 2 . . . . .  ks) ] ~ 1 ,  l<~s<~n, 

0), ( j , ,  i2; 0: 0)] = a , , j , / N o m ( i , ,  i2: 0), 

0),  ( i , ,  J2; 0: 0)] = b , ~ j J N o m ( i , ,  i2: 0), 

0),  ( i , ,  i2; 1: k)]  =)~k( i , :  0 ) / N o m ( i , ,  i2: 0). 

This agrees with the conditions (1)-(4)  of the Example, but  there the zero level is the set 

(( /1,  i2; 0: 0), ( i , ,  i2; 1: k ) ,  i I = 1 . . . . .  q ,  i 2 = 1 . . . . .  r 2, k = 1 . . . . .  n} ,  

while the q-th level is 

{( i l ,  i2; q + l :  k 1 . . . . .  kq+l),  i 1 = 1  . . . . .  r l ,  i 2 = 1  . . . . .  r 2 , ( k  1 . . . . .  k q + l ) ~  Fff+l} .  

Since the level 0 in the limit forms an essential class, the probabilities Ho( i l ,  i2; 0: 0), /-/o(il, i2; 1: k) 
satisfy the following system of equations: 

aj~ it 
H o ( i  ,, i2; 0: 0) = E H o ( j , ,  i2; 0: 0) 

j,~i, N o m ( j l ,  i2: 0) 

+ ~ Ho( i , ,  i2; 1: k ) ,  (2) + ~] H o ( i , ,  J2; 0: 0)-Nora( i ,  ' 
j 2 . i  2 j= :  O) k = l  

H o ( i , ,  i2; 1: k ) = / 7 0 (  6 ,  i2; 0: 0))~k(i,:  0 ) / N o m ( i , ,  i2: 0). (3) 
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Denote by (HII), i~ = 1 . . . . .  ra), (HI~), i 2 = 1 . . . . .  &) the stationary distribution of the governing Markov 
chains (Xl( t) ,  t >t 0), (Xz(t) ,  t >1 0), respectively. Clearly, 

Hl~)ai,i, = E H~l)a,~i,, il = 1 . . . . .  r 1, (4) 
.114= i I 

(2) H,~ b,~i:= E H)~)bs~i:, i2 = 1 . . . . .  r z. (5) 
.12 =~ i 2 

It is not difficult to verify that the solution of (2), (3) subject to (4), (5) is 

H o ( i  ,, i2; 0: 0) = BH~,(1)H,~(2) Nom(i l  ' i2: 0), H o ( i , ,  i2; 1: k) -----~R/-/(I)FD2))t,, **,: " k , ' , .  (; " 0), (6) 

where 

t] B = ~ H!I)H! 2) 2 X/(i I • 0) + a,,i, + b6, 
- - I I  - - 1 2  2 

[ h = l  i2=1 

Hence, denoting by [I~(i~, i2; q: k~ . . . . .  ku) the steady-state probability of state (i~, i2; q: k~ . . . .  , kq), 
according to (l)  we obtain 

/7 . ( i l ,  i2; q: k I . . . . .  kq)  

X&(i , :  O)X,2(i ," k l ) " .  X k ~ ( i l :  k 1 . . . . .  k q _ l )  
] {]) (2) 

=Eq-Bl- l i '  15Ii2 ~k,(i2: k,}p,,,(i2: k,,  k 2 ) - ' "  p,k,(i2: k,  . . . . .  k q _ , )  (1 + o ( l ) )  (7) 

and 
r I r2 

g~((a) )  = E E Y'~ He( i , ,  i2; 1: k, . . . . .  kin+,). (8) 
i1=1 i2=1 (k I . . . . .  km+l )~  Vn m+l 

Taking into consideration the exponentiality of sojourn times of Z f i t )  in state (ip i2; s: k 1 . . . . .  k 0  for 
fixed u we obtain 

E exp(iemur~(i , ,  i2; O: 0)} = 1 + ( e m i u / N o m ( i , ,  i2; O: 0))(1 + o(1)),  

E exp{ iemu%(i , ,  i2; S: k 1 . . . . .  k~)} = 1 + o(Em), S > O, ( k ,  . . . . .  k , )  ~ VA'. 

Notice that fl, = em. Therefore, by the help of Corollary 1 we immediately get the following theorem. 

Theorem 2. For the system in question, under the abotJe assumptions, independently of the initial state, the 
distribution of  the normalized random variable em~2~(m) converges weakly to an exponentially distributed 
random variable with parameter 

r, r 2 ~kk , ( i l :  0 ) X k 2 ( i l  : k l )  , , ,  ~kkm+,(il: k l  . . . . .  k m )  
a E E E "' (:' = H, ,  H,2  . ( 9 )  

i1=1 i2=1 (k . . . . . .  kin+, '  ~k,(i2: kl)l~k,(i2: k , ,  k 2 ) . . .  /Zk,(i2: k, . . . . .  k,~) 

In particular, if the rates depend only on the number of failed elements and the states of the corresponding 
environmental  processes, then (9) assumes the form 

r, r, ~kk,(il: 0) Xk2(i,: 1 ) ' ' "  hk~+,(i,:  m)  
a = E E E 

q = , i 2 - , ( k ,  ..... k .... ) i, --6 #k,(i2 : 1)/tk,(i2: 2 ) . . -  /&,(i2: m) " 

In addition, without environmental processes for A we have 

A = E x < ( o ) x < O )  . . .  
(k, . . . . .  kin+,) ktkl ( l ) ] / ' k , (  2 ) ' '  " P ' /q  ( m ) 
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In the case of  homogeneous  elements for A we obtain 

A =  m + l  ( m + l ) ! ) ~ ( 0 )  = /~(l)" 

Finally, for the simplest case we get 

A = n ( n - 1 ) . . . ( n - m ) X  , 

which agrees with [14]. 
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