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Abstract 

This paper deals with an asymptotic analysis of a complex renewable system 

with N heterogeneous elements looked after by n repairmen. Each element 

and the repair facility are assumed to operate in independent random 

environments governed by ergodic Markov chains. The operating and repair times 

of an element are supposed to be exponentially distributed random variables 

with parameter depending on the index of the element, the state of the 

corresponding random environment, and the indices of the failed elements. The 

repair is carried out according to a First Come, First Served (FCFS) 

discipline. Assuming that the repair rates are many times greater than the 

corresponding failure rates ( "fast" repair ), it is shown that the time to 

the first system failure converges in distribution, under appropriate norming, 

to an exponentially distributed random variable. Some numerical examples 

illustrate the effectiveness of the method proposed by comparing the 

approximate characteristics to the exact ones. 

1. Introduction 

Reliability analysis of renewable complex systems has been considered by 

many authors over the last years. They have used a variety of approaches and 

have made different assumptions about the statistical distributions of the 

operatin E and repair times. For an extensive bibliography on the basic 

models, reference may be made to Anisimov and Sztrik(1989), Franken et 

ai.(1984), Gertsbakh(1984,1989), Rukhin and Hsieh(1987), Sztrik(1989). Systems 

with renewal of failed components usually have the characteristic that the 

average repair times are many times shorter than the average lifetimes. This 

"fast" repair property enables us to use asymptotic methods to determine the 

distribution of the first failure time of the system. It is also well-known 

that the great majority of problems can be treated by the help of Semi-Markov 

Processes (SMP). Since the failure-free operation time of the system 

corresponds to sojourn time problems we can use the results obtained for SMP. 

It is easy to see that in the case of "fast" repair the exit from a given 
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subset of the underlying SMP is a "rare" event, that is, it occurs with a 

small probability. Thus, it is natural to investigate the asymptotic behaviour 

of sojourn time in a given subset, provided that the probability of exit from 

it tends to zero, see Anisimov et ai(1987), Keilson(1979), Ushakov(1985). 

Refinements in the model are often needed when the the system environment is 

subject to randomly occuring fluctuations which appear as changes in the 

parameters of the model. These fluctuations may be due to the weather, 

earthquakes, or other changes in the physical environment, to personnel 

chanEes, to alteration of system usage intensity, etc., see Gaver et 

a1.(1984), Sengupta(1990). 

This paper deals with an asymptotic analysis of a complex renewable system 

with N heterogeneous elements looked after by n repairmen. Each element 

and the repair facility are assumed to operate in independent random 

environments governed by ergodic Markov chains. The operating and repair times 

of an element are supposed to be exponentially distributed random variables 

with parameter depending on the index of the element, the state of the 

corresponding random environment, and the indices of the failed elements. The 

repair is carried out according to a First Come, First Served (FCFS) 

discipline. Assuming that the repair rates are many times greater than the 

corresponding failure rates ( "fast" repair ), it is shown that the time to 

the first system failure converges in distribution, under appropriate norming, 

to an exponentially distributed random variable. Some numerical examples 

illustrate the effectiveness of the method proposed by comparing the 

approximate characteristics to the exact ones. 

2. Preliminary results 

In this section a brief survey is given of the most related theoretical 

results, mainly due to Anisimov, to be applied later on. 

Let ( X (k), kzO ) be a Markov chain with state space 
E 

m+l 
~J Xq, 

q=O 

defined by the transition matrix 

conditions: 

X i n Xj = O, l~j, 

(peciCq),jcz))) satisfying the following 

i. pc(l(°),j (°)) -~ Po(l(°),J(°)), as e e O. i(°),J(°)~X O, and matrix 

Po = (Po(l(°),j(°))) is irreducible; 

(q+1) 
2. Pc(i(q},J (q÷1)) = c~(q)(l(q),~(q+1)) + o(c), l(q)EXq, .j eXq+l; 

3. pc(i(qJ,f (q)) -'), 0 , as c -a, O, i(q),f(q)HXq, q~l; 

4.  pc(i(q},f (z)) m 0 i(q){Xq, f(Z)Hx z, z-f~2. 

In the sequel the set of states X is called the q-th level of the chain, 
q 

q=l ..... m+l. Let us single out the subset of states 

m 

<~> = UX. 
m q=O q 
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Denote by ~ x e C l ( q ) ) ,  i (q )eXq~,  q= l  . . . . .  m 

chain with transition matrix 

P c ( i ( q } ,  j(z)) 

{ 
1 - ~ Pc(i(q),k (re+l)) 

k (m+l) eXm+ I 

the stationary distribution of a 

i (q)Ex .[z) . , q, J ~x z,  q, zSm. 

Furthermore denote by 8c(<~m>) the steady state probability of exit from <~m >, 

that is 

geC<=m >) = ~ xcCi(=)) ~ peCi(m),J(m+1)). 
= ( m + l )  

i(m)eXm j eXm+ I 

Denote by ~Xo(l(°)), l(°)eXo ~ the stationary distribution corresponding to 

P and let 
0 

~o = 1% (i(°))' i(°)GXob ~(q)e = l%(i(q))'i(q)GXq~ 

be row vectors. Finally, let the matrix 

( q + l ]  . .  A {q} = ( 0 c ( q } ( i ( q ] , j ( q + l ) ) ) ,  i (q)eXq,  j eAq+ 1, q=0 . . . . .  m 

d e f i n e d  by c o n d i t i o n  2. 

C o n d i t i o n s  ( 1 ) - ( 4 )  e n a b l e  us to  compute the  main te rms o f  t he  a s y m p t o t i c  

expression for x(q)¢ and gc (<¢m >)" Namely, we obtain 

~(q} = cq~ A ( ° ) A ( t ) . . . A ( q - 1 )  + o { c  q) q=1,  m, 
C O ' " ' ' '  

- A(O)A( t ) . . .A(=) I  + , m+l. gc(<=m>) = Em+l~ O - oLC $, 

(1) 

where 1=(1 ..... 1) is a column vector, see Anisimov et ai.{1987) pp. 141-153. 

Let (~c(t), t~O ) be a SMP given by the embedded Markov chain (Xc(k) , k~O ) 

(jcs) kCZ))_ transition times satisfying conditions (I)-(4). Let the times T c , 

from state j(=) to state k (z)- fulfil the condition 

"(=) ~ l +a j k  (S, Z, e)cm*t+ o ( c  ), ( i2=-1  ) E e x ~ i O f l c T c (  J ,k (Z) )  = =.z 

where Be is some normalizing factor. Denote by Qc(m) the instant at which the 

SMP reaches the (m+1)-th level for the first time, exit time from <~m >, 

provided ~c(O)e<~m>. Then we have: 

Theorem I. (cf. Anisimov et a].(1987) pp. 153) If the above conditions are 

satisfied then 

lim E exp~iSBc~c(m) ~ = (I-A(O)) -I 
c~O 

where 

A [ e ]  = 

(.(o)) (.¢o) k¢O) 
~ o J Po J ' )ajk(O' O' O) 

j ( ° ) ,  k ( ° )eX  
O 

A(°)A(I )...A(m) I 
0 
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Corollary 1. In p a r t i c u l a r ,  if a ] k ( S , Z , e ) = l e m j k ( S , Z )  then the limit is an  

e x p o n e n t i a l l y  d i s t r i b u t e d  random v a r i a b l e  w i t h  mean 

E 
j(°), k(°)~X 

o 

o ( J ' C ° ) ) p o ( j ( ° ) ' k ( ° )  )mjk(O,O) 

A(°)A(I )...A~m) I 
o 

3. The Q u e u e l n g  Model  

Let us consider a renewable complex system conslstlng of N heterogeneous 

elements which are looked after by n operatives of the same kind. Element p 

is assumed to operate in a random environment governed by an ergodic Markov 

chain (~p(t), tzO ) with state space ( 1 ..... rp ) and with transition density 

_ {p) (p) _ (P) • 
matrix ( alpJp . . . . .  ip, jp=l , rp, alpip - k~l alp k J" Whenever the environmental 

p 
process ~p(t) is in state ip, there are s elements falled wlth indices 

k I ..... k s , s=O ..... N-I, the probablllty that element p breaks down in the 

time interval (t,t+h) is Ap(ip:k I .... ,ks)h + o(h), p ~ {1,...,N}k{kl,...,ks}. 

Each element Is Immedlately repaired if there is an idle operatlve, otherwlse 

a queueing llne is formed• The servlce discipllne is Flrst Come, Flrst Served 

(FCFS). The repair facility Is also supposed to operate in a random 

environment governed by an ergodic Markov chain (~N+l(t), t~-O ) with state 
(N+I) 

space ( 1 ..... rN+ I ) and with transition density matrix ( a. 
IN+I']N+ ! 

• ) ). Whenever the environmental ..... r.+1, al"''i = Z al"'Ik 
N+I N+I k~ei .+I 

"+I 
process ~N+l(t) is in state IN+ I and there are s elements stopped, 

with indices k I ..... k s, s=l .... ,N, the probability that the repair of element 

p is completed in time interval (t,t+h) is ~*p(iN+l:k I ..... ks;c)h +o(h), 

p~{k~ ..... k'min(s,n) }' where {k~ ..... k'min(s,n) } denotes the indices of elements 

under repair. After being repaired each element immediately starts operating. 

All random variables involved here and the random environments are supposed to 

be independent of each other. 

Let us consider the system under the assumption of "fast" repair, i.e., 

~p(iN+l: k I ..... ks; c)-~0 as c-~O. 

For simplicity let ~p(iN+l:k I ..... ks;C) = ~p(iN+1:k I .... ,ks)/C. 

Denote by Y (t) the number of stopped elements at time t, and let 
c 

~c(m) = infer: t>O, Yc(t)=m+l / Yc(O)-~m~, 

that is, the instant at which the number of stopped elements reaches the 

(m+l)-th level for the first time, provided that at the beginning their number 

is not greater than m; m=l ..... N-I. In the following ~e(m) is referred to as 

the first system failure time. 

(p) 
Denote by ( x i , ip=l .... ,rp ), p=l,...,N+l the steady-state 

p 
distribution of the governing Markov chains (~p(t), tzO), respectively, and 

let VNS be  t h e  s e t  o f  a l l  v a r i a t i o n s  of  o r d e r  s o f  i n t e g e r s  1 , . . , N .  

Now we have: 



A heterogeneous renewable complex system 879 

Theorem 2. For the system in question under the above assumptions, 

independently of the initial state, the distribution of the normalized random 

cm~c(m) converges weakly to an exponentially distributed random variable 

variable with parameter 

A = 

m 

~k ( £k :kl ..... ks) 
r l  rN+l ( N+I (p)~ s=O s÷ l  s+l  

L m min(s,n) Z Z Z }eVeN +1 p~1~ip I n Z ~k(iN+1:kl .... £1 =I IN+l=1 ( k l , . - . , k m +  1 , k s )  

s=l q=l q 

Proof. It is easy to see that the process 

Z¢Ct) : ( ~ l ( t )  . . . . .  ~N+1{t):YcCt);71(t ) . . . . .  ~y ( t ) ( t ) )  

is a multi-dimensional Harkov chain with state space 

S 
E = ((i I ..... iN+1:s;k I .... ks) , ip=1 ..... rp, p=l ..... N+I, (k I .... ks)eVN, 

s=0 . . . .  ,N), 

where ~1(t) ..... ~y (t)(t) denote the indices of failed elements at time t in 
c 

the order of their breakdowns ,  and by d e f i n i t i o n  k = {0}. 
o 

F u r t h e r m o r e ,  l e t  

< ~m > = ((i1''''iN+l:S;k I .... ks), ip=1 .... ,rp, p=l,...,N+l, 

(k I .... ks)eV ~, s=O ..... m). 

Hence our aim is to determine the distribution of the first exit tlme of Z {t) 
c 

from < ~ >, provided that Z {o)e< ~ >. 
m E m 

It can easily be verified that the transition probabilities in any time 

interval (t,t+h) are the following: 

h 

(i I ..... iN+l:S;k I .... ,ks)~ 

(i I ,jp,. IN+1:S;kl,. ,k s) a (p) h + o(h), . . . . . . . . .  ipjp 
s=O .... ,N, 

jp~ip, p=l ..... N+I, 

(ii ..... iN+1:s+1;kl ..... ks+l) Rk ( ik :kl ..... ks)h + o(h , s=0 ..... N-I, 
s + l  s * l  

(i I .... ,iN+1:s-1;k I .... ,kq_l,kq+ 1 ..... k s ) ~k(iN+1:kl ..... ks)h/c + o(h), 
q 

s=l ..... N, q=1 ..... min(s,n). 

In addition, the sojourn time Tc(i I ..... iN+1:s;k I .... ,ks) of Zc(t) in state 

(i I ..... iN+1:s;k I .... ,k s ) is exponentially distributed with parameter 

N 

) ~ ~ ~j(lj:k I , k s ) 
(1) +...+ a~N+1 i + ..., 

ailil N+I ~+1 J k I ..... k s 
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min(s,n) 

+ ~ ~k(IN+l:kl . . . . .  ks)/C. 
q=l q 

where by definition ~k(iN+1:O)=O. 
q 

Thus, the transition probabilities for the embedded Markov chain are 

Pc[(i I ..... iN+l:S;k I ..... k s ) (il,...,Jp,...,iN+1:s;k1,-..,ks)] 

{1) +..+ (S÷l) + 
ai i " ai i 

1 1 N+I N÷I J~k l , . .  

( p )  

aipJp 

mln(s,n) 
Aj(ij:k I . . . . .  ks)+ ~ gk(iN+l:kl . . . . .  ks)/C 

,k s q=l q 

for s=O,...,N, p=l,...,N+1, 

Pc[(il ..... iN+1:s;k I ..... k s} (i I .... ,iN+1:s+l;kl,...,ks+l)] 

Ak ( ik :kl ..... ks) 
s ÷ l  s ÷ l  

( 1 )  ( N ÷ I )  min(s,n) 
ai i +'"+ ai i + ~ Aj(ij:kl ..... ks}+ ~ ~k(iN+l:kl ..... ks)/C 

I 1 N÷I N+I j~k I .... ,k s q=l q 

f o r  s=O . . . .  ,N-I, 

pc[(il ..... iN+l:S;k I ..... ks),(i I ..... iN+l:S-1;k I .... ,kq_1,kq+1,-..,ks)] 

~k(iN+1:kl ..... ks)IC 
q 

(I) +..+ (N.I) min(s,n) ' 
ai i " ai i + ~ ~j(ij:kl'' 'ks)+ p~l Pk~ iN+l:kl ..... ks)/C 

I I ~+I N+I j~k 1 ..... ks = 

for q=l ..... min(s,n) s=l ..... N. 

As c d 0 this implies 

Pc[(i 1 ..... iN+l:O;O),(i 1 ..... Jp ..... iN+I:O;O)] 

(p} 
a. . 
Ipjp 

N 
(I) (N~I) + 

ai i +'"+ ai i ~ k.(i.:O) 
I I N*I N*I j=l 3 3 

p = l  . . . . .  N + I ,  

pc[(il ..... iN+l:S;k I ..... ks),(i 1 ..... jp,...,iN+l:S;k I .... ,ks)] = o(I), s>l 

pc[(il ..... iN+l:O;O),(i I ..... iN+l:l;k)] 
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kk(Ik: O) 

N 
(I) +...+ ai(N+1}l + ~ kj(lj:O) 

alzll w+i ~+1 J=1 

Pc[(i I ..... IN+l:S;k I ..... ks),(ll,...,IN+1:s+l;k I ..... ks+l)] 

k k ( i k :k I ..... ks)C 
I÷1 1 ÷ 1  

= mln(s,n) (I+o(I)), s=1 . . . . .  N-I. 

Pk(IN+1:kl . . . . .  k s ) 
q=l q 

This agrees wlth the condltlons (1)-(4), but here the zero level 

((I I ..... IN+I:0;O), (i I ..... IN+1:l;k} Ip=1 ..... rp, p=1 .... ,N+I, 

while the q-th level is the set 

((i I ..... iN+l:q+l;kl .... ,kq+1), ip=1 .... ,rp, p=l ..... N+I, 

Is the set 

k=l ..... N), 

(k I . . . . .  kq+l)eV~+l). 

Since the level 0 in the limlt forms an essential class, the probabilltles 

no(il ..... iN+I:0;O), ~o(11 .... ,IN+1:1;k), ip=l ..... rp, p=1,...,N+l, 

k=l .... N satisfy the following system of equations 

~o(Jl . . . . .  JN+I:0;O) = ~ ~o(11,J2 . . . . .  JN+I:0;O) 
i l~J I 

(1) ( ( 1 )  + a(2) + (N+I) ~-1 
x a i l j1~al l i l  j2j~ . . .+ ajN+IJN+ I+ ki(11:0) + k2(J2:0) +...+ kN(JN:O ) ) 

+ ~ no(J1,i2 . . . . .  JN+I:0;O) 
12~J 2 

(2) ( ( 1 )  (2) + (N÷I) ~ - I  
x a i2j2 ~" la.jljl. + ai21~ .. .+ ajN÷IJN÷ 1+ k1(J1:0) + k2(12:0) +...+ kN{JN:O)j + 

... + ~ ~o(Jl,J2 ..... IN+I:0;O) 
iN+I~JN+I 

(N*I) ( ( I )  (2) a + 
x a L JIJl a .+... IN+IJN+ I J2J2 + +  lCJi:0  +  2(j2:0  ÷+  NCJ.:o } -I 

N÷I N÷I 

+ ~o(J l  . . . . .  J N + l : l ; k ) '  (2) 

~o(Jl  . . . . .  iN+l :  1;k) = ~o(Jl  . . . . .  JN+I:0;O) (3) 

x kk(Jk:O) ~ j l j l  a j2 j2.+. . .+ ajt~+ljN+l+ k l ( J l : 0 )  + k2(J2:0 ) + . . . +  kN(JN:O ) J 
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It is c l e a r  t h a t  

(I) (p) iI (P)alP) = ~ IIlp aipjp' 
Jp JpJp i ~j 

P P 

p=l ..... N+I. (4) 

It can easily be verified, that the solution of (2),(3) with (4) is 

N 

I ' ' 'a: 1 B ( ( I )  (N+t }~ a ! l i  i E Ak( ik  :0) , 
Xo(ll . . . . .  IN+I:O;O) = [ "'IliN+1 ) 11 1 N+I N+I k=l 

• B l (1~ ..!"÷"Ix. ( i . : o )  
~ o ( i I ' ' ' ' ' I N + 1 : 1 ; k )  = I x i l  "' IN+ % J K K ' 

where B is the normalizing constant, i.e. 

1/B = 
N 

Z . . .  Z ~ ~...~:N~1~ ( (I~ +...+ ai i 
il=l iN+I=1 " 1 N÷I [ailil N÷l N+I k=l 

By using 

< ~ > is 
m 

formula (i) it is easy to show that the probability of exit from 

m 

A k ( i k :k I . . . . .  k s) 
r, rN+ I N+I . s=0 .+I .+1 

B cm ~ ... ~ ~ V~N+I [ ~i~;) 1 m mln(s,n) 
i1=I iN+l=1 (kl ..... km+l)~ P ~ ~ ~k (IN+1:kl .... ks) 

s=l q=l q 

X ( I + o ( i ) ) .  

Taking into account the exponentlallty of 

fixed 8 we have 

m • . , 
E exp~ic eTc(Jl,  . ,JN+I:0;O)~ = 

Tc(Jl ..... JN+1:S;kl .... ,k s ) for 

i0 
= I+ c m (I+o(1)), 

N 
(1) (N÷I) 

a . +...+ a• + ~ Ak(Jk:O) 
J131 JN÷IJN+I k=l 

E exp~icmeTc(j I ..... JN+l:S;kl ..... ks)} = I + o(cm), s>0• 

Notice that ~c=C m and therefore from Corollary I we immediately get the 

statement that cm~ (m) converges weakly to an exponentially distributed 
E 

random variable with parameter 

A = 

m 

A k ( i k :k I ..... k s) 
r l  rN+l [ N+I ( )~ s=O s÷1 ,+I  

Z. . .  z Z   eN+i n. l m  in(s,n  
i1=1 iN+1=1 (k 1 . . . . .  km+ 1 p=l  P " ~ Z g k ( i N ÷ l : k l  . . . . .  k s ) 

s=l q=l q 

which completes the proof• 

Consequently, the distribution of the failure-free operatlon tlme of the 

system, ~c(m), can be approximated by 
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P(tic(m)>t) = p(Cm~c(m)>c=t ) ~ exp(-cmAt), 

i.e. t ic(m) is asymptotically an exponentially distributed random variable with 

parameter cmA. 

In part lcular,  for m=N-1, which means that there is no operating element, we 

have 

N-1 
A k ( I k :k  I . . . . .  k s )  

r l  rN+l N+l . s~O =+1 =+1 
_ ( p } l  

cN-1A=cN-I ~ "'" ~ ~" ,kN)eV~N pl__l I ip J N-1 min(s,n) 
11=1 IN+1=1 (kl .... ]] ~ Pk (IN+l:kl .... ks) 

s=1 q=l q 

In the case, where the fallure and repalr rates depend only on the number of 

failed elements, that is, 

Ap(Ip:k I .... ,k s ) = kp(Ip;S), pp(IN+1:k I .... ,k s ) = pp(IN+l;S), 

we g e t  

N-1 
]] ~t k ( i k ;s) 

rl rN+l N+I . s=O ,÷I =÷I 
cN-1A = c N-1 ~ . . . .  ~ ~ ( p ] ] lXl ;}J  N_I r a i n ( = , n )  (5)  

11=1 iN+l=l (kl . . . . .  kN)~N = ]] ~ ~k (IN+l;S) 
s=l q=l q 

F u r t h e r m o r e ,  i f  t h e r e  a r e  no random e n v i r o n m e n t s  f rom (5)  we h a v e  

N-I 
Ak (s) 

s=O s ÷ l  
^ *  = cN-1A = c N-1 ~ (6) 

(k I . . . . .  kN)e~N N-I mln(s,n} 
II Z ~k (s) 

s= l  q=l  q 

where Ap(ip;S) = Ap(S), ip=1 .... ,rp, ~p(iN+1;s) = ~p(S), iN+l=l,...,rN+ 1. 

Moreover ,  i f  e a c h  e l e m e n t  h a s  t h e  same r e p a i r  r a t e  ~, and t h e  f a i l u r e  r a t e s  

do n o t  d e p e n d  on t h e  number  o f  s t o p p e d  e l e m e n t s  t h e n  (6)  y i e l d s  

N! AI"''kN 
* cN-1A A = = - -  (7)  

n ! n  N-n-1  ( g / c )  N-1 " 

F i n a l l y ,  f o r  homogeneous  f a i l u r e  r a t e s  f rom (7)  we h a v e  

N! A N 
* cN-1A A = = -  C8) 

n ! n  N - n - 1 0 u ,  c )  N-I  " 

Hence,  by  u s i n g  (5)  t h e  s t e a d y - s t a t e  p r o b a b i l i t y ,  QW' 

element works is 

,{i )-i 
%=c._I^ 

that at least one 
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where B N denotes the mean period of time durin8 which all elements are 

stopped. It is quite easy to verify that from (7) we obtain 

N! AI""AN ]-i 

qW = I -- nN_n -- - +n! (pJc) N J 
(9) 

Finally. for the simplest case we have 

N! A 
)N 

% = 1 / C  1 + - -  C.-2~" ) 
n~ n N-n 

(lO) 

4. Some Numerical Results 

In this section some numerical examples are given to illustrate the 

effectiveness of the method proposed by comparing the approximate results to 

the exact ones. 

Case 1. 

Here p = ~-~ and 

element works is PW 

With n = 3 

the exact steady-state probability, PW' that at least one  

= 1 - 

N) 

N-n pNPo 
n!n 

( from Palm-formula ). 

by using (8}, (I0) we get the following results: 

H=5 

m 

P PW O'W 1/A 

1 0 . 9 3 6 3 0 5 7 3 2  0 . 3 1 0 3 4 4 8 2 8  0 . 1  

2 -1  0 . 9 9 1 0 2 3 3 3 9  0 . 9 3 5 0 6 4 9 3 5  2 . 4  

2 - 2  0 . 9 9 9 2 9 0 6 8 0  0 . 9 9 7 8 3 4 5 6 0  3 8 . 4  

2 -3 0.999962376 0.999932188 614.4 

2 -4 0.999998435 0.999997881 9830.4 

2 -5 0.999999943 0.999999934 157286.4 

2 -6 0.999999998 0.999999998 2516582.4 

2 -7 1 I 40265318.4 

N = 15 
Q 

P PW QW 1/A 

1 0.950212859 2.43840 E-6 8.1280 E-7 

2 -I 0.997516417 7.39898 E-2 1.3316 E-2 

2 -2 0.999991894 0.999618207 218.1 

2 -3 0.999999998 0.999999988 3574746.5 

2 -4 1 1 5.856864 EIO 
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N = 25 

PW QW l/A" 

1 0.950212932 1.2138 E-14 4.0462 E-15 

2 -1 0.997521248 4.07307 E-7 6.78846 E-g 

2 -2 0.999993850 0.93181969 1.1 

2 -3 I 0.99999999 19107840.5 

2 -4 1 I 3.20576 E20 

We can see how QW depends on N, p and how accurate it is. It should be 

noted that the greater the N the less the p for an acceptable 
m 

approximation. Furthermore, we can observe the sharp increase in I/A . 

Case 2. 

In thls section we deal wlth heterogeneous failures and homogeneous repair 

rates. By using (7), (9) we get the asymptotic results against PW derived 

by Sztrlk(1985). The input parameters are the following: 

N : 4, n : 2, A 1 : I, A2 : 2, A3 : 3, A4 : 4, 

We have: 

p/c PW QW I/A" 

I 0.626943005 1.36986 E-2 6.94444 E-3 

5 0.977478BS6 0.896700144 0.8 

10 0.997039717 0.992851469 6.9 

20 0.999718279 0.999550202 55.5 

30 0.999935358 0.999911119 187.5 

We can see how the characteristics depend on the repair rate. 

5. Conc lus ion  

In t h i s  paper  a renewable  complex sys tem has  been t r e a t e d  assuming t h a t  

each e lement  and the  r e p a i r  f a c i l i t y  o p e r a t e  In independen t  random environment  

governed by e r g o d l c  Markov cha ins .  The l i f e  and r e p a i r  t imes  o f  an e lement  a r e  

supposed to  be e x p o n e n t i a l l y  d i s t r i b u t e d  random v a r i a b l e s  wi th  pa ramete r  

depending  on the  index o f  the  e lement ,  the  i n d i c e s  o f  the  s topped  components,  

and s t a t e  of  the  c o r r e s p o n d i n g  random envi ronment .  Assuming t h a t  the  r e p a i r  

r a t e s  a r e  many t imes  g r e a t e r  than the  c o r r e s p o n d i n g  f a i l u r e  r a t e s  ( " f a s t "  

r e p a i r  ), I t  I s  shown t h a t  t he  f a i l u r e - f r e e  o p e r a t i o n  t ime of  the  sys tem 

converges  weakly, under  a p p r o p r i a t e  normlng, to  an e x p o n e n t i a l l y  d i s t r i b u t e d  

random v a r i a b l e .  Fur thermore ,  some numer ica l  examples I l l u s t r a t e  the  problem 

In q u e s t l o n  by comparing the  approximate  c h a r a c t e r i s t i c s  to  the  exac t  ones.  
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