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Abstract

This paper deals with an asymptotic analysis of a complex renewable system
with N heterogeneous elements looked after by n repairmen. Each element
and the repair facility are assumed to operate in independent random
environments governed by ergodic Markov chains. The operating and repair times
of an element are supposed to be exponentially distributed random variables
with parameter depending on the index of the element, the state of the
corresponding random environment, and the indices of the failed elements. The
repair 1is carried out according to a First Come, First Served (FCFS)
discipline. Assuming that the repair rates are many times greater than the
corresponding failure rates ( "fast" repair ), it is shown that the time to
the first system failure converges in distribution, under appropriate norming,
to an exponentially distributed random variable. Some numerical examples
illustrate the effectiveness of the method proposed by comparing the

approximate characteristics to the exact ones.

1. Introduction

Reliability analysis of renewable complex systems has been considered by
many authors over the last years. They have used a variety of approaches and
have made different assumptions about the statistical distributions of the
operating and repair times. For an extensive bibliography on tﬁe basic
models, reference may be made to Anisimov and Sztrik(1989), Franken et
al. (1984), Gertsbakh(1984,1989), Rukhin and Hsieh(1987), Sztrik{1989). Systems
with renewal of failed components usually have the characteristic that the
average repalr times are many times shorter than the average lifetimes. This
“fast" repair property enables us to use asymptotic methods to determine the
distribution of the first failure time of the system. It is also well-known
that the great majority of problems can be treated by the help of Semi-Markov
Processes (SMP). Since the failure-free operation time of the system
corresponds to sojourn time problems we can use the results obtained for SMP.

It is easy to see that in the case of "fast" repair the exit from a given
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subset of the underlying SMP is a "rare" event, that is, it occurs with a
small probability. Thus, it is natural to investigate the asymptotic behaviour
of sojourn time in a given subset, provided that the probability of exit from
it tends to =zero, see Anisimov et al(1987), Keilson(1979), Ushakov(1985).
Refinements in the model are often needed when the the system environment is
subject to randomly occuring fluctuations which appear as changes in the
parameters of the model. These fluctuations may be due to the weather,
earthquakes, or other changes in the physical environment, to personnel
changes, to alteration of system wusage intensity, etc., see Gaver et
al.(1984), Sengupta(1990).

This paper deals with an asymptotic analysis of a complex renewable system
with N heterogeneous elements looked after by n repairmen. Each element
and the repair facility are assumed to operate in independent random
environments governed by ergodic Markov chains. The operating and repair times
of an element are supposed to be exponentially distributed random variables
with parameter depending on the index of the element, the state of the
corresponding random environment, and the indices of the failed elements. The
repair 1is carried out according to a First Come, First Served (FCFS)
discipline. Assuming that the repair rates are many times greater than the
corresponding failure rates ( “fast" repair ), it is shown that the time to
the first system failure converges in distribution, under appropriate norming,
to an exponentially distributed random variable. Some numerical examples
illustrate the effectiveness of the method proposed by comparing the

approximate characteristics to the exact ones

2. Preliminary results

In this section a brief survey is given of the most related theoretical
results, mainly due to Anisimov, to be applied later on.
Let ( Xc(k)‘ k=0 ) be a Markov chain with state space

m+1

UX, X.nX,=0, i#j,
q=0 I L

defined by the transition matrix (pc(i(q),J(Z))) satisfylng the following

conditions:

1. pe(i(O),J(O)) - po(i(OJ.J(O)). as € » 0, 1(0),j(°)exo, and matrix
P= (p,(1”,3)) is irreducible;

2. pc(i(q)'J(qoli) = e ® (1, V) L ey, 1‘“’exq. J(q¢1)€xq+l;

3. p, (19, 50, as e >0, 1“",{“"exq, qz1;

@ 2y 29 1Vey f"’exz. z-£22.

4. pc(i a

In the sequel the set of states Xq is called the g-th level of the chain,
g=1,...,m+1. Let us single out the subset of states
mn

<am> = UX..
q=0 3
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Denote by {uc(i(q’). 1‘“’exq}, q=1,...,m the stationary distribution of a
chain with transition matrix
Pc(i(q)vJ(Z))
[ ] , i(q)exq, j(Z)eXZ, q, zsm.
1 - Z pe(i(q)’k(mil))
k(m*l)ex
m+1

Furthermore denote by ge(<am>) the steady state probability of exit from <am>,
that is

(m) , (m+1) ).

g(<e>) = T w (™) L p (™3

1™ ex 3 X
m

Q)
Denote by {no(i ),

P and let
o

i(O)eXo} the stationary distribution corresponding to

- (©) (0
n = {no(i )

, 1
[)

~(q) (q) (q)
Xy b n Y = qn (1" ),i“exq}

be row vectors. Finally, let the matrix

(g+1)

(q) _ (q) (@) .(q+1) L q) -
A = (e (1,5 ), i qu, J exq+1, q=0,...,m

defined by condition 2.

Conditions (1)-(4) enable us to compute the main terms of the asymptotic

expression for Eéq) and g€(<am>). Namely, we obtain

= - (0, (1 -1)
néq) = cqnoA()A( VoA oleY), g=1,...,m,

(1)

+1= (0}, (1)

g (<o >) = &'z a%a ol

LA™ o(E

»

where 1=(1,...,1) is a column vector, see Anisimov et al.(1987) pp. 141-153.

Let ( ":(t)' tz0 ) be a SMP given by the embedded Markov chain ( Xe(k), kz0 )
satisfying conditions (1)-(4). Let the times re(j(s),k(Z))—

® 5 state k'*'- fulfil the condition

transition times

from state j

E exp{ieg_t_()*¥ x™)} = L+a (5,2,0)™ "+ o(e™h),  (1%=-1)

where [38 is some normalizing factor. Denote by Qc(m) the instant at which the
SMP reaches the (m+1)-th level for the first time, exit time from <am>,
provided nc(O)e<am>. Then we have:

Theorem 1. (cf. Anisimov et al.(1987) pp. 153) If the above conditions are
satisfied then

lin E exp{i08 @ _(m)} = (1-A(0))"}
€ €
€0
where
Lo p, 6k a (0,0,0)
j(O),k(O)EX
Ale) =
7 A(O)A(”...A(m)l
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Corollary 1. In particular, if ajk(s,z,9)=16mn(s.2) then the limit is an

exponentlially distributed random variable with mean

(0) © . (0)
¥ no(J )po(j Jk )mjk(0,0)

3. The Queueing Model

Let us consider a renewable complex system consisting of N heterogeneous
elements which are looked after by n operatives of the same kind. Element p

is assumed to operate in a random environment governed by an ergodic Markov

chain (§p(t), tz0 ) with state space ( 1....,rp ) and with transition density
matrix ( a(P) , 1 ,3=1,...,r, a(p) = ¥ a(p)). Whenever the environmental
13 P’ p p ik
PP PP k*ip p

process Ep(t) is in state ip, there are s elements failed with indices
kl""’ks' s=0,...,N-1, the probability that element p breaks down in the
time interval (t,t+h) is Ap(ip:kl....,ks)h + o(h), p e (1....,N)\(k1,...,ks).
Each element is immediately repaired if there is an idle operative, otherwise
a queueing line is formed. The service discipline is First Come, First Served

(FCFS). The repair facility is also supposed to operate in a random

environment governed by an ergodic Markov chain ( €N+1(t)‘ tz0 ) with state
space ( 1,...,rN+1 ) and with transition density matrix { a;N'IS
N+1VN+1

s . _ (N+1) = (N+1)
Lyerrdnetr = Thep 3y { ¥ i ). Whenever the environmental

N+1 N+1 k=i N+1

N+1

process €N+1(t) is in state iN+1 and there are s elements stopped,
with indices kl""'ks’ s=1,...,N, the probability that the repair of element

p is completed in time interval (t,t+h) is

}, where (ki,...,k

pp(1N+1:k1,...,ks;c)h +o(h),

pe(ki,...,k } denotes the indices of elements

min(s,n) min(s,n)
under repair. After being repaired each element immediately starts operating.
All random variables involved here and the random environments are supposed to
be independent of each other.

Let us consider the system under the assumption of "fast" repair, i.e.
up(iN+1:k1,...,kS;s)+m as e-50.

: ; = i Ky, on, /€.

For simplicity let pp(iN+1.k1,...,ks,c) up(lN+1 K, kSJ €

Denote by Ys(t) the number of stopped elements at time t, and let

Q_(m) = inf{t: t>0, Y (t)=m+1 / Y_(O)=m},
E £ £

that is, the instant at which the number of stopped elements reaches the
(m+1)-th level for the first time, provided that at the beginning their number
is not greater than m; m=1,...,N-1. In the following Qs(m) is referred to as
the first system failure time,

(p}

Denote by ( LI ip=1""’rp }, p=1,...,N+1 the steady-state
P
distribution of the governing Markov chains (§p(t), t20), respectively, and
let V: be the set of all variations of order s of integers 1,..,N.

Now we have:
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Theorem 2. For the system in question under the above assumptlions,
independently of the initial state, the distribution of the normalized random
variable c"ﬂc(m) converges weakly to an exponentially distributed random

variable with parameter

m
ma (L ck,...,k)
oY TN+t N+1 ) s=0 ksol s+1 s
A= T .. ¥ . [ nn ]
1 i m min(s,n)

t=1 i, .=l (k,,...,k . )ev" p=1 "p g ]

1 N+1 1 m+l’ "N | ) ”k(iN+1'k1""’ks)
s=1 g=1 q

Proof. It is easy to see that the process

Zc(t) = (€1(t),-.-.€N+l(t):Y€(t);71(t).....WYc(t)(t))
is a multi-dimensional Markov chain with state space
. . . _ s
E = ((11"'"1N+l's'k1""ks)' 1p—1....,rp, p=1,...,N+1, (kl,...ks)eVN,
s=0,...,N),
where 71(t),....7Y (t)(t) denote the indices of failed elements at time t in
€

the order of their breakdowns, and by definition ko = {0}.
Furthermore, let

<a >= ((i,,...1 :s3k

n 1 N+1 .ks), 1p=1,...,rp, p=1,...,N+1,

1

(kl,...ks)ev;, s=0,...,m).

Hence our aim is to determine the distribution of the first exit time of Ze(t)

from < « >, provided that Z (o)e< a >.
m € m

It can easily be verified that the transition probabilities in any time
interval (t,t+h) are the following:

h
(11,....1N+l:s;k1.‘,.,ks)+
e (p) =
(11,...,jp,...,iN+1.s,k1,...,ks) aipjph + o(h), s=0,...,N,
#1 , =1,...,N+1,
Jp i.p 1
(il,....iN+1:s+l;k1,....ks+1) Ak ( ik :kl,...,ks)h + o(h, s=0,...,N-1,
) s+1 s+1
(il" "1N+1:S_1;k1""’kq-l'kq+1"‘ .,ks) ukéiN+1:k1.....ks)h/c + o(h),
s=1,...,N, q=1,...,min(s,n).
\
In addition, the sojourn time Te(il""’iN+1:S;k1""’ks) of Ze(t) in state
(11'""iN+1:S;k1""'ks) is exponentially distributed with parameter
all) 4, gWNeD) + g AL ik K )
1111 iu¢1iu+1 J=kl....,ks SIS s

879



880

J. SzTRIK
min(s,n)
+ T “k(iN+1:k1""’ks)/€'
q=1 q

where by definition uk(iN+1:O)=0.
q

Thus, the transition probabilities for the embedded Markov chain are

pc[(il""’iN+1:S;kl""'ks)’(11"'"Jp""’1N+1:S;k1""’ks)]
(p)
a
i
pjp
= min(s,n)
(1) (N+1)
a +...+a ¥ Ak, ok )y 7 o (1 0k, .ok )/E
i1 1 iN¢11N»1 J:kl,...,ks SN s q=1 kq N+17T1 s
for s=0,...,N, p=1,...,N+1,
pc[(il""’iN+1:S;k1""’ks]'(11""’1N+1:S+1;k1"‘"ks+1)]
Ak { ik :kl....,ks)
s+1 s+1
= min(s,n)
(1) (N+1) .. R .
a tovags 4 ¥ AJ(lj.kl,....ksH g H Gy ik -k )/e
171 N+1 N+t J:kl,....ks q=1 q
for s=0,...,N-1,
pC[(il,...,iN+1:S;k1,...,ks),(11,...,1N+1:5—1;k1,...,kq_l,kq+1, ,ks)]
“k(iN+1:k1""’ks)/e
q
= ) (Ne1) min(s,n)
agyretag ¥ Aj(ljzkl,...,ks)+ g uk(iN+1:k1,...,ks)/e
171 N+1 N+1 J#k 1,...,ks p=1 p
for g=1,...,min(s,n), s=1,...,N.
As € » 0 this implies
pc[(il,...,iN+1:0;O).(11,...,Jp....,LN+1:O;O)]
2
Vb
) (1} (N+1) N ’ prl e M
- PR A YD W 6 Y o
1111 1N¢11N¢1 j=1 )
pc[(il""'iN+1:S;k1’""ks)'(11""’Jp’""1N+1:S;k1""‘ks)] o(1), s>1
pe((il,...,1N+1:0;0),(il,...,iN+1:1;k)]
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Ak(ik:O)

N
(1) (N+1) .
a; Ty ttay +Y AJ(iJ.o)

171 N+1 N+1  J=1

k_.,))

pe[(il,....1N+1:s;k1,...,ks), (11,.. i -s+1;k1,..., s+l

Sl

Ak (i, :k ,...,ks)c

s+1 s8+1

= mints,m) (1+0(1)), s=1,.,,,N-1.

T “k(iN+1:k1""'ks)
q=1 "¢

This agrees with the conditions (1)-(4), but here the zero level is the set

((11,....1N+1:0;0), (11""’1N+1:1;k) 1p=1,...,rp, p=1,...,N+1, k=1,...,N),

while the g-th level is the set

). L=1,...,r, p=1,...,N+1, (k vatly

((il""'1N+1:q+1;k1""'kq*1 N e Tp 1,...,kq+1)€ N

Since the level 0 in the 1limit forms an essential class, the probabilities

no(i 0;0), no(il,....iN+1:1;k). ip=1,...,r , p=1,...,N+1,

EEREE L

k=1,..,N satisfy the following system of equations

KO(JI.---.JN+1:O;0) = T no(il,Jz,....JN+1:0;0)
1.2
1
xa't [a“’ va® e wat™B L a (1,000 + A (0,:0) €Lk AL(J -o)]_1
it‘jt 1111 ‘jz‘]z ‘jun‘jnu 17 22 NN

t L Uy gy, 0i0)

1%,
xa® (2l L i@ L LD 0) AL (1.:0) 4.+ AL(]:0) —1+
1 patetay Uy 1y et AUy
22\ 1Yy 272 N+1“N+1
+ . EJ no(Jl'JZ""'1N+1:0;O)
N+1 “N+1
LY [a(x) v a@ Qe (3,:0) + A (3:0) +...+ AL(J -0)]—1
1N01JN+1 JIJI JZ 2 1N011N+1 1 1 272 NN
+ "o(Jl"""derl:l;k)’ (2)
no(jl.....jN+1:1;k) = no(Jl,...,JN+1:0;0) (3)

-1
x A (J :0)[a“’ +al® e e a™ L (5000 ¢ AL(S0) 4t ALY :0)].
k vk ,jl_j1 JZJZ jNﬂJN” 1'v1 2°Y2 N'¥N
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It is clear that
"fjp)afjpjj = 7 u;”a;pg ) p=1,...,N+1. (4)
p Ppp 1 #j p Tpp

It can easlily be verified, that the solution of (2), (3) with (4) is

N
0;0) = B[n“)...n(m”][a“) eaMn oy xk(ik:o)],

LSS TREERE VL 1 i it i
1 N+1 171 N+1 N+1 k=1
f 11y = (1 (N+1) )
"o(il""'1N+l'1'k) B[n11 ...n1N§1 ]Rk(ik.o).

where B is the normalizing constant, i.e.

h N1 (1) (N+1) (1) (N+1) N
i/B= Y. Y n. ' .om a, . +...+ a, . o+ 28 A (1 :0)].
. . i i ii i k "k
11=1 1N+1=1 1 N+1 171 N+1 N+1 k=1

By using formula (1) it 1is easy to show that the probability of exit from

<a >is
m

m
m A (i k..o, k)
n r1 rN+1 N+1 . s=0 ks4l :011 s
P
e Eln i L (k k )ev’“”[ p]!lnlp] m minls,n)
1 N+1 1 m+1° "N m T By (iN+1:k1""ks)
s=1 qg=1 q
x (1+0(1)).
Taking into account the exponentiality of Tc(J1""'JN+1:S;k1""'ks) for
fixed 8 we have
m s . —
E exp{ie BTC(JI,..‘,jN+1.0,0)} =
ie
=1+ ¢" N (1+0(1)),
a}”. ok a‘."”jj + L A0
1J1 Inerdner k=1
m — n
E exp{ie BTC(JI""’JN+1’s’kl""'ks)) =1 + o(e"), s>0.

Notice that Be=e" and therefore from Corollary 1 we immediately get the
statement that cmﬂc(m) converges weakly to an exponentially distributed

random variable with parameter

m
MoA (i ikgoenk)

i TN+1 Nel 550 Sear Caen
e r (T ,
. - . - +1 LTS | m min(s,n)
1=1 iy=1 (kl,....kmﬂ)év;iq‘ =1 "p ML oy k. k)
s=1 q=1 q

which completes the proof.

Consequently, the distribution of the failure-free operation time of the

system, Qs(m), can be approximated by
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P(Q_(m)>t) = P(e'ﬂe(m)>c't) ~ exp(-e"At),

i.e. Qe(m) is asymptotically an exponentially distributed random variable with

parameter €A,

In particular, for =N-1, which means that there is no operating element, we

have
N-1
ma (i :k.,...,k)

rl rN*"l N+1 s=0 ks¢l k:oll s
L 5 5 [ nn“”]
_ & ' AP | N-1 min(s, n)
151 gy, 1 G, .,kN)eV': p=1

T M (1N+1:k1""ks)
s=1 q=1 q

In the case, where the failure and repair rates depend only on the number of
failed elements, that is,

Ap(ip:kl,....ks) = Ap(ip;s). up(iN+1:k1,...,ks) = up(iN+1;s).
we get
N-1
A, (1 ;s)
rl rN+1 N+1 s=0 k:oi klol
eN-lA = r:N—1 al® (5)
i=1 i, =1 (k Kk ev pr-Tl 1, J N-1 min(s,n) '
N+1 1 N'"'N n T Hy (1N+1;S)
s=1 q=1 q

Furthermore, if there are no random environments from (5) we have

N-1
n A, (s)
s=0 ks¢1
N-T min(s,n) '
N)Ev: n T uk(s)
s=1 q=1 q

(6)

where Ap(ip;s) = Ap(s), ip=1,...,rp, “p(1N+1;S) = pp(s), 1N+1=1""’rN+1

Moreover, 1if each element has the same repair rate pu, and the fallure rates

do not depend on the number of stopped elements then (6) yields

. NI Al...AN

A =g A= — — . (7)
R AR

Finally, for homogeneous failure rates from (7) we have

. Nt aN

A = g A= — — . (8)
I R

Hence, by using (5) the steady-state probability, Qw, that at least one
element works is

883
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where BN denotes the mean period of time during which all elements are
stopped. It is quite easy to verify that from (7) we obtain
NI Al...AN -1
=11 44— — (9)
9 B ey
Finally, for the simplest case we have
N! A N
Qw =1/7(1+ % ( w7 Y ) (10)
n!'n

4. Some Numerical Results

In this section some numerical examples are given to illustrate the
effectiveness of the method proposed by comparing the approximate results to

the exact ones.

Case 1.
A
Here p = 572 and the exact steady-state probability, PW’ that at least one
Nt N
element works is P, =1 -~ ————p P ( from Palm-formula ).
W n!nN_n o

With n = 3 by using (8), (10) we get the following results:

N=5
"
p Py Q, 1/A
1 0.936305732  0.310344828 0.1
27! 0.991023339  0.935064935 2.4
272 0.999290680  0.997834560 38.4
273 0.999962376  0.999932188 614.4
274 0.999998435  0.999997881 9830. 4
275 0.999999943  0.999999934 157286. 4
27% 0.999999998  0.999999998 2516582. 4
27 1 40265318. 4
N = 15
.
P Py Q, 1/A
1 0.950212859  2.43840 E-6 8.1280 E-7
27! 0.997516417  7.39898 E-2 1.3316 E-2
272 0.999991894  0.999618207 218.1
273 0.999999998  0.999999988 3574746.5
274 1 5.856864 E10
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N = 25

*

P Py Q, 1/7A

1 0.950212932 1.2138 E-14 4.0462 E-15

2_1 0.997521248 4,07307 E~7 6.78846 E-8

272 0.999993850  0.93181969 1.1

2-3 1 0.99999999 19107840.5

274 1 3.20576 E20

We can see how Qw depends on N, p and how accurate it is. It should be

noted that the greater the N the less the p for an acceptable
-

approximation. Furthermore, we can observe the sharp increase in 1/A .

Case 2.

In this section we deal with heterogeneous fajilures and homogeneous repair

rates. By using (7), (9) we get the asymptotic results against Pw derived

by Sztrik(1985). The input parameters are the following:

We have:

we Py Q 1/A
1 0.626943005 1.36986 E-2  6.94444 E-3
5  0.977478886  0.896700144 0.8
10 0.997039717  0.992851469 6.9
20 0.999718279  0.999550202 55.5
30  0.999935358  0.999911119 187.5

We can see how the characteristics depend on the repair rate.

S. Conclusion

In this
each element and the repair facility operate in independent random environment

paper a renewable complex system has been treated assuming that

governed by ergodic Markov chains. The life and repair times of an element are
supposed to be exponentially distributed random variables with parameter
depending on the index of the element, the indices of the stopped components,
and state of the corresponding random environment. Assuming that the repair
( “fast"

is shown that the failure-free operation time of the system

rates are many times greater than the corresponding failure rates

repair ), it
converges weakly,

under appropriate norming, to an exponentially distributed

random variable. Furthermore, some numerical examples illustrate the problem

in question by comparing the approximate characterlstics to the exact ones.
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