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The queneing system 1o be analysed is a model of a multi-terminal system subject to random hreakdowns. All random variables
involved here are independent and exponentially distributed. Although the stochastic process deseribing the system’s behaviour is a
Markov chain, the number of states becomes very large. The main contribution of this paper is a recursive compulational approach o
solve the steady-state equations coneerning the problem. In equilibrium, the main performance measures of the system, such as the
mean number of jobs residing at the CPU, the mean number of functional terminals, the average number of busy servers, the
expected response times of jobs, and utilizations are obtained. Finally. some numerical results illustrate the problem in guestion.
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1. Introduction

This paper deals with the analysis of a queuveing system which may be used as a model of a real life
system consisting of n active terminals connected with a Central Processor Unit (CPU). The users at the
active terminals have exponentially distributed think times with rate A and they generate jobs for the CPU
with processing times being exponentially distributed with rate p. The service rule at the CPU may be any
work-conserving discipline, that is, it does not affect the total time spent in service of any jobs, for
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example, FIFO or Processor Sharing. Furthermore, it is assumed that each user generates only one job at a
time and he waits at the CPU before it starts thinking again. Let us suppose that the operational system 1s
subject to random breakdowns stopping the service at the terminals and at the CPU, The failure-free
operation times of the system are exponentially distributed random variables with rate & The restoration
times of the system are assumed to be exponentially distributed random variables with rate 3. The busy
terminals are also subject to random breakdowns not affecting the system’s operation. The failure-free
operation times of the busy terminals are supposed to be exponentially distributed random variables with
rate y. The repair times of the terminals are exponentially distributed random variables with rate 7. The
breakdowns are serviced by r repair crews providing preemptive priority to the system’s failure. All
random variables involved here are assumed to be independent of each other.

As can easily be seen, this model is a generalization of the classical *machine interference problem’
discussed, among others, in [1.3]. In recent years finite-source models in different forms have been
effectively used, for example, for mathematical description of multiprogrammed computer systems (see
[2,4,5,7.8,10]).

The purpose of the present paper is to analyse a multi-terminal system just described. The main
contribution of this paper is a recursive computational approach to solve the steady-state equations
concerning the problem. In equilibrium, the main performance measures of the system, such as the mean
number of jobs residing at the CPU, the mean number of functional terminals, the average number of busy
servers, the expected response times of jobs, and utilizations are obtained. Finally, some numerical results
illustrate the problem in question.

2. The model and a computational approach

Let us introduce the following random variables:

1 if the operational system is failed at time 7,
0 otherwise,

X(1) = {
¥(1) = the number of jobs residing at the CPU at time 1,
Z(t) = the number of failed terminals at time 7.
Clearly, the process
M(t) = (X(¢), Y(e), Z(1))
is a three-dimensional Markov chain with state space
((i,k,5);0<i<1,05sk<n 0<ss<n—k)
of dimension (n + 1) {(n + 2). Let us denote the steady-state distribution by
pli, k,5)= Iliﬂ:ﬁP{ X(t)=i, Y(£) =k, Z(t) =3),
which exists and is unique (see [1,3]). As usual. using the notion of probability flow, the global balance
equations for p(i, k, s) are
(a+nA+ny)p(0,0,0)=8p(1,.0,0) +7p(0,0,1,) + up(0, 1, 0), (1}
(a+({n—s)h+sr+(n—23)y)p(0,0, 35)
=82pi(1,0, s)+ (n=s+1}yp(0,0, s—1}+ (s + 1)7p(0,0, s+ 1) + ppl(0, 1, 5), (2)

forlss<r—1,
(a+(n—s)A+rr+(n—s)y)p(0,0, s)
=Bp(1,0,s)+{n—s+1)yp(0,0, s— 1)+ rrp(0, 0, s+ 1)+ up(0,1, 5). (3)
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forrss=n—1,

(a4 rr)p(0,0, n)=Bp(1,0, n) +yp(0,0, n—1), (4)
(a+p+(n—Kk)A+(n=Kk)y)p(0, k,0)
=fBp(1, k,0)+7p(0, k, 1)+ (n—k+1)Ap(0, k—1,0)+ ppl0, k+1,0), (5)
forl<sk<n—1,
(a+p)p(0, n,0)=Bp(1, n,0) +Ap(0, n—1,0), (6)

(a+p+{n—k—s)A+rr+(n—k—5)y)pl0, k, 5)
= Bp(1, k, )+ pup(0, k+1, s)+ (n—k—s+1)yp(0, k, s—1)
+rrpl0, k, s+ 1)+ (n—k—s+1)Ap(0, k-1, 5), (7
forlsksn—r,rsssn—k,
(a+p+{n—k—s)A+(n=k-s5)y+s7)p(0, k, )
=Bp(l. k, s)+up(0, k+1, s)+(n—k—s+1)yp(0, k, 5s—1)

+(s+D7p(0, k, s+ 1)+ (n—k=s+1)Ap(0, k-1, 5), (8)
forn—r+lsksn=-11sssn—k,
(A+ (r=1r)p(l, k, s} =ap(0, k, 5} + (r—1}1p(1, Kk, 5+ 1), (9)
for0sk=sn—r+1, r—1=ss=n—Fk
(B+s7)p(1, k, s)=ap(0, k, s) + (s +1)7p(1, k, s +1), (10}
fornm—r+2sksn-1,0s5sr—12,
Bp(1, n, 0)=ap(0, n. 0). {11)

In principle, this system of linear equations can easily be solved by standard computational methods,
However, we must take into consideration that the unknowns are probabilities and therefore in the case of
a large state space the round-off errors may have considerable effect on them (see [3.5,6,11]).

In the following an efficient recursive computational approach is given for determining the stationary
probabilities p(i, k, 5). After dividing both sides by coefficient of the unknowns p(/, k. s) on the
left-hand side and introducing vectors

¥*=(p(0, &, 0),..., p(0, , H—,&;}}T‘

Z®=(p(1, ks 0).... p(1, ky n— k)"

of dimension n—k+1. k=0,1.._., n. the above equations can be written in matrix form as
YO =B¥?+ G Y+ Dz, (12)
Y = YEV L BY R L ¥R YL DZW, 1gkgn—1, (13)
Y= Ay D4 p Zzm, (14)
ZW=FyY®R 4+ HZ®, O0gkgn-1, (15)
ZW = Fyt, (16)

It is quite easy to see that the involved matrices are sparse (band diagonal) and are of the following
dimensions:

— Ag: in—k+Lxin—-k+2,1=sk=n,
- B, H. (n—k+Dxin—-k+1),0sksn—1,
C.: (n—k+Dxin=-kLlsk=sn,

- D, F: (n—k+Dx{n—k+1,0=k=n,
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The system of egs. (12)—(16) can be considered as the steady-state global balance equations for a
multi-dimensional birth-death process in which vectors ¥'® Z'® play the role of probabilities and
matnees A4,, B, C,, D,, F, represent the birth and death intensities.

To obtain the solution of this system we have:

Theorem. The solution of egs. (12)-(16) can be determined recursively by

Y= L ¥, 1gkgn, ZW=RY¥Y"Y, 0gksn,

where
R,=F,, R,=(I-H)'F, O<k<n, (17)
L={F-DiR) "4, Liw(l=B—Clisi=DR) 4, 1skan—1. (18)

The initial vector ¥ is calculated from
(F—By— DyRo— G L) YO =0

up to a multiplicative constant to be found from the norming condition

1 R A=k
¥ ¥ Y alaae,
i=0 k=0 1=0

Proof. By the help of egs. (15)-(16) we get Z'" = F,¥'™ and (I - H)Z'"' = F,¥'®), 50 (17) holds.
From (14) we have

(I-D,E)Y"™=4,¥0"D,
and assuming ¥ 'V = L ¥ from (13) we get
(I—B,— CeLy i — DR YR m g ¥ Jokgn-1,
which yields (18),
Finally, (12} gives
(I-B,—- G L, -DR)¥YP=0. 1O

This system of linear equations possesses a unique solution for any p(0, 0, 0). After calculating vectors
Y, Z") and summarizing their all components the steady-state probabilities p(i, k. s) can be obtained
after dividing each component by the sum.

The advantage of the algorithm is two-fold. On the one hand, although the number of the involved
matrices are large enough, the procedure needs a relatively small storage requirement, since the matrices
are sparse. On the other hand it reduces the round-off errors, hence in a given cycle only n—k + 1
unknowns are involved instead of (# + 1)(» + 2) ones,

It should be noted that this kind of recursive computational approach can be applied to derive the main
operational characteristics of a ‘machine interference problem with server’s breakdowns’, see ez [9].

3. The main performance measures and numerical results

(1) Mean number of jobs residing at the CPU

" 1 n—k
= Ek(E ¥ plis kow) |
k=1 !

P=0 5=0
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{ii) Mean number of functional terminals

] 1 rn—¥%
- zs(z Y pli, k. )]

s=1 \im0 k=0
(iii) Mean number of busy terminals

n #H—k
iy = E E(ﬂ—k—s)p{ﬂ._k,ﬁ},
k=0 s=0

{ivy Mean number of busy repairmen

n, = Es(ip{ﬂ, k,s})+r Y ﬁp{ﬂ,kg”

s=1 k=1 ] i=r+1 k=0
¥ m—x+1 H n—5+1
+Es( Y p(l,k,.f—l})+r D Yop(l, k, s=1),
=1 fe =1} s=r+1 k=0
(v) Expected response times of jobs
?=ﬁ,z’(-"~5b}1
ivi) Utilization of CPU

n A—k

Upy= 2 2 pP(0, k,3),

k=1 2=0)

{vii) Utilization of terminals

U, =Fip/n,
{viii) Utilization of repairmen
U=n/r.

The algorithm generating these characteristics was implemented in Turbo Pascal on an IBM PC/XT at
the Iastitute of Mathematics, University of Debrecen, Hungary.

In the case of @ =y =0 we have the MM /1 *‘machine interference problem’. Using the example in [1,
p. 433],

A =0.025, p=10.25, n=6,
supplemented by parameters
y=10"12, =999, a=10""%  B=999, r=1,

we get the following test result:

by formula by the algorithm
i 0.4 .54
T 6,51 6.55
Lepy 51% 2%
3 HE% 6%

In the following, some sample results are shown to illustrate the effect of different parameters on the basic
performance measures.

Case 1.
Input parameters:

A=35 u=50, y=05 =10, a=00], B=15 n=8

We should like to investigate the effect of the number of repairmen on the characteristics iy, 1, T ey
L. The results are collected in Table 1.
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Table 1

, e i T T L, -
2 38895 04901 0.0291 (134 042
3 4.8936 0.6577 0.0313 0.42 0.53
4 5.2466 0.7178 00320 0.45 0.56
3 5337 0.7326 L0321 (.46 0.57
L 5.3539 00,7352 (0321 (.6 0.57
7 5.3558 0.7355 0.0321 (46 0.57
E 5.3559 0.7355 0.0321 046 0.58
Table 2

-\’_t i iy T Licpu L
fi 35807 1.0393 (L0383 .54 .45
7 56009 1.2720 (0422 0640 .43
1.5 5.6280 1.3912 00422 0.63 0.42
] 5.6486 1.3117 00461 0.65 0.41

As can be observed, all measures are increasing functions of r, and we have almost the same values for
6 < r < 8. This behaviour of the system can be explained as follows. The greater the number of repairmen,
the faster the repair of the failed terminals. Consequently, there are more functional terminals and they
generate more jobs. Furthermore, if certain repairmen can service the failed terminals fast enough, then we
do not need more repairmen since they have no significant effect on the characteristics.

Case 2,

Input parameters:

p=350, y=035 =10, a=001, fA=1.5, =10, r=3,
The performance measures are considered as function of the think time rate A. The measures are shown in
Table 2, _

We can see that the measures fy, A, T, Uqpy, are increasing functions of A, but U] is a decreasing
function of A. This is quite understandable since the greater the rate A the greater the number of jobs
residing at the CPU and so the resulting characteristics follow from this fact.

Case 3.

Input parameters:
A=5 y=035 +=10, a=001, B=15 n=35 r=3.
The characteristics are studied as the function of the service rate p. The results can be seen in Table 3.

We can observe that U is almost the same, while the other characteristics are decreasing function of p.
Since the service rate p is relatively great comparing to the other rates, its small changes do not influence
L} at least within two digits. Furthermore, the greater the rate p the less the number of jobs residing at the
CPU and this fact explains the behaviour of the other characteristics.

Table 3

0 Ay Ly T Lepy U
50 33144 0.3761 0.0258 0.29 0.58
i 3.2135 0.3680 (L0252 029 0.58
52 13136 0.3602 (L0246 028 0.59
53 13118 0.3528 0.0240 028 0.59
54 inu 0.3456 00235 027 0.59
35 33103 0.3387 00230 .27 0,59
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Tahle 4
¥ ip m; T Pl L .
05 313144 0.3761 0.0258 029 0.58
0.6 3.0930 (1L.3457 0.0254 0.27 {154
0.7 28954 03193 (,0250 0.25 .51
0.8 2. 7183 0.2961 (10247 0.24 (a8
0.9 2.3391 0.2758 00244 0.23 .45
1.0 24156 0.2578 0.0241 a4 0.43

Cuase 4.
Input parameters:

A=35 npn=350, y=05, r=10, a=001, g=15 n=35 r=3.

We illustrate the effect of the failure rate ¥ on the performance measures collected in Table 4,
We illustrate that all measures are decreasing functions of ¥, as was expected. Since the greater the
failure rate y the less the number of busy terminals, the behaviour of the characteristics follows.

4. Conclusion

This paper is concerned with a gueueing model of a multiterminal system subject to breakdowns. The
main contribution is a recursive computational approach to solve the steady-state balance eguations
related to the problem. In equilibrium, the main performance measures of the system, such as the mean
number of jobs residing at the CPU. the mean number of functional terminals, the average number of busy
servers, the expected response times of jobs, and utilizations are obtained. Finally, some numerical results
illustrate the effect of different parameters on the performance measures.
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