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Abstract

In this paperwe investigatea singleserver retrial queuewith a finite numberof het-
erogeneoussourcesof calls. It is assumedwhena givensourceis idle it will generatea
primarycall afteranexponentiallydistributedtime. If theserver is freeat thetime of the
request’s arrival thenthe call startsto be served. The servicetime is alsoexponentially
distributed.During theservicetime thesourcecannotgeneratea new primarycall. After
servicethesourcemovesinto free stateandcangeneratea new call again. If theserver
is busy at the time of the arrival of a primary call, then the sourcestartsgeneratingso
calledrepeatedcallswith exponentiallydistributedtimesuntil it findstheserver free. As
before,afterservicethesourcebecomesfreeandcangeneratea new primarycall again.
We assumethat the primary calls, repeatedattemptsandservicetimesaremutually in-
dependent.This queueingsystemandits variantscouldbeusedto modelmagneticdisk
memorysystems,local areanetworkswith CSMA/CD protocolsandcollision avoidance
local areanetworks.
Thenovelty of this modelis theheterogeneityof thecalls,which meansthateachcall is
characterizedby its own arrival, repeatedandservicerates. The aim of the paperis to
give the usualsteady-stateperformancemeasuresof the system. To do so, an efficient
softwaretool, MOSEL( Modeling,SpecificationandEvaluationLanguage) developedat
theUniversityof Erlangen,Germany, is usedto formulateandsolve theproblem.Several
samplenumericalresultsillustrate the power of the tool showing the effect of different
parameterson thesystemmeasures.
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1 Intr oduction

Retrialqueueingsystems( or queueingsystemswith repeatedattempts,returningcustomers,
calls or orders) have wide practicalusein designinglocal areanetworks andtelecommuni-
cationsystems.Thesequeuesarecharacterizedby the following feature:a primary request
finding all serversandwaiting positionsbusy uponarrival leavesthe servicearea,but after
somerandomtime he repeatshis demand.Betweenretrialshe is said to be in ’orbit ’. So
the repeatedattempsfor servicefrom the groupof blocked customersaresuperimposedon
thenormalstreamof arrivalsof primaryrequests,thustheretrial queuescanbeconsideredas
alternative to queueswith lossesthatdo not take repeatedattempsinto account.

In recentyears,therehasbeenconsiderableinterestin retrial queues.For a systematic
accountof the fundamentalmethodsandresults,furthermorean accessibleclassifiedbibli-
ographyon this topic the interestedreaderis referredto, for example[2], [6], [9], [10], and
referencestherein.

In many practicalsituationsit is importantto take into accountthe fact that the rateof
generationof new primarycallsdecreasesasthenumberof customersin thesystemincreases.
Thiscanbedonewith thehelpof finite-source,or quasi-randominput models.Queueingsys-
temswithout retrials, that is systemswith classicalwaiting lines andfinite populationhave
beenreview in detailby Takagi[27]. SinceKornyisev [20], which wasthefirst paperdevoted
to finite-sourceretrial queues,therehasbeena rapidgrowth in the literatureon this topic. A
completesurvey onrelatedresultscanbefoundin Artalejo[2] for systemsof type �������
	�����

and ��������������
 in Kendall’s notation. In addition,in thepapersFalin, Artalejo [11], Falin
[12] not only the outsideobserver’s distributionsof the systemsin steadystate,but alsothe
stationaryperformancecharacteristicsareconsideredon moredetail. In particular, all main
measureswereexpressedin termsof the server utilization. Arriving customer’s distribution
of thesystemstate,busyperiodandwaiting time processes( which is especiallycomplex for
retrial queuesdueto theovertaking) wereinvestigated,too. Furtherrecentresultswith finite-
sourceof primaryrequestscanbefoundin [4], [5], [8], [10], [13], [14], [19], [21], [24].

Retrial queueswith quasi-randominput are recentinterestin modelling magneticdisk
memorysystems[23], cellularmobilenetworks[28], computernetworks[15], andlocal-area
networkswith nonpersistentCSMA/CD protocols[21], with startopology[16, 22], with ran-
domaccessprotocols[17], andwith multiple-accessprotocols[18].

An examinationof thesepapersshows no investigationson modelswith heterogenous
sources.Thus the aim of the presentpaperis to analysea finite-sourceretrial queueswith
the following assumptions.Thereare 
 differentsourcesof primary callseachconsistinga
singlerequest.Whensource� is free at time � (i.e. is not beingserved andnot waiting for
service)it maygenerateaprimarycall duringinterval ��������������� with probability �! "�����$#
�%����� .
If theserver is idle at time of its arrival thentheservicestarts.Theserviceis finishedduring
theinterval �������&������� with probability '( "���)�*#
�%����� . During theservicetime thesourcecan-
not generatea new primary request.After servicethesourcemovesinto a freestateandcan
generatea new call. If theserver is busyat time of thearrival of requestfrom the �%��+ source,
thenthesourcestartsgeneratinga Poissonflow of repeatedcallswith rate ,- until it findsthe
server free. As before,afterservicethesourcebecomesfreeandcangeneratea new primary
call. All thetimesinvolvedin themodelareassumedto bemutuallyindependentof eachother.
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Ourobjective is to givethemainusualstationaryperformancemeasuresof thesystemand
to show theeffect of differentparameterson them. To achive this goala tool calledMOSEL
( Modeling,SpecificationandEvaluationLanguage) developedat theUniversityof Erlangen,
Germany, see[7], is usedto formulateandsolve theproblem.We show how this systemcan
bemodelled,andhow easilyperformancemeasurescangraphicallyberepresentedusingIGL
( IntermediateGraphicalLanguage). Thismodelis anotherextentionof investigationsfor het-
erogeneousfinite-sourcequeueingsystemsthatin thecaseof theclassicalservicedisciplines(
first-come-first-served,polling, processor-shared,priority processor-shared) weretreated,for
examplein Sztrik [25, 26] andTakagi[27].

The paperis organisedasfollows. In Section2 the full descriptionof the modelby the
helpof thecorrepondingmulti-componentMarkov chainis given.Thenthemainperformance
measuresof the systemare derived that can be obtainedusingMOSEL tool. In Section3
several numericalexamplesarepresentedandsomecommentsaremade. Finally the paper
endswith aConclusion.

2 The ./ 0 ./ 021)03054
retrial queueingmodel

2.1 The underlying Mark ov chain

Becauseof theexponentialityof the involvedrandomvariablesthefollowing processwill be
a Markov chain. The stateof the systemat time � canbe describedby the process67�"���98
���%:);=<?>A@CBED(FG��HIHAHA�EDKJL<?>A@M�����ONQPR� where ST�"���U8VP if the server is idle, SW�����U8X	 if the server is
busy, and :);Y�"��� is the index of the requestunderserviceat time � . Z[����� is the numberof
sourcesof repeatedcallsat time � , andbecauseof theheterogeneityof thesourcesweneedto
identify their indicesthataredenotedby D]\ , ^98_	���HAHIHA�GZ`����� if thereis a customerin theorbit,
otherwisethesecondcomponentis P . Sinceits statespaceis finite theprocess�"67���������aNbPR�
is ergodic for all valuesof the rateof generationof new primary calls,andfrom now on we
assumethatthesystemis in thesteadystate.

Wedefinethestationaryprobabilities

c �%P�BEPR�d8feIgih>Ajlk c �mST�"���Y8nP��GZ`�����L8oPR�
c �I^pBGPR�q8feigIh>Ajlk c �%:dFd8r^��GZ[�"���L8oPR�s� ^t8u	���HIHAHA�G


c �%P�BE�vF���HAHIHA�E�%w��L8feIgih>Ajlk c �mST�"���Y8nP��ED(FY8x�vFs��HAHIHA�EDpwy8n�%w-�s� z98u	���HAHIHA�G
Q{�	

c �I^pBE�CFG��HIHAHA�E�|w��Y8feigIh>Ajlk c �%:dFL87^��ED(F}8~�CFs��HAHAHI�EDpwy8~�|w��s� zO8u	���HIHAHI�E
Q{*	�H

Thetraditionalway is to derive therelatedKolmogorov equationsfor theseprobabilitiesand
usingthenormingconditionsomehow wehave to solve thesetof equations.In our casethese
two stepsareperformedby thehelpof thetool treatedin thenext subsection.
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Oncewe have obtainedtheselimiting probabilitiesthe main systemperformancemea-
sures canbederivedin thefollowing way.

1. The server utilization with respect to source ^
� \38 P ( theserver is busywith sourcej )

thatis, wehave to summarizeall theprobabilitieswherethefirsr componentis ^ . Formaly

� \l8n���
F�

wE�!�
�

 i�����������  ��s��R\
c �I^pBE�vFG��HAHIHA�E�%w-�

Hencetheserver utilization

� 8�8x����ST�"���L8u	���8 ��\��=F
� \�H

Let usdenoteby
c <? �@� thesteadystateprobabilitythatrequest� is waiting ( stayingin theorbit

). It is easyto seethat

c <� �@� 8 ��\��!��� \���� ���
F�

wE�=F
�

 ��%<? i�M���������  ��C@
c �I^pBE�vFG��HAHIHA�E�%w-�sH

Similarly, it caneasilybe seen,that the steadystateprobability
c <? �@ that request� is in the

servicefacility (it is underserviceor waiting in theorbit) is givenby
c <� �@ 8 c <� �@� � �  MH

2. Mean response time of source �
Thederivationof thefollowing formulaearebasedon [27]. Let usdenoteby ��� �= �� themean
responsetimeof customer� , andby �] thethroughput of request� , thatis, themeannumberof
timesthatrequest� is servedperunit time. Thesearerelatedby

�] =8 	
�T���� i���~	����! 8o�! v�C	l{ c <� �@ �L8~'( �  �� �q8�	���HAHIHA�G
�H (1)

For
c <? �@ wehave

c <� �@ 8 ��� �= ��
��� �= i���x	����p 8x�] i��� �= i�=8b	l{ �] 

�p �&8u	���HAHAHI�G
�H (2)

which representsLittle’ s theorem for request� in theservicefacility. It is easyto seethatas
aconcequenceof (1) wehave c <? �@ 8b	l{ '( 

�p 
�  

and c <� �@� 8 c <� �@ { �  �8�	l{ '( 
�r�! 
�! 

�  MH
Alternatively, by thehelpof (2) we canexpressthemeanresponsetime �T���� �� for request� in
termsof

�  as

�T���� ���8
c <� �@

�! v�v	l{ c <? �@ � 8
	l{¡ �¢£ ¢

�  
'( �  8 �! K{¤'( �  

�p i'( �  H
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3. Mean waiting time of source �
Themeanwaiting timeof request� is givenby

���¦¥§ I�=8n�T���� ��p{*	��¨'( =8 	
�] {

	
�! {*	���'( =8 �p K{x��'( 
�r�! �� �  

�! �'( �  H
At thesametimewe haveanotherLittle’ s theorem for request� waiting for service.Namely

c <? �@� 8 ���¦¥§ I�
��� �= I�
�x	����! 8x�] i���¦¥§ �� �&8u	���HIHAHI�E
�H

4. Mean number of calls staying in the orbit or in service

� 8o����ST�"���©�ªZ`�����v�=8 ��  ��=F
c <? �@ 8 �� ��=F �v	y{

'( 
�! 
�  m�Y8o
Q{ �� ��=F

'( 
�p 
�  �H

5. Mean number of sources of repeated calls

Zf8x����Z[�"���v�(8 �� ��=F
c <? �@� 8 �� ��=F �C	3{

'( 
�ª�p 
�! 

�  "�L8o
V{«�� ��=F
'( 
�ª�p 
�! 

�  �H

6. Mean rate of generation of primary calls

�¬8 �� ��=F �] (8 ��  ��=F �p ��C	l{
c <� �@ �Y8 �� ��=F '( 

�  MH

7. Blocking probability of primary call �

­  =8 �p �® �\��=F�� \���� ® ���
FwE�!� ®  m��� i�M���������  �� c �I^pBE�vF���HAHIHA�E�|w��

� H

Henceblocking probability of primary calls

­ 8 ��  ��=F
­  

which is thefractionof primarycallswhich wereblocked( i.e. mettheserverbusy).
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In particular, in the caseof homogeneouscalls, that is, when �! y8Q�©� '( 38¯'q� ,� l8
,
� �°8±	���HAHIHA�G
 thecorrespondingmainperformancemeasurestreatedin [11, 10] arethe
following

�  (8n����SW�����v����
�� �q8b	���HAHIHA�G
�� ZV8x
f{ �%�t�7'²� �
� �

��8o���T�¦
Q{³ST�"���q{³Z[�"���v�=8n' � �

���¦¥o�=8nZ9� �¬8n
V{x��' � � �
F {7� �

F {¤' �
F �

­ 8 �K����
V{³SW�����q{[Z[������BGSW�����L8u	��
�K����
V{¤SW�����d{¤Z`�������

asit canbeseenin [11] with theappropriatechangingof notations.
It shouldalso be mentionedthat all the performancemeasurescan be expressedin the

termsof thecorrespondingutilizations
�  , asit wasstatedin [11]. However, we mustadmit

thedistribution functionandmomentsof thewaiting timescouldnotbesolved.

2.2 MOSEL program

Thecrutialpartof thewholemodelingis theformulationof problemandderivationof themain
performancemeasures.This canbe donequite easilyby the help of a tool calledMOSEL (
Modeling,SpecificationandEvaluationLanguage) developedat theUniversityof Erlangen,
Germany, see[7]. It automaticallygeneratesthestateprobabilitiesandusingthesearesultfile
containingtheperformancemeasuresspecifiedin themodeldescriptionfile. It alsogenerates
agraphicalrepresentationof theresultsif theinputfile containsapicturepart.

Sincein our paperwe concentrateon the effect of differentparametersof the systemon
themainperformancemeasuresthetechnicaldetailsof programmingarenot treated.For just
an illustration we show a part of the programfile. The main emphasisis on the graphical
representationsof thedesiredmeasureswhich areautomaticallygeneratedby thetool.

retrial2.msl begins */

/* Reliable terminal-system with retrying jobs for NT terminals */

/*------------------------------- Definitions -----------*/
#define NT 3 // change it to 4, 5, 6, 7, ...

/*============== No changes required below =======================*/

<1..NT> VAR double prgen# ;
<1..NT> VAR double prretr# ;
<1..NT> VAR double prrun# ;
enum cpu_states {cpu_busy, cpu_idle};
enum terminal_states {term_busy, term_retrying, term_waiting};
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/*--------------------------------------- Node definitions -------*/
<1..NT> NODE terminal#[terminal_states] = term_busy;

NODE cpu[cpu_states] = cpu_idle;

/*-------------------------------------------- Transitions -------*/
<1..NT> FROM cpu_idle, terminal#[term_busy] TO cpu_busy,
terminal#[term_waiting]

W prgen# ;
<1..NT> FROM terminal#[term_busy] TO terminal#[term_retrying]

IF cpu==cpu_busy W prgen# ;

<1..NT> FROM cpu_idle, terminal#[term_retrying] TO cpu_busy,
terminal#[term_waiting]

W prretr#;
<1..NT FROM cpu_busy, terminal#[term_waiting] TO cpu_idle,
terminal#[term_busy]

W prrun# ;

/*--------------------------------------------- Results -------*/
RESULT>> if(cpu==cpu_busy) cpuutil += PROB ;

<1..NT> RESULT>> if(terminal#==term_busy) termutil# += PROB ;
<1..NT> RESULT>> if(terminal#==term_retrying) retravg += PROB ;
<1..NT> RESULT>> resptime# = (1-termutil#) / (prgen# * termutil# ;

/* retrial2.msl ended

3 Numerical examples

In this sectionseveral samplenumericalresultsillustratethe power of the tool showing the
influenceof differentparameterson themeanresponsetime ��� �= I� . In homogeneouscasethe
resultswerevalidatedby the Pascalprogramgiven in [10] in pages272-274. For the easier
representationof graphicswe dealswith 3 sources,but in the different setupsthe request
generation,retrial and serviceratesplay different roles. All the time we display the mean
responsetime ��� �= i� of call � asthe functionof theabove mentionedrates.First we consider
totally homogenoussystemsthensystemswith mixedgroupof ratesareinvestigated.Finally
rathercomplex situationis analyzedshowing the unpredictableoperationalbehaviour of the
finite-sourceretrial system.

3.1 Comments

In Figure1 we canseehow the meanreponsetime �T���l� for the retrial systemapproaches
themeantime for theclassicalsystemwithout retrial astheretrial rateincreases.This is not
suprisingsincein this casetheretrial systembecomesa FCFSfinite-sourcequeue.In Figures
2-3 theexpectedeffectsof arrival andserviceratearedemonstrated.In Figure4 we present
3 curveswith thesamedifferentretrial ratesasit wasconsideredin [11] showing a suprising
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Figure1: ��� �y� versusretrial rate

Figure2: ��� �l� versusservicerate
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Figure3: ��� �l� versusprimaryrequestgenerationrate

Figure4: ��� �l� versusprimaryrequestgenerationrate
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Figure5: ��� �l� versusprimaryrequestgenerationratewith homogeneousserviceandhetero-
geneousretrial

Figure6: ��� �y� versusprimaryrequestgenerationratewith homogeneousretrialandheteroge-
neousservice
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Figure7: ��� �l� versusretrial ratewith homogeneousserviceandheterogeneousprimary re-
questgeneration

Figure8: ��� �y� versusretrial ratewith homogeneousprimaryrequestgenerationandheteroge-
neousservice
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Figure9: ��� �l� versusprimaryrequestgenerationratewith heterogeneousserviceandhetero-
geneousretrial

phenomenonof retrial queueshaving a maximumof �T���l� . In Figures5-8 differentsystems
with mixedgroupof ratesareinvestigated.Finally in Figure9 a rathercomplex situationis
consideredasthefunctionof primaryrequestgenerationratewith fixedheterogeneousservice
andheterogeneousretrials.

4 Conclusions

In this papera finite-sourceretrial queueingsystemwith heterogeneousrequestsis studied.
The novelty of the investigationis the heterogenityof calls which makesthe systemrather
complicated.A tool MOSEL wasusedto formulateandsolve theproblemandthemainper-
formancemeasureswerederived.Severalnumericalcalculationswereperformedto show the
effectof differentparameterson themeanreponsetimesof thecalls.
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