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Abstract

In this paperwe investigatea single sener retrial queuewith a finite numberof het-

erogeneousourcef calls. It is assumedvhena given sourceis idle it will generatea
primary call afteran exponentiallydistributedtime. If the sener is freeatthetime of the
requess arrival thenthe call startsto be sened. The servicetime is alsoexponentially
distributed. During the servicetime the sourcecannotgeneratea new primary call. After
servicethe sourcemovesinto free stateandcangeneratea new call again. If the sener
is busy at the time of the arrival of a primary call, thenthe sourcestartsgeneratingso
calledrepeatectalls with exponentiallydistributedtimesuntil it findsthe sener free. As
before,after servicethe sourcebecomedree andcangeneratea nev primary call again.
We assumehat the primary calls, repeatechttemptsand servicetimes are mutually in-
dependentThis queueingsystemandits variantscould be usedto modelmagneticdisk
memorysystems|ocal areanetworks with CSMA/CD protocolsandcollision avoidance
local areanetworks.
The novelty of this modelis the heterogeneityf the calls, which meanghateachcall is
characterizedy its own arrival, repeatedand servicerates. The aim of the paperis to
give the usualsteady-stat@erformanceneasure®f the system. To do so, an efficient
softwaretool, MOSEL ( Modeling, SpecificatiorandEvaluationLanguage developedat
the University of ErlangenGermary, is usedto formulateandsolve the problem.Several
samplenumericalresultsillustrate the power of the tool shawving the effect of different
parametersn the systemmeasures.
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1 Intr oduction

Retrial queueingsystemq or queueingsystemswith repeatedattemptsreturningcustomers,
calls or orders) have wide practicalusein designinglocal areanetworks andtelecommuni-
cationsystems.Thesequeuesare characterizedby the following feature: a primary request
finding all senersandwaiting positionsbusy upon arrival leavesthe servicearea,but after
somerandomtime he repeatshis demand. Betweenretrialshe is saidto bein "orbit ’. So
the repeatedattempsfor servicefrom the group of blocked customersare superimposean
thenormalstreamof arrivals of primaryrequeststhustheretrial queuesanbe consideredis
alternatve to queueswith losseghatdo not take repeatedttempsnto account.

In recentyears,therehasbeenconsiderablenterestin retrial queues. For a systematic
accountof the fundamentaimethodsand results,furthermorean accessibleclassifiedbibli-
ographyon this topic the interestedeaderis referredto, for example[2], [6], [9], [10], and
referencesherein.

In mary practicalsituationsit is importantto take into accountthe fact that the rate of
generatiorof new primary callsdecreaseasthe numberof customersn thesystemincreases.
This canbedonewith the help of finite-sourcepr quasi-randoninput models.Queueingsys-
temswithout retrials, thatis systemswith classicalwaiting lines andfinite populationhave
beenreview in detailby Takagi[27]. SinceKornyisev [20], which wasthefirst paperdevoted
to finite-sourceretrial queuestherehasbeenarapid growth in the literatureon this topic. A
completesuney onrelatedresultscanbefoundin Artalejo[2] for system®f type M /G/1// K
andM/M/c//K in Kendalls notation. In addition,in the papersFalin, Artalejo [11], Falin
[12] not only the outsideobsener’s distributionsof the systeman steadystate,but alsothe
stationaryperformancecharacteristicgre considerecdbn moredetail. In particular all main
measuresvere expressedn termsof the sener utilization. Arriving customers distribution
of the systemstate busy periodandwaiting time processe$ which is especiallycomple for
retrial gueuesdueto the overtaking) wereinvestigatedtoo. Furtherrecentresultswith finite-
sourceof primaryrequestsanbefoundin [4], [5], [8], [10], [13], [14], [19], [21], [24].

Retrial queueswith quasi-randominput are recentinterestin modelling magneticdisk
memorysystemg23], cellularmobile networks[28], computemetworks[15], andlocal-area
networks with nonpersisten€ESMA/CD protocols[21], with startopology[16, 22], with ran-
domaccesgrotocols[17], andwith multiple-accesgrotocols[18].

An examinationof thesepapersshavs no investigationson modelswith heterogenous
sources. Thusthe aim of the presentpaperis to analysea finite-sourceretrial queueswith
the following assumptionsThereare K differentsourcef primary calls eachconsistinga
singlerequest. Whensources is freeattime ¢ (i.e. is not beingserned and not waiting for
service)it maygenerate primarycall duringinterval (¢, ¢ + dt) with probability \;dt + o(dt).
If theseneris idle attime of its arrival thenthe servicestarts. The serviceis finishedduring
theinterval (¢, ¢ + dt) with probability u;dt + o(dt). During the servicetime the sourcecan-
not generatea new primary request.After servicethe sourcemovesinto a free stateandcan
generateanew call. If theseneris busyattime of the arrival of requestfrom theith source,
thenthe sourcestartsgeneratinga Poissorflow of repeatedtalls with ratey; until it findsthe
sener free. As before,after servicethe sourcebecomedree andcangeneratea new primary
call. All thetimesinvolvedin themodelareassumedo be mutuallyindependendf eachothet



Our objectwveis to give the mainusualstationaryperformanceneasuresf the systemand
to shaw the effect of differentparametersn them. To achwe this goala tool calledMOSEL
( Modeling, SpecificatiorandEvaluationLanguage developedatthe Universityof Erlangen,
Germauy, see[7], is usedto formulateandsolve the problem. We shav how this systemcan
bemodelled,andhow easilyperformanceneasuresangraphicallyberepresentedsinglGL
( IntermediateéGraphicalLanguagg. Thismodelis anotherextentionof investigationsor het-
erogeneousnite-sourcequeueingystemshatin the caseof theclassicakervicedisciplines(
first-come-first-ser@d, polling, processosharedpriority processosshared) weretreated for
examplein Sztrik [25, 26] and Takagi[27].

The paperis organisedasfollows. In Section2 the full descriptionof the modelby the
helpof thecorrepondingnulti-componenMarkov chainis given. Thenthemainperformance
measure®f the systemare derived that can be obtainedusing MOSEL tool. In Section3
several numericalexamplesare presentecand somecommentsare made. Finally the paper
endswith a Conclusion.

2 TheM/M/1//K retrial queueingmodel

2.1 The underlying Mark ov chain

Becausef the exponentialityof the involvedrandomvariablesthe following processwill be
a Markov chain. The stateof the systemat time ¢ canbe describedvy the processX (t) =
((acwy; Brs - Byw), t > 0) whereC(t) = 0 if thesenerisidle, C(t) = 1 if theseneris
busy, and a¢(t) is the index of the requestunderserviceat time ¢. N(t) is the numberof
source®f repeatedtallsattime ¢, andbecaus®f the heterogeneityf the sourcesave needto
identify their indicesthataredenoteddy 5;, j = 1, ..., N(t) if thereis acustomeiin theorbit,
otherwisethe secondcomponents 0. Sinceits statespaces finite the procesg X (¢),t > 0)
is ergodic for all valuesof the rate of generatiorof new primary calls, andfrom now on we
assumehatthe systems in the steadystate.
We definethe stationaryprobabilities

P(0;0) = Jim P(C(t) =0, N(t) = 0)

P(j;0) = tle P(ay =j,N(t) =0), j=1,..,.K
P(O,Zl, ...,ik) = tllm P(C(t) = O,ﬂl = 7;1, ey P — ik)a k= 1, ,K —1

P(_],’Ll, ...,ik) = tli)rglop(al = j, ﬂl = il, ,,Bk = Zk), k = 1, ,K — 1.

Thetraditionalway is to derive the relatedKolmogoros equationdor theseprobabilitiesand
usingthe normingconditionsomehav we have to solve the setof equationsin our casethese
two stepsareperformedby the helpof thetool treatedn the next subsection.
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Oncewe have obtainedtheselimiting probabilitiesthe main systemperformance mea-
sures canbederivedin thefollowing way.

1. The server utilization with respect to source j

U; = P (theseneris busywith sourcg )
thatis, we have to summarizeall the probabilitieswherethefirsr components 5. Formaly

U - Z Z j ’1,1,..., k)

Hencethe server utilization

U==E[C(t)=1] = f: U,.

Jj=1

Let usdenoteby P the steadystateprobabilitythatrequest is waiting ( stayingin theorbit
). It is easyto seethat

K K-1

P =S 3 S P(iin,in)

§=0,576 k=1 ie(it yerrsig)
Similarly, it caneasily be seen that the steadystateprobability P(*) that request; is in the
servicefacility (it is underserviceor waitingin the orbit) is givenby
PO =pY 4y,

2. Mean response time of source

Thederivation of the following formulaearebasedon [27]. Let usdenoteby E[T;] themean
responséime of custometi, andby ~; thethroughput of request, thatis, the meannumberof
timesthatrequest is senedperunit time. Thesearerelatedby

1

T B B ?
For P we have
. E[T}) Y.
pO =i prpi—1_ 2 =1,..,K. 2
AR Y)Wl b W @

whichrepresentsittle’ stheorem for request in the servicefacility. It is easyto seethatas
aconcequencef (1) we have

PO —1_Hy
AZU

and
pi + A

i

PY=pi)_p,=1- U;.

Alternatively, by the help of (2) we canexpressthe meanresponséime E|[T;] for request in
termsof U; as
PO 18U _ i —

E|T;| = .
17 Ai(1— P(’)) ,U'zU Aip; U




3. Mean waiting time of source i

The meanwaiting time of request is givenby

1 1 Ai = (s + A)U;
BIW = BT = p = - — - — s = et 20

At the sametime we have anotherLittle’ stheorem for request waiting for service.Namely

E[Wj]

P9 _
W BT+ 1/

=vEW;] i=1,..,K.

4. Mean number of calls staying in the orbit or in service

K ) K K U
M =BlCW+ N =3 PO =30~ U) =K -3 1
=1 i=1 ? =1 "\
5. Mean number of sources of repeated calls
K K ) K
i=1 i=1 i i=1 i

6. Mean rate of generation of primary calls

i K K
/\=Z%‘=;)\ (1—PW) Zuz

=1

7. Blocking probability of primary call 4

A E] 1];&22 ZZ#“, ,Zk (];ilﬁ"',ik)

B; =
A

Henceblocking probability of primary calls

whichis thefractionof primarycallswhich wereblocked( i.e. metthesener busy).



In particular in the caseof homogeneousalls, thatis, when\; = A\, u; = u, v; =
v, i=1,..,K thecorrespondingnainperformanceneasuresreatedn [11, 10] arethe
following

(A+pU

U= ECOVK, i=1..K N=K-“"E=

A= M\E[K — C(t) — N(t)] = uU,

EW]=N/A=K - (uU)™ = A" —p,

AE[K — O(t) — N(); C(t) = 1]

B=""EBK—ct) - N@)]

asit canbeseenin [11] with theappropriatechangingof notations.

It shouldalso be mentionedthat all the performancemeasuresan be expressedn the
termsof the correspondingitilizationsU;, asit wasstatedin [11]. However, we mustadmit
thedistribution functionandmomentsof the waiting timescould not be solved.

2.2 MOSEL program

Thecrutial partof thewholemodelingis theformulationof problemandderivationof themain
performancaneasures.This canbe donequite easily by the help of a tool called MOSEL (
Modeling, Specificatiorand EvaluationLanguage developedat the University of Erlangen,
Germary, seg[7]. It automaticallygenerateshe stateprobabilitiesandusingthesearesultfile
containingthe performanceneasurespecifiedin the modeldescriptiorfile. It alsogenerates
agraphicalrepresentatioof theresultsif theinputfile containsa picturepart.

Sincein our paperwe concentraten the effect of differentparameter®f the systemon
themainperformanceneasureshetechnicaldetailsof programmingarenottreated.For just
an illustration we shov a part of the programfile. The main emphasidss on the graphical
representationsf thedesiredmeasuresvhich areautomaticallygeneratedy thetool.

retrial 2. nsl begins */

/* Reliable termnal-systemwith retrying jobs for NT terminals */

R Definitions ----------- */
#define NT 3 /!l change it to 4, 5, 6, 7,
| *============== No Changes r equi red bel oW =======================%

<l..NT> VAR doubl e prgen# ;

<1..NT> VAR doubl e prretr# ;

<l..NT> VAR double prrun# ;

enum cpu_states {cpu_busy, cpu_idle};

enumtermnal _states {termbusy, termretrying, termwaiting};



R R Node definitions ------- */
<l..NT> NODE termnal #[terni nal _states] = term busy;

NCDE cpu[ cpu_st at es] = cpu_idl e;
R e e Transitions ------- */
<l..NT> FROM cpu_idle, term nal #[term busy] TO cpu_busy,
term nal #[term wai ti ng]
W prgen# ;
<1..NT> FROM termi nal #[ term busy] TO terminal #[term retryi ng]

| F cpu==cpu_busy W prgen# ;

<1..NT> FROM cpu_idle, termnal#[termretrying] TO cpu_busy,
term nal #[term wai ti ng]
Wprretr#,
<1..NT FROM cpu_busy, terminal#[termwaiting] TO cpu_idle,
term nal #][t er m_busy]
Wprrun# ;
e e Results ------- */

RESULT>> i f (cpu==cpu_busy) cpuutil += PROB
<l..NT> RESULT>> if(term nal #==t erm busy) ternutil# += PRCB
<1..NT> RESULT>> if(term nal #==termretrying) retravg += PROB
<1..NT> RESULT>> resptine# = (1-termutil#) / (prgen# * termutil#

/[* retrial2. msl ended

3 Numerical examples

In this sectionseveral samplenumericalresultsillustrate the power of the tool shawving the

influenceof differentparametersn the meanresponsdime E[7;]. In homogeneousasethe

resultswere validatedby the Pascalprogramgivenin [10] in pages272-274. For the easier
representatiorof graphicswe dealswith 3 sources,but in the different setupsthe request
generationyetrial and serviceratesplay differentroles. All the time we display the mean
responseime E[T;] of call : asthe function of the abose mentionedrates. First we consider
totally homogenousystemghensystemswith mixed groupof ratesareinvestigated Finally

rathercomple situationis analyzedshaving the unpredictableoperationabehaiour of the

finite-sourceretrial system.

3.1 Comments

In Figure 1 we canseehow the meanreponsetime E[T] for the retrial systemapproaches
the meantime for the classicalsystemwithout retrial asthe retrial rateincreasesThis is not
suprisingsincein this casetheretrial systembecomes FCFSfinite-sourcequeue.In Figures
2-3 the expectedeffectsof arrival andserviceratearedemonstratedin Figure4 we present
3 curveswith the samedifferentretrial ratesasit wasconsideredn [11] shaving a suprising
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phenomenorof retrial queueshaving a maximumof E[T]. In Figures5-8 differentsystems
with mixed group of ratesare investigated.Finally in Figure9 a rathercomplex situationis

consideredsthefunctionof primaryrequesgeneratiorratewith fixedheterogeneouservice
andheterogeneoustrials.

4 Conclusions

In this papera finite-sourceretrial queueingsystemwith heterogeneousequestss studied.
The novelty of the investigationis the heterogenityof calls which makesthe systemrather
complicated.A tool MOSEL wasusedto formulateandsolve the problemandthe main per

formancemeasuresverederived. Severalnumericalcalculationsvereperformedio show the
effect of differentparametersn the meanreponsdimesof the calls.
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