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Abstract

In this paper we analyse a controlled retrial queue with twpoeential heterogeneous servers in which the time
between two successive repeated attempts is independtre nfimber of customers applying for the service. The
customers upon arrival are queued in the orbit or enterscgearea according to the control policy. This system is
analysed as controlled quasi-birth-and-death (QBD) m®ck is showed that the optimal control policy is of thresh-
old and monotone type. We propose the value iteration dlgarfor the calculation of optimal threshold levels and
perform the steady-state analysis using matrix-geomafpzoach. The main performance characteristics are calcu-
lated for the system under optimal threshold policy (OTR) emmpared with the same characteristics for the model
under scheduling threshold policy (STP) and other hearjstiicies, e.g. the usage of the Fastest Free Server (FFS)
or Random Server Selection (RSS).

Keywords: Retrial queues, Controlled queueing system, Steady-state probabilittesh®ld policy, Fastest
Free Server, Random Server Selection, Performance analysis

1 Introduction

Different types of multiserver retrial queueing systems under a variatyodiifications for single and mul-
tiple server cases have found applications in local area networks amthwaication protocols. For some
concrete examples we refer to [2, 4, 16]. The multiserver retrial quears been extensively studied for
homogeneous servers (equal service intensities) [1, 3, 5] and femlgeneous servers (different service
intensities) [9, 15]. The system with heterogeneous servers are mostistigated with respect to the
heuristic service policies, e.g. when the servers must be activatedlanrto the Fastest Free Server (FFS)
or Random Service Selection (RSS) policies. The motivation for consgighecontrolled queues comes
from the fact that many of the studied systems with heterogeneous seéovweos incorporate facilities (con-
trollers) that allow to pursue different control policies, possibly bagehistate dependent decisions. But
if the servers are heterogeneous then the controller may considerabbyertpe system’s performance in
comparison with mentioned above heuristic policies, e.g. by reducing thersdjme (or the number of
customers in the system). It it possible because sometimes it is better to wait erféistar server will be
idle then to occupy the slower one. The queueing systems that assumedytwalpeichlly controlled may
be treated in the framework of Markov decision models [10, 11, 12].

The controlled classical queues with heterogeneous servers weiedstu¢ll3, 14]. It was shown that
the optimal control policy that minimizes the mean number of customers in the syatesoime structured
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properties, i.e. threshold and monotonicity properties. It means that ébr g=rver there exists some
threshold level that specifies the number of customers in the queue wheeithés must be activated. In
this paper we prove the analogous properties of the optimal control foetti@ queue with constant retrial
rate.

The performance characteristics of controlled queues depend stmgg control policy. As soon as
the policy is calculated, we perform the steady-state analysis of the sydiar i modelled as a quasi-
birth-and-death (QBD) process with policy dependent infinitesimal matrexd@vnonstrate that the general
theory of matrix-geometric solutions [8] for deriving the steady-state digtab can be applied and the
main performance characteristics of the system can be efficiently computed.

To limit the size of the formulas we only represent the case of two servarthdintroduced methods
can be applied to any number of servers.

The paper is organized as follows. In Section 2, we describe the mathelnnadidal and specify the
optimization problem. In Section 3, we investigate the structural propertiesatimal control policy
which appears to be of threshold and monotone type. In Section 4, we tygphgsults from the theory
of QBD processes to the steady-state analysis of the system under ogirtral policy. The steady-state
distributions for the system under other control policies are investigategtitio 5. In Section 6, we derive
the performance measures and in Section 7, we present some illustratiegical results for the system
under different control policies.

In further sections we will use the notatioase; and for the suitably dimensioned column-vector
consisting of 1's, column vector with 1 in theth (beginning fromD-th) position and) elsewhere, and an
identity matrix, respectively.

2 Description of the mathematical model

Consider the queueing mod#&f /M /c in which primary customers arrive according to a Poisson stream
with rate )\, two heterogeneous exponential servets 2 with ratesu; > o, constant retrial rate > 0 and
the number of places in the retrial orBit< K < oo. According to the control policy an arriving customer
can join the orbit or have direct access to the accessible idle serverariival process, service times and
retrial times are assumed to be mutually independent.

Let Q(t) is the number of customers in the retrial orbit at titm®; (¢), D2(t) describe the states of the
servers at this time,

D;(t) 0, ifthe j-th server is idle at time and
i 1, ifthe j-th server is busy.

The observed process
{X(8) }i0 = {Q(1), D1(t), D2(t) }e=0 1)
is a continuous-time Markov process with state space defined as
E={x=(q,dy,d);0<q<K,d; ={0,1},i=1,2} =N x {0,1}?,

whereq andd;, i = 1, 2 denote, respectively, the number of customers on the orbit and statessafrtters.
Let Jo(x) and.J;(x) be the sets of labels assigned to idle and busy servers, respectively, i.e.

Jo(z) ={j : dj(x) = 0}, Ji(x) = {j : dj(x) = 1}.

The control decision in this model are the choice of assigning or not asgigrserver whenever primary
arrival or retrial customer tries to enter a service area. Defirié by{0, 1, 2} the set of admissible controls



and byU(z) CU

Ux) = Jo(z) U {0}, forzif g(x) < K,
e Jo(x), for z if ¢(z) = K < 0.

the set of admissible controls in stateThus each timeé™ just before a transition upon arrival (primary or
retrial) when the system state§(¢t~) = 2 one of available in this state control actiong U (x) must be
chosen, where = 0 has the meaning "send the job to the orbit" anegt k£ > 1 has the meaning "switch
on servert".

A deterministic control policy is then meant by any functién: £ — U subject to the constraint
f(z) € U(x) foranyz € E. Whenf is adopted as a policy, = f(x) is applied whenever the system is in
statex.

The components,, (u) of the infinitesimal generator of the Markov procgss(t) };>o depend on the
control actionu and satisfies

A, fory=ax+e,, ueU(x)
i, fory:x_ejvjejl(x)a

gy (u) =
oy() v, fory=xz—eg+ey, ucU(x—ep)

0, otherwise

andag (u) = —aqze(u) = 3, 2, aay(u).

For the model under consideration we look for some deterministic controyp6iievhich minimizes the
long-run average sojourn time. This is equivalent to minimizing the long-rarege number of customers
in the system

(f) = li 1Ef[/T(Q(t)+Dt D (t))dt 2
g(f) = Jlim — ; 1(t) + Dao(t))dt |, 2)

whereE/ denotes the expectation with respect to the probability measure induced pylitye f on the
process X (t)}. The policy f* is said to be optimal if

g=9(f*)<g(f),z€E

for any other admissible stationary deterministic polfcy

3 On optimal control policy

3.1 Optimality of always using faster server

Our objective is to prove that the faster server upon arrival of a pyimiaretrial customer must be switched
on whenever it is idle. To prove it we need the following property of theadlyic programming operatds

(a:te + Zy: (W) v (y) — g>] ek (3)

u

Bu(z) = min MU)

mapping any positive, bounded function £ — R into a bounded function.
Lemma 1 Assume the bounded, positive functiomas the following property

v(z+e) <v(r+e), z=1(g,0,0), ¢ >0.
Then

Bu(z +e1) < Bo(z + €2), v = (¢,0,0), ¢ > 0, p1 > puo.



Proof: To prove this property we rewrite the equation (3) in the form

Bu(z) = z'e + X min v(z +e,) + Lg@>0yy min  v(z —eo+ew) + Lgm—oy1v(z)  (4)
uel(z) uelU(x—eq)

+ Y ppr—e)+ D ) —g
jEN () j€do(x)

without loss of generality assuming that the rate v + 1 + 2 = 1. Taking the last equation for the states
x + e; andx + e; we get

Bu(xz + e2) — Bu(z + eq)

= A[min{v(x + e1 + e2),v(x + €2 + €9) } — min{v(z + €1 + e2),v(x + €1 + €0)}]

+ 1ig(z)>0pymin{v(z + e2),v(x + e2 + €1 — eo) } — min{v(z + e1), v(z + €1 + ez — €o)}]

+ Liga)=yv[v(T + e2) — v(z + e1)]

+ pifv(x + ex) —v(x)] — pefv(x +e1) —v(x)] > 0.

It can be easily seen that the first three items in the right hand side of teé@gare nonnegative due to
the property of the function(z): v(z + e1) < v(z + e2). The last item is nonnegativeify > ps. O

Theorem 2 The optimal policy has the following property: Whenever upon arrivahiary or retrial) the
fast server is available, this server should serve a customer.

Proof: The theorem states that the optimal control poljtyq,0,0) # 2 for anyq > 0. As in Lin
and Kumar [7] the proof combines the value iteration algorithm with lemma 1. The Yanctionv*(z)
satisfies

Bv*(z) =v*(z), x € E.

Let

Vs (3) = min[ ! <:Bte + Y Gy (u)vn(y) — gnﬂ _ Bu(z), z € E.
Yy

u | ag(u)

In spite of the operatoB not being a contractive operator for the long-run average probleng ut the
starting iterationyy(xz) = 0, = € E, then the function,, is a monotonously increasing function so that
v*(x) = lim B"wy(x), z € E.
n—oo

Note that the initial choice of satisfies the assumption of lemma 1. Henceglhs well as the limit have
this property, therefore it holds also for the value functit().

The structure of the equation (4) allows to express the optimal pgticy) in each state € E through
the value function*(z) in the form

f*(x) = argmin, ey {v*(z +eu)}, z € E. (5)
Therefore the the assumption of lemma 1 for the value function implies that if icisssary to switch on
some server it must be the fastest available ane.
3.2 Optimality of threshold policy for ¢ = 2

We have shown that the first server must be activated whenever tloemarsarrives and it is free. Note that

the values* (z + e2) andv*(z + ep) can not be compared in the same way as before, this assertion does
not allow us to determine whether a second server must be activated.eRitnshow that the increments
v*(z 4 eg) — v*(z 4 e2) are monotone with respect to the queue length.
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Lemma 3 Assume the bounded, positive functiomas the following property
v(z+ep) —v(x+er) <v(x+ 2e0) —v(x+ ey + e2), z = (g,1,0), ¢ > 0.

Then
Bvu(z + eg) — Bu(z + e2) < Bu(z + 2¢e9) — Bv(z + eg + €2), z = (¢,1,0), ¢ > 0.

Proof: We have to show that the operatBrpreserves the property of increasing the increments while the
gueue length increases, i.e.

Bu(z + eg) — Bu(z + e2) — Bu(x + 2eq) + Bv(z + eg + e2) < 0.
Substituting of equation (4) into the last inequality we get

Bu(x + eg) — Bu(x + e2) — Bv(z + 2eg) + Bv(z + eg + €2)
=A

min {v(z+e +e,)}— min {v(r+e+ey)}
weU (z+ep) uelU(z+e2)

— min  {v(z+2e+ey)} + min  {v(z+ep+e2+ey)}]
weU (x+2eq) uelU (x+eg+ez)

{a )>0}7[u$&){v<m eo + e+ €u)} ueU(g}:g_eo){v(w €0+ €2+ ey)}

— min {v(x—eyg+2e+ey)}+ min {v(x—ey+eg+ex+ey)l]
weU (z+ep) uelU(z+e2)

+ Lig@)=y7[v(@ + eo) — v(z + e2) — v(x + 2ep) + v(x + e + e2)]
+piv(r+eg—er) —v(r+ex—er) —v(x+2e —e1) +v(z+ e+ ex —eq)]
+ pofv(x + o) — v(z + €2) — v(z + 2e0) + v(z + €9+ €2)] <0
The last three items in the right hand side of the last equation are nonpeséitimespect to the assumption

of lemma 2. To prove the assertion that the first item is nonpositive we distmtyuispossible cases
1. f(x + e2) = f(z + 2e9) = 0. In this case we have

min  {v(z+ep+ey)} —v(x+ ez +ep) —v(x+ 3e) + min  {v(z+ep+ex+ey)}
uelU (z+eq) u€U(z+eo+e2)

<w(z+2ep) —v(x + ez +eg) —v(x + 3eg) + v(x + 2e9 + €2) <0

according to the assumption of lemma 2 in the siatee,.
2. f(xr+ez) =0andf(z + 2e9) = 2. In this case we get

min  {v(z+ey+ey)} —v(z+es+eg) —v(x+2e+e2) + min  {v(z+ey+extey)}
u€U (z+eq) uelU (z+eo+ez)

<wv(r+eg+e) —v(r+er+ey) —v(r+2e+e2)+v(r+e+ext+e) =0

As it can be seen for the second item the nonpositivity follows from theiquecases by replacingwith
T —eg. O

Theorem 4 The optimal policy for the retrial queueing systéyM /2 with heterogeneous servers and
constant retrial rate is of threshold and monotone type, i.e. the fastestedersmust be switched on
whenever a primary or retrial customer arrives and another one rbesswitched on if and only if the
fastest server is busy and the orbit length reaches the thresholdjleve;.

Proof: The assumption of lemma 2 holds for the value functibraccording to the monotone convergence
property of the operataB, i.e.

U (@ + o) — v (@ + e2) < V(@ + 2e0) — 0" (& + e + e2), @ = (,1,0), ¢ > 0.
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This inequality shows that the advantage to send the customer to the orbibaadhe second server idle
decreases when the orbit size increases. According to the definitioa opttmal controlf*(z), = € E in
(5) the following relations hold

ff(x+e)=0= f"(x)=0
ffz)=2= f"(x +e) =2.

Hence there exists a level of the orbit sigewhen upon arrival the second server must be activated. And if
in some state: the optimal control is to allocate a customer to the orbit then this control is optimallfo
the stateg [

The analytical representation of the threshold level is quite complicated,ybotelans of the value
iteration algorithm it can be done numerically. If future arrivals are noénakto account (scheduling
problem), i.e. when the objective is to minimize the sojourn time for an individustbouwer, the explicit
solution for the threshold level exists

Theorem 5 If A = 0 then there exists a threshold level

| (m
qz_LtlJrV(uQ 1>J+1’ ©)

such that ify > ¢3 in statex = (g, 1,0) then upon retrial arrival it is optimal to dispatch a customer to the
slower server, if; < g5 — 1 then the slower server must be idle.

Proof: Consider the system with customers without future arrival N.e- 0. For this system it is obviously
that the mean number of customers: 0. Therefore the relative functiari satisfies the recurrent equations
for ¢ > 1 which after some transformations have the form

1
v (0.1,1) = L2 r0,0,1) = —, ™
M1 p2 M1
-1 1 1
v*(q171,0>=i+v*(q170,0>=i+u(‘+—>,
m M 2 YoM
vle—111) = + 14 prv*(q = 1,0,1) + (g — 1,1,0
& ) M1+M2(q Havt(g )+ m2v(g )
1
=—+v"(¢g—1,1,0).
M2

Sinceq = ¢ is an optimal orbit size to switch on the second server, it is necessaryuioa¢ige following
condition: The value function in the state= (¢ — 1, 1, 1), in which the controller begins to use the second
server with respect to the optimal policy must be less then the value functior istdke, in which the
controller does not use the second server, i.e.

v (g —1,1,1) < v*(q, 1,0).
Substituting the corresponding expressions (7) into the last inequalitytwe ge

1 “1)g(1 1 1 1) /1 1
—+i+u<—+—><q+ +Q(Q+)< + >
p2 o p1 2 Yoo 1 2

YoM

Thus the second server must be switched on if

()
w1y \ 2




O

In case of heavy traffie. ~ uy + po heuristically we can assume the optimality of the using FFS
discipline. Otherwise, the optimal thresholds can be calculated numericaélysystem with infinite retrial
group will be approximated by the system with finite but enough large orpaaity. We have used a C++
program implementing @alue iteration algorithm
Step 1.Selection of initial control policy, e.g. FFS

) 1
fo(x) = argmin,¢ 5 () {M_} ,r el
Step 2.For the given control policy;(z) solve the system of equations iteratively
vi(x) =0,z € B, g = )\vil(efi(o))

. 1
v () = (:ze—i—)\v (r+e v
* A+ ZjeJl(x) Hjt+ 1{Q($)>0}’y e jE%% ) '

+ 1{q(x)>0}fyv7i1(m —ey+ efi(a:feo)) - g;L1>7 z e L.

Step 3.For the given solution of previous system of equatiof{s’) find the improved policy by

fivi(x) = argminueU(x){vi(x +ey)}, z€E
Step 4. Repeat Step 1 and Step 2 until the policies for two neighbour iterations willjl&l or all states,
ie.
fil@) = fiyr(x) = f*(x) = argmin, ey {v"(z + eu)}, © € E.
Step 5.Calculate the optimal threshold levgl by

¢ =q+1if f*(¢—1,1,0) =0andf*(¢,1,0) = 2.

4 Steady-state distribution of the system under optimal policy

In this section we derive the equilibrium state distribution under the optimalhtbigpolicy (OTP). The
derivation works via a standard matrix-geometric approach [8], takingaic¢ount the special structure of
the boundary states where not all servers are active. To distinguishigtesn under OTP from other control
policies which will be discussed later we will use the upper indéx for the concerned values. Le
be the threshold level for activation of the second server. As it was nmeatiabove they can be found
numerically (e.g. using the value iteration algorithm [6]).

Consider a Markov processX () }+>o defined by (1) with a state spade This process is a QBD
process with block - three-diagonal infinitesimal matrix. Note that the bloaks different sizes depending
on the queue length.

4.1 Finite retrial group

First consider the system with finite retrial group, i&. < oo. In this case the states are partitioned as
follows:

e block O includes the single stat@), 0, 0);
e block 1 includes the statefd, 0,1), (0,1,0), (1,0,0);
e block 2 includes the statefd, 1, 1), (1,0,1), (1,1,0), (2,0,0);
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e blocksi, 3 < i < K include the states:
(i - 2,1, 1), (z — 1,0, 1), (z — 1, 1,0), (i,0,0);

e block K + 1 includes the states:
(K - 17 17 1)7 (K,O, 1)7 (Kv 170)’

e block K + 2 includes the single stat¢i, 1, 1);

Denote byA(!) the infinitesimal matrix of dimensiot( K + 1) for the system under OTP,

A — (8)
Y A®M 0 0 0 0 . 0
p§"  —cV - BWY) A 0 0 0 . 0
0 p{M —(c$? - B§Y) AL 0 0 : 0
0 0 D§Y —c§V - BM) ALY 0 : 0
0 0 DY —(c$P - B{Y) AY o |’
0 0 0 p§Y —(c$V — BY) A 0
0 0 0 0 p§V —cV —BMy M
0 0 0 0 0 DY -M
where

A+ Agl)e = D(()l)e - (C’%l) - Bg))e + Agl)e = Dgl)e — (Cél) — Bgl))e + Aél)e =
DVe — (V) - B§)e + Ale = (DY — (¢ — BM) + AM)e = DMVe — (5 — B{Y)e + ale =
D:(,)l)e - (Cil) - Bil))e + Aél)e = Dfll)e - M =0,

M = puq + po. MatricesAEl) andBi(l) represent primary and retrial arrivals, respectively, depending on
whether the queue length are above or below threshold level:

N A0 0 0 A0 0 0 A0 0
(1) _ (1) _ 1 _ A0 0 O (1) _ A0 0 O (1) A0 O
Al_(OAO)’AQ_(ggig)"%_ o0 xo0 "M = X000 T X0 o0
00 XA O 00 XA 0 0 0 A
A
A = A
A
and
00 0 0 00 0 O
0 0 0 0 0 0
(1) _ wm_| v 0 00 m_| v 0 00 1 _
Bl(gog>,32 000 o0 "B 5 00 0| B = 788 '
v 00 v 0 00 v O v
. 1 .
MatrlcesCZ-( ) represent cases when the system stays at certain states:
A+ M 0 0 0
A+ p2 0 0
co (P 0 S Yew [ o akmer 00 |
0 o At 0 0 At 0
v 0 0 0 Aty
A+ M 0 0 0
+M 0 0
oW _ 0 Atpaty 0 O 1 e= 0 Atpaty 0
3 0 0 A4 p1 4+ 0 0 0 A4 pg +
0 0 0 Ay My



MatricesDZ(l) represent departures with elements depending on active servers:

12 popz 0
(1) _ (1) _ 0 0 e 1) _
Do)—<ul>7D1 - 0 0 Im ,D2)—
0 0 0 0

Denote byr(V) = (z(". 7" ) the row-vector of the steady-state probabilities,

-

0 p1 p2 O
0 0
0 0 0 p M _ S W _
Dy’ =0 0 0 p |,Dy’=(0 p p2).
0 0 0 m 0 0 0
0 0 0 M

1 .
= {m) =nl) :weE}= lim P{X(1) =z},
by {w,(gl) : k > 0} — the subvectors that specify the states viiflobs in the system.

Obviously the row-vector(!) of the steady-state probabilities of the system under optimal policy satis-

fies the equations
WA = 0, 7We =1. 9)

The probabilities for the system states can be represented in the forrouo$ive relation with some
matrlcesM(l)
) =x) MY k=01, K +1,

namely

1 1)1 1), 01

77(()) _ 7T§)D(())X:7T§)Mé);

1

ﬂl) _ wé ) g )(C(l) (1) _ D(()l)XAgl))—l _ él)Ml(l);

o) = D)~ B ar ALY = A

77:(,)1) _ é (C(l) 1) _ M2(1)Aé1))—1 _ Wfll)Mgfl);

771(1) = z+1D(l)( Bél) M;~ 1A(1 )~ b= z+1Mi(1)7 4<i< q§;

r) = aDEs - B - MU AT =2 MY, g1 <is K-
K D DO B AP = ) ar

Wgzﬂ = W§<12D4(11)(Ci ) Bil) mA(l)) &(’l—2MI((1—)i-1 (10)

To calculate the valuezs,(cl) itis necessary:
Step 1.Evaluate the matriceM(l), k=0,..., K+ 1according to relation (10).
Step 2Evaluate the valueglr2 = w((}() .1y from the normalization condition

0 K+1  K+1 W, K+1  K+1 0
Zﬂ'ke—ﬂ'K+2+ﬂ'K+2Z H M; TR0 1+Z H M; 7 e| . (12)

k=0 i=0 j=K-+1—i i=0 j=K-+1—i

Step 3.Substitute;rl(él2 into

K+1
SCONpCY 1 (1) C_
T = Tho H Mj , 1=0,..., K+ 1.

j=K+1—i

Note that this method works efficiently as long/d@s< oo is not too large. But for largé& the matrix
geometric solution corresponding 6 = oo is a good approximation.



4.2 Infinite retrial group

In case of infinite retrial groufk = oo the infinitesimal matrixA(!) has infinite size and is obtained from
the matrix (8) by removing the last three rows.
We consider first the matrix-geometric part of the equations, above trshtiidelevelg;:

(1) 4 1) 1) 1 (1) N
Wq;)_i_jA4 + W§;+j+2Dé = 7'('(5;)_"_]-_,’_1(03 - Bé )), j > 0.
Conjecturing the matrix-geometric form

(M _ ()i

s+ = Ty
we substitute this guess into the last equation, then we get the following eqfatinatrix R(!)
(RD2DSY — RO(c§ — B{M) + A = 0. (12)

This is a quadratic equation in the matd"), which is typically solved numerically using the following
iteration procedure:

RM(0) =0, (13)
RO(n+1) =AM - B+ (RO)2(n)DM (5 - B{Y) 1,

where the iteration halts when entriesif) (n+ 1) andR(Y) (n) differ in absolute value by less that a given
small constant.
The general theory [8] states that the necessary and sufficieritioorfdr stability is

p(l)Dél)e > p(l)AS)e,

wherep™® = (pi, p{V piM pV) is a stationary probability vector given ) (A{Y — (c{ — BV +
Dgl)) =0, pWMe = 1.

Theorem 6 For the system under optimal policy, the stationary veptot of Aff) — (Cél) — B?()l)) + Dél)
is given by

O A+ A+ p2+7)

O O NN+ 20 +7) + M)’
OBV T SO

At

W _ peA+M+y)
S O N [ N P
1) _ mp2(20+7)+ M) @)
DT T )

The system is stable if and only if the load fagio? satisfies

1y _ AA+7)2 A+ p2 +7)

_ <1 (14)
MAy(X+7)2 + (3N 4+ 7) 4 p1) + 37X+ p1 +7)

Proof: By elementary calculations.
O

10



Equations for the boundary states below the threshold level are still tdvesisaamely:

W[()n _ 7r§1)D(()1)§ _ W§1)M(g1);

0 = ZWpWe® _ o _ D(()n%Agl))_l — O a,

w0 = DM — BY — AP = 2D,

D = (1)D(1)<C§1) _ B — DALYt — 00,

A0 = DO - BY - MOAP)T =DM, 4<i<e -1

r = w Dol A + RODE)(cf - B (15)

The following algorithm is used to in the calculations:
Step 1.Solve (12) for matrixR(!), using iterations (13).

Step 2.Evaluate the MatriceMj(l) forj=0,...,¢5— 1.
Step 3.Evaluate the valueél) by solving the normalisation condition

q5;—1 [ee]
1 = Zwk e—7r* Z H M e+7r Z (16)
=0 j=q5;—1—1 7=0
-1 ¢-1
- X [I e + 1= RO

1=0 j=q;
with the equation
(P a8 — (e - BY) + RODY) = 0.

Step 4.Substitutezr%) in

a—1
R | (17)
J=q3—1—1
for the values = 0, ..., ¢5 — 1 and calculate
1 1 j
W;g)ﬂ _ Wég)(R(l))j (18)

for j > 0.

5 Steady-state distributions of the system under heuristic police
To measure the advantages of optimal threshold policy (OTP) three mesgseselection disciplines will
be considered, namely

e Scheduling threshold policy (STP)

e Fastest free server selection (FFS)

e Random server selection (RSS)

The policies STP, FFS and RSS will be denoted by indiees: {2, 3,4}, respectively. The formulas
for the calculation of the steady-state distribution of the system under the&Té&xactly the same as for
the optimal policy with only one exception that the threshold level may diffenfitee optimal one.

In the next subsections calculation procedures are treated for systelesthe FFS and RSS policies.
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5.1 Finite retrial group

In STP case the fastest server must be busy whenever the arraasoghereas the slower server can
be switched on only if upon arrival of a primary or retrial customer thetdras length defined by (6).
The policy FSS means that the fastest free server must be occupiedwonval of a primary or retrial
customer. Under the policy RSS arrivals choose any free server witil pgpbability.

Since the system under FFS and RSS control policies is described byrted/kakov proces§X (¢) }>0

with the state spacE as under the optimal control policy, we have a similar states partitioning.

Analogously as in previous sections we can write down the three-diagdimiiesimal block matrices
A m = {2,3,4} of dimensiond(K + 1). It is obvious that for STP matrix has the same form as for
the optimal policy. For policies FFS and RSS policies in cise oo the infinitesimal matrices are of the
form,

-A A 0 0 0 0
p{™  —ct™ - B{™) Alm) 0 0 0
0 p{™ —(c{™ — B{™) A 0 0
A _ 0 0 p§™ —(c§™ — Bim)y A 0
. : 0
0 0 p{™ (™ — B{m™) Al 0
0 0 0 p{™ ™ - B{m™y Al
0 0 0 0 p{m™ M
A0 0 0
where A% =AM AP = x 0 o o),A(g):A(1>,z‘:4,5,6, B® = gV B® — gV B — g _ (1l
00 X 0
C® — W — oW o® _c® _cW j_3y p®_p@® _pM o<i<a,
A0 0 0 A0 0
A0 0 0
A0 0 0 A0 0
AV=(3 3 0),4p ()‘9 20)”4514) x o 0o |4 =X 0 ol
Rl g g 0 3 3
AW — A p@) (8 8 8) BW ('y 0 0 O
ERER TP e v 0 0 0
2 2 0 3 2 0
The steady-state probability vectot™, m = {2, 3,4} satisfies the system
rMAM =, 7(Me = 1.
To solve the system for FFS and RSS policies we represent the equattbeganm
1
W = aDE
1
w(™ = D (O - B - DML A =,
ﬂém) _ Wém)Dém)(Cém)—B( m) M(m)A(m)) —wém)Mg(m)-
A D - B - M A A, s <i<K -1
A = A DI — B - M, AT 2l A,
(m) _ _(m) D(m)(C(m) _gm _M(m)A(m))— — pm) pr(m) = (3,4} (19)
TK+1 — Tr4+2M4 4 4 K ‘5 TK+2M K41 m =9, %5
To calculate the valuezs( ), m = {3,4} it is necessary:
Step 1.Evaluate matrlceMlgm), k=0,..., K+ 1by relation (19).
Step 2Evaluate the vaIueﬁ?ﬁZQ from the normalization condition
K+2 K+1 K+1 K+1 K+1
1—Z7Tk 6—7TK+2+7TK+2Z H M ezw&?ﬁQ 1+Z H Mj(m)e . (20)
=0 j=K+1—1 =0 j=K+41—1

12



Step 3.Substitutezr§?i‘22 into
(m) (m) b (m)
TI'im :77;(712 H Mjm.
j=K+1—i
fori=0,...,K+1.

5.2 Infinite retrial group

In case of infinite retrial groupis’ = oo, the infinitesimal matriced (™), m = {2, 3,4} are obtained from
the above matrices by removing the last three rows. In this case we cogjdwtunatrix-geometric form

7§l = 7§ (RO, > 0

where the matrix?("™ is to be found by solving the following quadratic equation
(R™)2D{™ — R (™ — B{™) + A = 0. (21)

As before the necessary and sufficient condition for stabilif8 D{™ e > p(™ A(™ e, wherep™ is a
stationary probability vector given ky™ (A{™ — (C?()m) — B?Em)) + D™y =0, pime = 1.

Theorem 7 For the system under STP and FFS control policies, the stationary pitityatector p(™ of
A — (™ — B{™Y + D{™, m = {2,3} is given by formulas 6. The system is stable if and only if the
load factorp(™), defined by (14) satisfies

p™ <1, m={2,3}.

Theorem 8 For the system under RSS control policy, the stationary probability vettbof Aff) — (C§4) —
B§4)) + D§4) is given by

oD (A+9)°
O T A+ A+ M +7) + 2pe’
4 _ M (4

pl - >\+’pr I
4) _ K2 (4

Do = )\_{_,yp() s

O 2411 p12 o)
O

The system is stable if and only if the load fagit? satisfies

A+ 7)?
@ = <1 22
’ Mry(A+7) + 2ypape (€9
Proof: By elementary calculations.
0
Probabilitiesr|™ andz™ satisfy relations
m m) 1
m = mDgm s = Mg, (23)
m m m m m m 1 m)\ — m m
AP = DO B D LA = A ag)



In casem = {3, 4} the following algorithm is used for the calculations:
Step 1.Solve equations (21) for matriR(™), using iterations starting frol(™ (0) = 0.

Step 2.Evaluate matriceMOm) andM;™ (m),
Step 3.Evaluate valuer, (m) by solving the normalisation condition

1 = Zﬂ' = m)M( )Mém)e+7r2m) 6+7T2 i (24)
j=0
-y [Mfwgm M1 (1 R<m>>1e] .
with the equation
™ (™ Ay — (c§™ - B™) + R DIy = o,
Step 4. Substituter\™ into
) ) ) g m) ) ) m) 25)
and calculate
ik = ™ (RO >0, (26)

6 System performance characteristics

By means of steady-state probabilities the main performance measures iR cass can be derived as
follows

Utilization of the system
m)

T =1 —af™ 27)

Utilization of the first and second server

O = n{er+ | 32w 7l (1= RO)H (oo + e2), m = {1,2) (28)

U5 =m{Meg+ | > a™ + a1 = R™) 71 (e +e1), m = {1,2}

Uﬁm) = 7T§m)e1 + Wém)(f — R™) " eg + €2), m = {3,4}
03" = m"eq + 7" (1 = R™) ™ (eo + e1), m = {3,4)

Mean number of busy servers

6(7”):775 (eo + 1) ZTF +7T* (I — R 7L (2¢p + €1 + e2) = U(m)+U(M)m:{172}

(29)
o™ ™ (eo + e1) + 7™ (T — R™)™1(2e0 + €1 + €2) = Ugnﬂ (m)7 = {3,4}
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Mean number of customers waiting in the queue

Q"™ = n{™e, + {Z ir("™ + 7 (R =R + DI —R) ™ | e (30)

(260 +e + 62), m = {1,2}

Q" = a{es +m{ (R = R)™ +21)(I = R) e = (I = R)™!(2e0 + €1 + €2)], m = {3,4)

Mean number of customers in the system

‘IQ_I
N _ Z ir™e + 7RI~ R)™ + 31)(1 — R) e =T + Q™ (31)

Mean waiting and sojourn times

7 (m)
= T~ =— 2
W - 5 (32)
Overall rate of retrials
%m) =~(1 - 7T(()m) — W%m)(eo +e1)— ﬂ'ém)eo) (33)
Rate of successful retrials
q5—1
ﬁém) :% - Z ; 62+ Z (m )+W(T)(I—R)_1 eo |, m={1,2} (34)
=3
7 =3 - wé’”) (I = R) 'eq, m = {3,4}
~(m)
Fraction of successful retrials Y%m
P
Blocking probability '
q5—1 q;—1
Bgaang= ™" o1+ Y mWer + | Do w™ a1~ R) T o, m={1,2}  (39)
i=2 i=2

Piding= 15" (I = R)"teq, m = {3,4}

Probability of immediate access

q5—1
Pégézass:wé )+7r1 (eo + e2) +Z7r (e1 +e3) +7r(*)(I R) ey + ez +e3), m = {1,2}

(36)
Péé’é)esg W(()m) + ﬂim)e + Wém) (I —R) ey +eg+e3), m={3,4}
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Mean busy period

m 1 1
Tar = 5 <—(m) - 1) : (37)
To
Mean time in a regenerative cycle during which the orbiting customer is bdbbcke
(m) (1 om) _ Phiook
—lm m m 0ocKing
Tblocking = Pblocking <X + Tbusy) = A?T(m) (38)

7 Numerical results and comparison analysis

Consider the system//M /2 with primary arrival rate), retrial ratey and service rateg; and uy. By
means oMathematicgpackage the following procedures were developed :

e calculation of steady-state probabilities under optimal and empirical seriscelihes, by using
formulas (15-18) and (23)—(26),

e calculation of the performance characteristics under different setscglines, by using formulas
(27-38).

Next we present some numerical results to show the effect of paramettite performance character-
istics. Due to space restrictions we represent some numerical results.

In the tables below performance measures under different selectiorep@ie given for varying values
of primary arrival, retrial and service rates, respectively

Table 1 Utilization and mean number of customers in the system

3) 2)

gy | 00 ] 02 |09 | 79 | 80 | 8@ | 8@ | 8 |
0.1,2.2,0.3,8.5 0.0459] 0.0459] 0.0552] 0.1648] 0.0482] 0.0482] 0.0575] 0.1717
0.1,2.2,0.3,1.5 0.0485| 0.0484| 0.0554] 0.1650| 0.0510| 0.0510] 0.0577| 0.1722
0.1,1.3,1.2,8.5 0.0744| 0.0744] 0.0744] 0.0771| 0.0775| 0.0775| 0.0775| 0.0803
0.1,1.3,1.2,1.5 0.0745| 0.0745| 0.0745] 0.0772| 0.0777| 0.0777| 0.0777| 0.0805
1.3,2.2,0.3,8.5 0.6775| 0.6706| 0.6706| 0.8526| 1.6820| 1.8538| 1.8520| 2.0310
1.3,2.2,0.3,1.5 0.8692| 0.8799| 0.8814| 0.9364| 4.4750| 4.6931| 4.4960| 5.5240
1.3,1.3,1.2,8.5 0.6992| 0.6992| 0.6992| 0.7037| 1.5799| 1.5799| 1.5800| 1.5900
13,1.3,1.2,1.5 0.7997| 0.7997| 0.7997| 0.8040| 2.7940| 2.7940 2.7940| 2.8250

Table 2 Mean waiting time and mean sojourn time of a customer

Moy | WO WO w0 [ w@ [ 10 | 7@ [ 1@ | 7O |
0.1,2.2,0.3,8.5 0.0275[ 0.0275[ 0.0012] 0.0036] 0.4821] 0.4821] 0.5754] 1.7173
0.1,2.2,0.3,1.5 0.0546| 0.0546] 0.0025] 0.0074] 0.5096 | 0.5096| 0.5765| 1.7218
0.1,1.3,1.2,8.5 0.0016| 0.0016| 0.0016| 0.0017| 0.7753| 0.7753| 0.7753| 0.8028
0.1,1.3,1.2,1.5 0.0033| 0.0033] 0.0033] 0.0034| 0.7770| 0.7770| 0.7770| 0.8046
1.3,2.2,0.3,8.5 0.6437| 0.9152| 0.5253| 0.5779| 1.2939| 1.4260| 1.4246 15623
1.3,2.2,0.3,1.5 2.5848| 2.8059| 2.5317| 3.2481| 3.4421 3.6101| 3.4586| 4.2493
1.3,1.3,1.2,8.5 0.4202| 0.4202| 0.4202| 0.4231| 1.2154| 1.2154| 1.2154 1.2233
1.3,1.3,1.2,1.5 1.3545| 1.3545| 1.3545| 1.3728] 2.1492| 2.1492| 2.1492| 2.1727
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The following figures represent the system utilization (Figure 1(a)), meamber of customers in the
system (Figure 1(b)), mean waiting time (Figure 2(a)) and mean sojourn timewstomer (Figure 2(b))
for service intensitieg; = 2.2, us = 0.3, retrial intensityy = 2.5 with varying primary arrival intensity
0.05 <AL 1.7.

(a) (b)

0.6 /

W
P
/ /‘_,-/'/.) r-/'/( oTP - //.’;%/ oTP

ped L =

\\\
h\
Y

0.4

-+ — -+
0.2 -+ STP e ~ STP
/ Zol = FFS 05 K/r““/ = FFS
-~ RSS eEEs + RSS
0.25 0.5 0.75 1 1.25 15 0.2 0.4 0.6 0.8 1 1.2 14
A A

Figure 1: (a) System utilization and (b) the mean number of customers in tegrsysrsus primary arrival rate

(a) (b)
2 3
z 7
1.75 ! )
s /}/ > 4
2
1.25
& 1 / / < 15 \k“‘\ //J
B / / [ ———3
0.75 /% L %
Ferer R N R PEL 22 T
0.25 /WX/ = FFS - = FFS
o + RSS + RSS
02 04 06 08 1 12 14 02 04 06 08 1 12 14
A A

Figure 2: (a) Mean waiting time and (b) mean sojourn time of a customer verisusrp arrival rate

Analysing the figures we have noticed the following.

1. When the primary arrival ratemakes relative small contribution to the load factor of the system then the
OPT and STP coincide that leads to the equal values of the performansamegaOtherwise, the policies
as well as the performance measures are different.

2. When the primary arrival rate is quite large and the load factor tends'teawy traffic") then difference
between the policies can be neglected.

3. The curve of the mean waiting time for the OPT lies below other graphs. bt bt contradict with

the optimality of this policy since it optimizes the mean sojourn time, that is confirmecklmotinesponding
figure.

4. All curves are monotone except for the mean waiting time in case of the @3 Fhaan sojourn time in
case of the RSS policy. In first case aicreases the threshold levels of the OTP decreases that leads to
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the reduction of the waiting time in the queue. In second case the convexitg ofithie is connected with
the mean service time that contributes to the mean sojourn time. If the rate is véira siea arrival most
likely sees two servers idle and under the RSS policy with equal probabititypées them. Upon increasing
of the arrival rate the slower server will be made more busy and fastestrds used more intensively, that
resulting in less service time.

The next figures represent the system utilization (Figure 3(a)), meabenof customers in the system
(Figure 3(b)), mean waiting time (Figure 4(a)) and mean sojourn time of araestéigure 4(b)) for service
intensitiesu; = 2.2, uo = 0.3, primary arrival rate\ = 0.5 with varying retrial rate).05 < v < 10.

() (b)
1 T 1 T
-+ OTP -+ OTP
~ STP ~ STP
& FSS = FFS
0.8 + RSS 0.8 x \*\*‘ -+ RSS
MHMM“—L
£ £ N
0.6 0.6
b MM AAAAAAAAAAAAAAA = K
0.4 { 0.4 5
N M*"Mﬂoﬂﬁﬁmw
hdass s>V U T +
2 4 6 8 10 2 4 6 8 10
Y Y

Figure 3: (a) System utilization and (b) mean number of customers in the systsuos retrial rate

() (b)
0.8 T 3 T
+ OTP « OTP
~« STP ~« STP
06 = FFS 25 = FSS
- + RSS + RSS
s _ ol
E £
B 04 44 - \\\
m 15 Bt TN TN Al AAAAGAAAAAAALS
0.2 L Bty e L
M,..H
GaliAlistiisiissasss MWA St .
2 4 6 8 10 2 4 6 8 10

Figure 4: (a) Mean waiting time and (b) mean sojourn time of a customer vetizd rate

With respect to the given performance measures we observe the following.
1. For small retrial rate the threshold control policies prescribe to usddersserver wher; = 1, that
coincides with the heuristic policies (FFS, RSS). As the retrial rate incsg¢hseadvantage of the threshold
policies with respect to the mean number of customers in the system or meamdojoeibecomes more
evident.
2. For large retrial rate the illustrated curves converges to their asympédties/that resemble very close
to the corresponding performance measures of the clasdi¢a! /2 queue.
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3. All curves monotone decrease except for the mean waiting time in cagesiidd policies (OPT, STP).
It can be explained by the fact that asncreases the threshold levels also increase that in turn leads to the

significant increasing of the mean waiting time.

Figure 5 displays the influence af on Té’,ﬁlking, m = {1,2,3,4}, graphs are labeled by (a,b,c,d),

respectively.

() (b)
0.6 J\‘ --AWW?WW‘ 0.6 J\/ JM@
0.5 0.5
2704 <04
T+ T )
0.3 0.3
{ —+— OTP u —+— STP
5 10 15 20 25 30 5 10 15 20 25 30
Y Y
() (d)
0.26 0.48
2 L
0.25 —+ FFS 0.478 —+ RSS
0.24 L
2 2 0.476
2023 E i
B T 0474
=02 i T \
0.21 [ 0.472 Nm—
0.47
5 10 15 20 25 30 10 15 20 25 30

Figure 5: Mean blocking time in a regenerative cycle versus retrial rate

1. Pictures show that the curves for all the models start by decreasingioiraum and then converges
to their asymptotic values. These results coincide with the correspondingnoesgcobtained in [1] for the
uncontrollable homogeneous retrial queues with direct access to thes tiity.

2. The step structure of the curves in case of threshold policies (O, &g interpret also by changing of
the threshold levels which implies the significant changing of the mean blocking time

3. When the retrial rate is small the mean blocking time for threshold policies, @I is quite small in
comparison with the heuristic policies (FFS, RSS). Buy ascreases the threshold levefsalso increase
that leads to significantincreas in the mean blocking time. Nevertheless thesojeam time under optimal
policy is the smallest among other policies, as we expected

19



8 Conclusion

The present paper considered a controllable queueing system witbdeteous servers, constant retrial
rate. It was proved that similarly to the classical queueing systems the optimtabicpolicy of the retrial
system is of threshold and monotone type, i.e. the fastest server mustibelusnever the customer comes
to service area, while the slower server has to be switched on only if theeturhlzustomers in orbit
reaches some prespecified level. We have derived the formula forlthdaten of the optimal threshold
levels for scheduling problem and presented an efficient algorithm éntimerical calculation of these
levels in general case. Examining some numerical results we conjectungbibyatisnality of the STP in so
called "light traffic case" when the load factor of the system is relative samdIFSS in "heavy traffic case"
when the load factor tends to 1.

we showed that the controllable model with heterogeneous servers \ard @introl policy may be
treated as QBD process with block states and transition submatrices. Thysnigml theory of matrix-
geometric solutions was applicable for developing numerical methods.

By using the structured properties of the optimal control policy we deiawveefficient algorithm for the
calculation of steady state probabilities and mean performance charaddastice system under optimal
and other heuristic control policies. Some performance measures weutated and compared under
different control policies. Numerical analysis showed that for the xedatmall load factor the threshold
policies (OTP, STP) have a great advantage in mean number of custontieessystem or mean sojourn
time over heuristic policies (FFS, RSS) while the difference between tHepbbcies was neglible. As
the load factor tends to 1 the advantages of the threshold policies deterabthe performance measures
converged to similar values. Other performance characteristics untiiabpolicy may be worse as under
heuristic policies because the optimal policy corresponds to the certain ogtonizeterion that minimizes
the specified performance measure. Necessary and sufficient coadiidhe stability of the systems were
obtained. In case of constant retrial rate these conditions dependsidsgatem parameters.

The presented methods can also be extended to some other models, e.g. witihianowo servers
or where interarrival and service times are dependent on a modulatirgpWlarocess, or with phase type
times. These cases are not discussed because they would requicewgticated notation to write down
the algorithms, but the extensions are natural and possible in principle.
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