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Abstract

This paper is concerned with the performance analysis of finite-source retrial queues
with heterogeneous sources operating in random environments, that is, the system pa-
rameters are subject to randomly occurring fluctuations. All random variables involved
in the model construction are assumed to be exponentially distributed with a parameter
depending on the source index and on the state of the corresponding random environment.
The novelty of the investigation is the involvement of the random environments, which
makes the system rather complicated. The MOSEL tool is used to formulate and solve the
problem and the main performance measures are derived and graphically displayed. Sev-
eral numerical calculations are performed to show the effect of different input parameters
on the mean response time of the requests.

Keywords: retrial queueing systems, finite number of heterogeneous sources, random en-
vironments, performance tool, performance measures.

1 Introduction

Queues with repeated attempts have been widely used to model many problems in telephone
switching systems, computer and telecommunication networks. Retrial queueing systems are
characterized by the feature that customers who find the server busy do not wait in a queue,
but repeat their requests at pre-determined or random intervals. There is a large literature de-
voted to retrial queues and their applications in the modeling of computer and communication
systems, for some examples see [5, 6, 8, 9, 10, 11]. Finite-source queueing systems operating
in random environments, sometimes called Markov-modulated queues have been the interest
of recent research, see for example [2, 7].

This paper deals with the performance analysis of a finite-source retrial queue with hetero-
geneous sources operating in random environments, that is, the system parameters are subject
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to randomly occurring fluctuations. Similar models without repeated attempts were treated in
[1, 2]. We also use the MOSEL (Modeling, Specification and Evaluation Language) [4] to for-
mulate the model and to calculate the performance measures. The use of this tool helps us to
avoid the very difficult calculations due to the large state space of the describing Markov-chain.
The aim of the present paper is to give more realistic models for finite-source retrial queues
since the different request arrival, service and retrial rates are subject to random fluctuations.

The rest of the paper is organized as follows. In Section 2 the mathematical description of
the model and the performance measures are given, and in Section 3 some numerical examples
are presented. Sections 4 an 5 are devoted to the Comments and Conclusions, respectively.

2 The queueing model

Consider a finite-source queue withK sources and a single server, where each source has
different parameters and the operation of the sources and the server is influenced by the state
of a given random environment.
The server and the sources are collected intoM independent groups (1 ≤ M ≤ K + 1). The
members of a group operate in a common random environment. The environmental changes
are reflected in the values of the new and repeated call generation and in the values of the
service rates. The members of groupm are assumed to operate in a random environment
governed by an ergodic Markov chain (ξm(t); t ≥ 0) with state space (1, ..., rm) and with
transition density matrix


τ

(m)
imjm

, im, jm = 1, ..., rm, τ
(m)
imim = − ∑

k 6=im

τ
(m)
imk


 .

The server can be in two states: idle and busy, and each of the sources can be in free, sending
repeated calls and under service states. If sourcei (which is a member of groupm) is free
at time t and the environmental processξm(t) is in statejm the probability that this source
generates a new request during the time interval(t, t + dt) is λi(jm)dt + o(dt), p=1, ..., M . If
the server is free at the time of arrival of a call then the call starts to be served, that is the source
moves into the under service state and the server moves into the busy state. Assuming that the
server belongs to group1 and the environmental processξ1(t) is in statej1 the probability that
the service of the request originating from clienti is completed in time interval(t, t + dt) is
µi(j1)dt + o(dt). If the server is busy on arrival, then the source starts generation of a Poisson
flow of repeated calls with rateνi(jm) until it finds the server free. After service the source
becomes free, and it can generate a new primary call, and the server becomes idle and it can
serve a new call. All random variables and the random environments are supposed to be inde-
pendent of each other.

Because of the exponentiality of the involved random variables the following process will be
a Markov chain. The state of the system at timet can be described by the process

X(t) = (ξ1(t), ..., ξM(t), α(t), β1(t), ..., βN(t)(t)),

whereξm(t) denotes the states of the background processes (p=1, ..., M ), andN(t) is the num-
ber of sources of repeated calls at timet. The index of the source at the server is denoted by
α(t), if there is a customer under service, otherwise this value is0. Because of the hetero-
geneity of the sources we need to identify the sources in the sending repeated calls state, so we

4



denote their indices byβk(t), k=1, ..., N(t), if there is a customer in this state, otherwise this
last component is0.
Since its state space is finite the process(X(t), t ≥ 0) is ergodic with the following steady
state probabilities.

P (j1, ..., jM , j, 0) = lim
t→∞P{ξ1(t) = j1, ..., ξM(t) = jM , α(t) = j, N(t) = 0}

P (j1, ..., jM , j, i1, ..., ik) =

lim
t→∞P{ξ1(t) = j1, ..., ξM(t) = jM , α(t) = j, β1(t) = i1, ..., βk(t) = ik}, k = 1, ..., K − 1.

Based on the steady state probabilities the system performance measures can be obtained as:

• Utilization of the server with respect to sourcei

USi =
∑

j1,...,jM

P (j1, ..., jM , i, 0) +
∑

j1,...,jM

K−1∑

k=1

∑

i1,...,ik 6=i

P (j1, ..., jM , i, i1, ..., ik),

i = 1, ..., K.

• Utilization of the server

US =
K∑

i=1

USi.

• Probability of sourcei is sending repeated calls

Ni =
∑

j1,...,jM

K∑

j=1

K−1∑

k=1

∑
i1,...,ik 6=j

i∈{i1,...,ik}

P (j1, ..., jM , j, i1, ..., ik), i = 1, ..., K.

• Mean number of repeated calls

N =
K∑

i=1

Ni.

• Utilization of sourcei

Ui = 1− USi −Ni, i = 1, ..., K.

• Probability of sourcei is free and its background process is in statejl

Fi(jl) =
∑

p1,...,pM
pl=jl

K∑
j=1
j 6=i

K−1∑

k=1

∑
i1,...,ik 6=j

i/∈{i1,...,ik}

P (p1, ..., pM , j, i1, ..., ik), i = 1, ..., K.

• Throughput of sourcei

γi =
rl∑

jl=1

Fi(jl)λi(jl), i = 1, ..., K.
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• Mean response time of sourcei

Ti =
1− Ui

γi

, i = 1, ..., K.

The traditional way is to derive the related Kolmogorov equations for the steady state proba-
bilities and using the normalizing condition somehow we have to solve the set of equations.
Usually it is not so easy, but in our case these two steps are performed by the help of the tool
MOSEL as demonstrated in the next subsections.

3 Numerical examples

In this section we present the validation of the results and some graphically displayed numeri-
cal examples. The system parameters for the figures are given in Table 3.

3.1 Validation of results

The calculated performance measures are validated by the results of [1], where an FCFS (First-
Come, First-Served) queueing model is studied. Some performance measures are collected in
Table 1 and can be compared. We can see that we get back the results of the correspond-
ing queueing model with waiting line, since with very high retrial rates and few sources the
difference between the two models is negligible.

FCFS [1] retrial

Number of sources: 5 5
Request’s generation rate: 0.12, 0.06 0.12, 0.06

Service rate: 1, 1 1, 1
Retrial rate: – 1e+20

Rate of environment’s change: 0.5, 1 0.5, 1
Server queue length: 0.6418 –

Requests in the orbit or in service: – 0.6418567007
Utilization of the server: 0.4342 0.4342057023

Utilization of the sources: 0.8716 0.8716286599
Mean response time: 1.4782 1.4782319316

Table 1: Validation by the FCFS model

We checked the numerical calculations by the results of the retrial model with a non-reliable
server [3], too. We used the model in which the sources are blocked if the server is not op-
erational, and the server continues servicing the interrupted call after it has been repaired. In
Table 2 we can see that the results are the same. It can easily be seen that non-reliable model
can be considered as a system modulated by a 2-state background process. The system failure
can be modeled by setting the rates to10−20 in the second state of the background process.
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non-reliable retrial [3] retrial in random env.

Number of sources: 5 5
Request’s generation rate:0.10, 0.15, 0.17, 0.19, 0.210.10, 0.15, 0.17, 0.19, 0.21

Service rate: 1.0, 1.1, 1.2, 1.5, 1.6 1.0, 1.1, 1.2, 1.5, 1.6
Retrial rate: 0.15, 0.18, 0.21, 0.22, 0.250.15, 0.18, 0.21, 0.22, 0.25

Server’s failure/repair rate: 0.1, 1 -
Rate of env. change: - 0.1, 1

Utilization of the server: 0.404265368271 0.404265368271
Utilization of the sources

Source 1: 0.673069675362 0.673069675362
Source 2: 0.629766856845 0.629766856845
Source 3: 0.634124904383 0.634124904383
Source 4: 0.622974780687 0.622974780687
Source 5: 0.627325387151 0.627325387151

Mean response time
Source 1: 5.34303316033 5.34303316033
Source 2: 4.31118758383 4.31118758383
Source 3: 3.73337662001 3.73337662001
Source 4: 3.50379767493 3.50379767493
Source 5: 3.11179039958 3.11179039958

Table 2: Validation by the non-reliable retrial model

In Figures 1 and 2 the mean response time is displayed as the primary request generation
increases. The difference is that in Figure 1 all operations are stopped if the background
process is in the second state, but in Figure 2, only service is interrupted. The results are in
agreement with the results of [3], where the same parameters were used.

K λ1(1)...λ5(1) µ1(1)...µ5(1) ν1(1)...ν5(1) τ
(1)
12 τ

(1)
21

λ1(2)...λ5(2) µ1(2)...µ5(2) ν1(2)...ν5(2)

Fig. 1 5 x axis 4.1,4.3,4.5,4.7,4.9 0.35,0.4,0.45,0.6,0.70.05 0.1
1e-20 1e-20 1e-20

Fig. 2 5 x axis 4.1,4.3,4.5,4.7,4.9 0.35,0.4,0.45,0.6,0.70.05 0.1
x axis 1e-20 0.35,0.4,0.45,0.6,0.7

Fig. 3 5 x axis 4.1,4.3,4.5,4.7,4.9 0.35,0.4,0.45,0.6,0.7 0.1 0.2
1e-20 1e-20 1e-20

Fig. 3 (run 2) 5 x axis 4.1,4.3,4.5,4.7,4.9 0.35,0.4,0.45,0.6,0.7 0.1 0.2
λ1(1)/2...λ5(1)/2 1e-20 1e-20

Fig. 4 5 x axis 4.1,4.3,4.5,4.7,4.9 0.35,0.4,0.45,0.6,0.7 0.1 0.2
x axis 1e-20 0.35,0.4,0.45,0.6,0.7

Fig. 4 (run 2) 5 x axis 4.1,4.3,4.5,4.7,4.9 0.35,0.4,0.45,0.6,0.7 0.1 0.2
λ1(1)/2...λ5(1)/2 1e-20 0.35,0.4,0.45,0.6,0.7

Table 3: System parameters
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Figure 1: Mean response time versus primary request generation rate

Figure 2: Mean response time versus primary request generation rate
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Figure 3: Mean response time versus primary request generation rate

Figure 4: Mean response time versus primary request generation rate
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4 Comments

For the easier understanding only simple cases are considered. We used only one random
environment with 2 states. The tool is able to deal with systems with several environments.

5 Conclusions

In this paper, a finite-source retrial queue with heterogeneous sources operating in random
environments was considered. The numerical results were obtained by the MOSEL tool, and
several examples were illustrated graphically.
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