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Abstract. The aim of the paper is to analyze a M/M/1//N finite-
source, two-way communication retrial queueing system with an unreli-
able server and impatient customers. In this model, every request in the
source is eligible to generate customers when the server does not function
but they are forwarded immediately to the orbit. Customers may depart
from the system during its waiting in the orbit after a random time and
they get back to the source. All random variables involved in the model
construction are supposed to be independent of each other. The novelty
of the investigation is to carry out a sensitivity analysis comparing var-
ious distributions of failure time on the performance measures such as
the mean number of customers in the orbit, the mean waiting time of
an arbitrary customer, probability of abandonment, etc. With the help
of self-developed simulation program, results are illustrated graphically.
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1 Introduction

Nowadays, network traffic increases in such a way that the design and optimisa-
tion of communication systems are required. This phenomenon can be followed
both in the industrial sector like in the companies and in our homes due to
the quick technological development and the great number of devices capable of
IP communication. Therefore, researchers dedicate enough time to create new
suitable models of telecommunication systems or adjust the current ones.
Retrial queues play quite an important role to depict real-life problems emerg-
ing from main telecommunication systems like telephone switching systems, call
centers, computer networks, and computer systems. Investigating the available
literature in the Internet many papers address topics related to retrial-queuing
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systems with repeated calls. In [5,6,11,13] you can see some examples of it.
In many areas of science analyzing these models can improve the efficiency of
systems or bring about new advantageous features for example in the case of
local-area networks with random access protocols and with multiple access pro-
tocols [1,10].

Speaking of two-way communication, it possesses favorable impacts on most
of the systems. Because similarities can be observed with the operation of certain
real-life systems ergo it is no wonder that models based on a two-way commu-
nication scheme are introduced in many papers. This is particularly suitable in
the case of call centers where the service unit (or agent) performs other actions
pertaining to selling, promoting, and advertising products apart from satisfying
incoming calls. In our model, the server may perform that action (calling cus-
tomers residing in the orbit) after some random time when it is functional and
no request is under service. Examining such scenarios has a great influence on
the utilization of the service unit (or workload of agents) that is an important
aspect and extensively examined by several papers like [3,12].

Studying the related articles I found the assumption of having a service unit
available all the time which is quite impractical regarding events in real-life appli-
cations of systems for example power outages, human error, or other failures.
Although companies, providers want to ensure having fault-tolerant devices and
services (the intention is to have high-availability scenarios), problems can occur
at any time. Not to mention wireless communication where other factors could
affect the transmission rate of the wireless channel and the forwarded information
prone to undergo failure interruptions throughout transferring the packets. That
is why random server breakdowns and repairs are centric topics so the inspec-
tion of these features alters undoubtedly the operation of systems, the system
characteristics, and the performance measures. Finite-source retrial queues with
server breakdowns have been studied in several papers like [4,9,11,19,20].

The main aim of this work is to investigate the operation of such a system
containing a non-reliable service unit and customers which may leave the sys-
tem without obtaining their service needs. The novelty of this investigation is
to carry out a sensitivity analysis using different distributions of failure time on
performance measures like the mean waiting time of an arbitrary customer, a
customer leaving the system through the orbit, or the total utilization of the
server. A simulation program is developed to accomplish our goal namely check-
ing the effects of the distributions. Our program is based on SimPack toolkit [7]
which is a collection of C and C++ libraries. Several approaches and algorithms
are supported providing a set of utilities to build a working simulation from a
model description. Simpack contains very basic building blocks, during the cod-
ing of the model several functions, random number generator, and features were
integrated. With the help of this program, results are illustrated graphically.
This paper is the natural continuation of [17].
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2 Model Description and Notations
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Fig. 1. System model

Figure 1 demonstrates the considered retrial queueing system of type M/M/
1//N which contains two-way communication feature and impatient customers.
N customers are located in the finite-source where each of them can generate calls
towards the server according to an exponential distribution with rate A/N. In this
model, every customer is characterized by an impatience feature that determines
the maximum spent time of a customer in the orbit before leaving the system
without completing its service requirement. This random variable also follows an
exponential distribution with parameter 7. The model does not contain waiting
queues therefore if the service unit is idle the service of an incoming customer
starts immediately which is exponentially distributed with parameter p. Upon its
completion, request goes back to the source. Otherwise, the incoming customer
is delivered to the orbit remaining in the system and after an exponentially
distributed time with parameter o/N they launch another attempt to reach the
service facility. Our assumption is that every now and then the server breaks
down according to gamma, hypo-exponential, hyper-exponential, Pareto, and
lognormal distribution with different parameters but with the same mean value.

Throughout this period customers may proceed to produce their requests
but they are transferred to the orbit immediately. The repair process is initiated
instantaneously upon the failure of the server, which is also an exponentially
distributed random variable with parameter v5. When the server breaks down
during the service of a customer the execution will be cancelled and the cus-
tomer returns to the orbit instantly. The feature of two-way communication is
when the server becomes idle it may accomplish an outgoing call (secondary cus-
tomers) after an exponentially distributed random time with rate v that results
in calling a customer in the orbit earlier. The service of these customers follows
an exponential distribution with rate us. Rates A\/N and o/N are used because
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in [15,16] very similar systems are evaluated by an asymptotic method where N
tends to infinity, and was proved that the number of customers in the system
follows a normal distribution. All the random variables in the model creation
are assumed to be totally independent of each other.

3 Simulation and Results

As mentioned earlier SimPack is the base of our simulation program which con-
sists of a statistic package [8]. The method of batch means is applied and with
the help of this tool, it is possible to perform a quantitative estimation of the
mean and variance values of the desired variables. The fundamental operation
of this method is that in every batch n observations take place and the useful
run is divided into numerous batches. For having a valid and correct estima-
tion the batches should be long enough and approximately independent of each
other. This is one of the most popular mechanisms among the confidence inter-
val techniques for a steady-state mean of a process. The following works [2,14]
comprise very precise description and algorithm about batch means. The simu-
lations are performed with a confidence level of 99.9%. The relative half-width
of the confidence interval required to stop the simulation run is 0.00001.

3.1 Scenario 1

Four different distributions of failure time are used to investigate their effects
on the main performance measures. To have a valid comparison we selected the
parameters in such a way that the mean value and variance would be equal.
Before that, a fitting process is necessary to be done to obtain the correct values
of parameters. [18] describes in more detail the characteristics of the utilized
distributions. In the first scenario, the squared coefficient of variation is greater
than one therefore we utilized hyper-exponential, gamma, Pareto, and lognormal
distributions and compared them with each other. Tablel and Table4 shows
every values of the random variables including all the used input parameters of
the various distributions of failure time as well (Table 2).

Table 1. Used numerical values of model parameters

N |A/N v |o/N | p p2 |v
100/0.01 |1 |0.01 |1]1.2/0.02




Simulation of Finite-Source Retrial Queueing Systems 121

Table 2. Parameters of failure time

Distribution Gamma | Hyper-exponential | Pareto Lognormal
Parameters a=06 |p=0.25 a = 2.2649 |m = —0.3081
B =0.5 | A\1 =0.41667 k =0.67018 | o = 0.99037
A2 =1.25
Mean 1.2
Variance 2.4
Squared coefficient of variation | 1.6666666667

Figure 2 shows the mean waiting time of an arbitrary customer in the function
of arrival intensity. The disparity is quite obvious taking a closer look at the figure
that represents the impact on the metrics using various distributions having the
same first two moments. Customers spend by far more time in the orbit at Pareto
distribution and the least at gamma distribution. Also the interesting maximum
property characteristic of a finite-source retrial queueing system occurs despite
the increasing arrival intensity.
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Fig. 2. Mean waiting time of an arbitrary customers
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Fig. 3. Distribution of the number of customers in the system, A/N = 0.01

Seeing the differences in the previous figure, we wondered what could be
the situation of steady-state distribution of the number of customers which
is displayed in Fig.3. In the graph curves are close to each other, basically
results of Pareto distribution are separate the others are almost the same. How-
ever, the shape of each of them is identical assuming that they follow a normal
distribution.

Figure 4 highlights the property of impatience under different parameter set-
ting showing how the mean waiting of an arbitrary customer develops beside
increasing arrival intensity. Actually the expected behaviour happens namely
as the probability of leaving the system earlier increases fewer customers will
be located in the system. This is logical and the results confirm our suspicion.
However, impatience does not change the maximum property characteristic, it
is clearly visible that every curve has a maximum value (Fig. 5).

The last figure in this section is about the utilization of the service unit by
outgoing customers. This includes all the time spent serving clients called by
the idle server. By examining closely the figure we find lower values at Pareto
distribution meaning that fewer number of outgoing customers are under service
and regarding the others the received values are near to each other. With the
increment of arrival intensity the utilization of the service unit by outgoing
customers increases as well but after 0.01 it slowly decreases which is true for
every investigated cases.
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3.2 Scenario 2

After analysing the results of Scenario 1, we wondered if the same phenomena
that occurred in the previous section would also show up with other parameter
settings. Here the parameters of each distribution, which can be seen in Table 4,
have been chosen so that the squared coefficient of variation would be less than
one. Instead of hyper-exponential distribution we utilize hypo-exponential distri-
bution to carry out a sensitivity analysis. The other parameters remain untouched
(see Table 3), only the parameters of failure time differ between the two scenarios.
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Table 3. Used numerical values of model parameters

N |A/N vy o/N |p py v
100 0.01 |1 001 1 1.2]/0.02

Table 4. Parameters of failure time

Distribution Gamma Hypo-exponential | Pareto Lognormal

Parameters a=13846 | u1 =1 a = 2.5442 | m = —0.08948
B =1.1538 | u2 =5 k=0.7283 | 0 = 0.7373

Mean 1.2

Variance 1.04

Squared coefficient of variation | 0.72222222

To truly see the difference between the two scenarios let’s first look at the
mean waiting time of an arbitrary customer which is demonstrated by Fig. 6.
The achieved results are nearly identical no significant differences appear even
in the case of Pareto distribution. Otherwise, which is similar to Fig. 2 that the
mean waiting time has maximum value. This is a common phenomena of retrial
queuing systems having finite number of customers in the source.
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Fig. 6. Mean waiting time of an arbitrary customer

The next Figure (Fig. 7), as in the previous scenario, exhibits the distribution
of the number of customers in the system with A/N = 0.01 so what is the
probability (P(7)) having exactly ¢ customer in the system. Compared to Fig. 3,
the curves are almost totally identical even in the case of Pareto distribution
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Fig. 7. Distribution of the number of customers in the system, A/N = 0.01

and it can be also said that from the look of them they might follow normal
distribution under this parameter setting as well.
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Fig. 8. The effect of impatience on the mean waiting time
To emphasize the effect of impatience Fig. 8 illustrates the mean waiting of an

arbitrary customer using different values of impatience intensities. The obtained
results are not surprising as this intensity grows the customers tend to spend
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less time in the system averagely which is quite logical. In comparison to Fig. 4,
the tendency of difference seems to be the same, but the values in this scenario
are higher.

4 Conclusion

We presented a finite-source retrial queueing system with an unreliable server
that may call in requests residing in the orbit (two-way communication property)
and impatient customers. The obtained results demonstrate the effect of impa-
tience on the visualized performance measures indicating that customers with
less patience depart much earlier without reaching the service facility. Results
also display the influence of various distributions of failure time on the perfor-
mance measures when the squared coefficient of variation was greater than one
despite the fact that mean and variance are equal. In the case of less than one
significant differences do not appear, curves almost totally overlap each other. In
the future we plan to complete that system including other features like trying
out other distributions or introducing disaster failure, or including more capacity
of service.
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